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fn our pr,er.ious pajpel, [13] we
tive linear operators rvhich can bLr u
tion 1,heol¡. | (Líf,ì ), l'hele r is a rro
natural nurnber, such that nt, >2l,,
rvhich may c'lepencl on n¿. To each î
ecl the opelator Lff], ùe.finecl by
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(2) Itlil,,,,(n) : : nr-r
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trt sÌrould be noticecl that the
v, : A has beeu invcstigatecl in cleta

Nou. u,e shall inclicate a probabi
ancl rvill present some basic approxi

Fol sitnplicity, l,e shall imagin
rlisct'c1,c lrlobalrilit,v rlisLl'ilrution,
clistribution, alrl rvhich <¡nables us
ratar Llii.

Suppose that rve hâl.e an ur
colols : r¿ lvhitc anrl ö biack. 'Ihc ex
noting its color ancl r'eturning it t
balls of the sarne color'. fl'his lllocess
t'he composition of 1,he urn changes
lian â,s c :0.
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Let h bo:r, tegci suoh tltat /¡ < r¿. , ':': , '

Otrc clelol, e.r'eu1 that at ,¡hc tr.ial nuinl ¡er. ;¡¿ r _l_1
thero occur the th blach b:r11, 9r the (/u - r, l_ l)lir rv¡itcr
ball.

lVc see a,b onco tÌrat tllis er.crnt occurs if :

. 1) in the fil'st r¿ - r dlan-inqs 1\¡e gct /r rvhitc arcl r¡.¿ - t. - /¿ lllacl<
baÌls, rvhik: bhc ncxt ch'al,ing rcsults in ã bl¿lch; rve dr:note ¡ris er-c.1t by
E'ur,r.,r, of iÎ

2) _in tho first rn -- r clral'ings \\¡e gcl, a r4rito ball L: - t. tiriLes a1¿n blaclc ball l¿ - /c titnt's,_r',-hilt'1hc nr,xt dlr,lin¡¡ lcarls io,¡, nìiit" L,iil';
u'e denote l,his crrent l::' Eü,,,r.

It is cleal thab l'c hâvc

Ent,r,t; -

8",,,,,,

n;,r,,.,t, tJ ItL:r,,.,t,
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Iinall)rr rve ha,r.e

(3) llilt - | + 7, - dl P(Ð ur,r, r
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if 0 < k, <r
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)pLÌ,'-,1g.,,,-t-^tt.-xt 
_j ritl,<fu< 1)t _1,
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rt(u i c).

if0</¿{r
ifr('lc4nt,-r.
if nt, - t' { lc {. tn,.

_ L9t -7, bc.¿1, random 
'ariable *'hich is eiilrer onc or. zoro clepcnding

on thca'-th ih'arving rosultinø in rvhite or blacìr. ft is hnown [9] tirat ¡réplolrabilit-¡' that, tho total nurnber of rvhitc balls : I,, .i TrI .-. .i I,,,,,_,.]:e
equal u.ith /¿ is givcn b¡'

_ Let r,r,.,r' b" a ranclom r.¿i,riable assumi'g th.e ral*es r with ilre pro -
l¡abilities ui,Tì,n(p) : P(E,u,,,t), l'here 0 < /,; ( rrz.

Filst of all n'e calcula,te

i ,'(t,,,,,. -= h) : i *íì,ì.,tn) :
,d:o /¡:o

: t l-t; ("';,'¡rt" 
-'t(rt t oli''-'-o'-'t] 

f r'+ d)"ilt-î'-qt -

, ,.1 i:- {,,, ,')t, t. c()'tì-t,--q1 ,,t,,,.,t,,-otl I t, * ø\lnt_ï,_ql .'"L,þ,\t' r)" -'/ 
JI

rf ilr the seconcl srLrl \\rc makc the change of index of summation:/; - r' 
.- 3 ancl if l'e tahe into account tlie Yancl."rrroo¿ð ìonvolution for-rntrla, x.e obtain

,Ð^rufiì,o}t):lrl@jqla)bn-r,-a¡*1)(?+a-f¡1)itn-r,-ail/(1+a)tt,-r,-e7- 1.

