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In our previous paper [13] we have introduced a sequence ol posi-
tive linear operators which can be useful in the constructive approxima-