rt is casiJy rerifiecl ilra,t for r = 0.or for r. : 1 the probability dis_
tr il.¡ution 1.'(-Y n,,,. = /:) -. P(P*.,,r)-: ¿uÍ,f,ì,*(lt), clefiuerl in (B), recluces to theflu'ktl'-pótyrr, disrritrubion (sóô'"iz ¡, ¡u1, iLtí1, LrìLi.-- 

\-/:

Nol'to each function/: 10,11 --+lR ne associato a ranclom variable
Tl,, l'ith the probabilit¡' rlistribuiion gtl,cn by

e(\,!.,,: r(#)): wÍ,iì*@) (o < Ã, ç ,,,).
I

Thc expectetl value of this distribution is

Ð1\'1,,,,¡ : f, ruÍ,';,|,0(¡,),f ("-\
¿lo \ttt, I

a(a ¡ c)...(a,1 (/¡ - r)c) b(b -i, c

(a -¡ b) (ct I, b ¡, c)

)...(b ï(m-r -tt:-! ),:)
(utbl(nt-r-7)c)

, pilco the (rn - r i L)tlt, tlrarvinst results in a bl¿cir t¡'a¡'ing rvitlrprobaìrilibv tð + (nL - r - k)c)l la,i tt f (lr -r')cl, rr.e obtain the follor,-
iirg forrnula

(a i- (ít, - \)c)b(btc) (b!(n-r - h)r:)
(ø i- b)(cr, i b -f c) (alb)¡(m -r)c)

Procecdin¡¡' ilL the Fjar:ne \\:år)r 5'e find that
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Since trÍ,li : L,,,,, is the operator investigated in cletail in our paper
[12] and for ø : 0 ancl n : 1 l.e have the relations (4), it remains to
consitler the case : a ) 0,0 { n I I. In [13] we provecl that the opera-
tot' Lü,ì may be considered âs an a\¡eÌ'age t¡f thc opelator trn,,,., because
it can be representecl iri thc follorving integral form

ØÍiìt)@):
1
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lVe have thus consl,ructed by a probabilistic ¿ùncl tla,tur'tùI nethocl th<;

linear positivc operator trÍÍl tlefinecl by

Q'Íiì.f)(nl, :,:f_-*f;ì,r@ f(!L), ø e | 0,11.

Wc should specifJr that consiclering such an opelator rve shalL

assumc- 1lrore gcrelally - that the parametel' ø is atr¡' non-negatirre
real numl¡er,, depencling in gonelal olr 't?1,, but such that ø-: ø(l¿) -'0
rvhen ti¿ -> oo.

For r. : 0 or for r':1 this operator lecluces to an opelator introcluc-
ed ancl investigatecl in our prcvious papols l8l, i101, as ¡'ell as ir-L the
parpers [1], [3], l4l' l5l.

Because we can l'l'ite

tril_r+1,_dt (L;,iì.f) (u) :

: 
:Ï:("' n'' )*' 

o' -'' rL - . n)tt' -' - h + 1' -dt, (:).
'i 

U,(; ','^,)n*-'*''-^r(1- r)t"' -'-^,(*),

by maliing in the last sum tlie change of inder of sunmation 7¿ - r : i,
rve obl,ain

fnar-r+r, -q e,;T,ì,Ð (n) -
:"f'("' - '')rr"'-'r¡ L .u)tn'-'-*.t -tr(¿r)*

,,,':-"' 
tt )

* 
=i, 

(";'1' )nti 
n'' - "tlt - n)tilt -'Í - i' - ^, W)

Denoting^ also by /¿ thc inclex of surnnration in the seconcl suin ancl tahing
into account tÌrai,

7V,'-t+1,-qJ: (l ¡ u¡l,r-r,-"1 , *[h+1,-øl..- (n ! l,: t)Lh'-øJ,

(L - ntuL-t-Þ+l'-di : (1 - n | (rn,, r - /c)a) (1 - n)tnt-r-h'-at,

we arlive finall¡' jusl, to the lincar pOsitive ope¡ator LÍ,Tì deft:liecl in (1)
anct (2).

ft is easy to chech that

(4) @;:ì l)Q): /(o), Q':;ì ,f) (1) : /(1).

It foilorvs that the polynomial L;i,ì f is interpolator'¡' ¿¡ l¡oth sicles of the
interval f0,1]. lhis is the rcason that the approritnation folrnul:t

(5) .f : L#ì.f + R,:,r,i I
has the ilegrce of exactness Àr __- 1.

n.L t (1 - t) " (L,,,,,fxü) dr,
i
q

1-x

--l
(0)

(7)

'whiIe

(8)

d. cl.

u.here ø ) 0, 0 I n ( 1 and B is the beta function.
Denoting by e¡ the rnonomials clefined hy et(n) : ni U :0rL,2)

and taking into consideral,ion thc relations decluced in oul paper [12] :

(Ln ,,er) (r) : r, (L,o,,.cr) (n) : rt * 
[t 

f ''þ' -;\1.*" * "' ,

as rvell ¿r,s the representation (6), rve find that 1,he firsl, two moments of
tlre plolrability distributiolr P(-I,,,, : li) : zuíiì,n(tt) have the expressions

n(X,,,,): nrp,E(:?,,): 
-= {nf 7t(p f a) * lm IrV - Dlpg}.1l'ø

Consequently for the variance of our probability distribution we fincl

Vat'(Ä,,,,,) : n(X\,,,) - E(X,,,,)': lt * attt, ! r(r - 1)

I ttt,

mpq

1*o
It lollorvs that the values of the operator Lüì tot'the three test func-

tions ø0, eL, ez ?lre

(LÍ,Tìeu) @) : 1, (Ll,ijer)(n) : n,

(Liiìe,) (u): å;1,r. + ") + [

6íïìe,)(r):-[t* ant,! T ,'-1)
,m

1

Accolcling to the convergence criterion of Bohman-Korovkin-Popo-
'r'iciu the results (7) permit us to state

Tlrnonnryr I. IÍ 0 ={ ø : a(m') ---+ 0 as m ---+ co, then for any/ e O[0,1]
tae lt,ctue

Iinr LÍTì
ffi-@

u,niform,ly ott tlte interual l0,Ll.
In order to evaluate the ordel of approximation of a function

/ e C[0,1] by means of LíTì f , one can use the inequality (3.6) from our
earlier paper 110-1.

f:f,
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6
7 GENERÀLIZED BER\ÌSIEIN OPERÀTORSfn the next ilreolern l'e give the inc'clua,rity rvrrich rve rrave obtainecr.

l'unonrnr 2. IÍ "f e CL\, 7l tlten .for, Q,tï,y ü e 0, 1l ,ne ltctae
This result ¿l,ltcl for,ltula, (g) cnables us 1,o fol,rirul¿r,te

f,lrut, 
llnnor¿r]Ùr +, Il I e CzlT, l,l, tlrctt tlrcrc e¡:tsts opo,itttEÍTì e e,I) strclt

ç ti,',,i,| .¡¡ 1,t'¡ I t ¡ zrt )-,'(/' - 1)l ¡( I - n) .,
t ' r"'|tt 1- , J ù,,(L + ") 

l'" (1Í'iì l '

This'esurt lre.rnits us to co'cruclc tirat if ,rc fu'ction,/ is'on_corca,r-c offitsf -olrlt,r'on l0^ i I f,ht,u \v. lrÍì,\-(. t;:j f Þ.f.rtt l{),fi'st-crxt.r' or, 1ó, r j t,r,* ;" 'ri;ì íï ,,,,.,. l, r.¡ ,,,,Itil¿llr', ri,c mcnticln 
_ 
flrat the ol.relatoi

_clruriirishirrr¡ ¡_r,opert¡,, io U*^'.ä"rË"oi r. ,1.lr.esclvesr the linear function¡ 
^".ili ï )'o"tn

crf si¡in o1 LÍ'Tì.f antr,respec-tirer¡' of /, o. the i^t .r.ar l-0, 11, s:r,tisfv .'eineclutr,tit¡.: v(Lif] /) < u(/). " 'r7

R]]IìEIìIJNC]JS

inruliott of arrul¡ttic frutcliotts Itg Bcrnslcitt_type248 (Ís72).
nalicrtl s.tatistics, ,lohlt \Vilc1., çs,,- yolli, 1g68.11.,, ,S.ulle:lct.iualc clci polittonLi di Slnnczr, Rend.281 r I O7C).

. I\., U tut g encralízaliottc deII, o ¡tet, rt l orc tli S tatrctt,

ler D e u ts I c ü t_ u rtd L tLg r ct ng c p o I lJ rto m e. B entc r l¡rutforcn uon D. D. ,Staticu, Hív. Roumainc l{ailr.
s f'ottctions conDercs d,ortlre supct.i¿a¡,, llailrc_

tisILi u.g^u¡tpt.o.tintctìiott tneilrctls, in : Or¿ N¿¿rrrcr.l_249 -274, l\Iaclison, Urtr.,'ïrri.,. o1 \\_isco'sirr

tts Itt¡ r¿ uctu eloss ol. linr,t
ttz i -' 

.ris' i iiöä'sli' 
L t t Lt a r po Ig tto t t't í a I o ¡ : e, u-

ilitg clislriltulion, Bull. llaflì. Soc. Sci. nlafh.

tt ol

iIitu
70).
lei n

ot1,-Ì: U,lï,. Chrj_Napoca, Itincr¡nt Semjnal('onr'c\rt)-, (ìlrr.j_Ne¡roc:r. 1g5_j.92 (lCS4).
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tÍ(n) - (L;ïì fl r"lt < (r +

t

r(r - 7)

tolt,ere .¡ is cr,tt ct rb itr u r y p o s it,i,u e c o n,si cttlt, t u It, i c: I i, ccut, .lte co,n,ae ttient[;u ch,csen.

obt¿¡in the
Sinct¡ on f0, 1l we lL¿ù\.r¡ r(7 - rr) ç1/4, if l.c taho 7 : z/r ll rvc.incclualil,y

I

1
tt l' - L;,';ì I lt < I i- a.ht, I2tll--I;

which 1) r'c.duccs tr¡ ilro classical inequaiityof T. Popor-iciu ,

'IÄrith the aicl wcll-lin orvn theorem of Iìr('a¡ì{) OIIC cl-t t¡ gi 1-1,integral rc¡prcscrtrtation frtr, ther lcrÌlainclet, of thc approrirnal,iolr follnula
a,ìt

(5). lve calt state ,

*, ,r,,t,|I"ónntl 
3. tf .[ e c'¿1,0, 1l rrrtil ,t: is'tutll 1¡iuett ltritit,,f l0,l), llten

(e) (Ìt;,iì he) _

tulter,e tlte Pe.(,r¿,o i¡ern,el ,is giuen br¡ '

toitlt,
G;:ì(t,; n) : (RÍiì 8",) (t"),

1

f ^i.,,\ b,;;;(¿ ; ,t) [,, (i)ùt.)'
o

ç,(¿) : (,t,-- t\. 1,t - \tu - tt r T,l, t, 1 l,.r _ ¿ll,

tlte renta,inrJø' operator actittg ott, i.oit, of n.In i13l ,u" sar.n "*pii"it the"peano lier.leì., ri,Ìrichaclually repr'è,sertl a spline 
-iu 

cle.g._ree hai,ing tho 1cnotsitfnt,. l3at:ausa cÍ,',ì(¿;,,)<,0 
f9,,?ny l)oixü (r,.,1ì .l.l,riì' *" rrrn.r- appt¡,th. rrreÍì,r varr'o thoôr'.''rn [,c bh;-i;;¿qi,;r ()ccrìr¡,iì!:r^ in (g) a,;rrr u.¡, rrbtairr

I(10) ( t¡ií:ì f)(n) - Í,,(E;,"ì l\e;:; tt ; n)çrt,

e (0,I ).
e' into accounl, flrat the peano lct¿i,nr_,l is inrlepenctent of tlieiet us insrert ,f : cz in fo.,ura, i¡1,'ììtti, u*ir",.,.,^i,rcrer, (10);

{ 
ot, (t ; r)t1t, : ! (8,,,,i,'c,¡1r¡.J2

Iìeceivccl 12.IL19gb
I I ttí tnt si I t tlctt B, tltas_ Bol utt iIìtrcttllttlt,t tle mutetnatícit

J.l u0 Ç | ¡¡.i -,\' ¡ ¡ ¡ toct t I lot ilr,t tt i a


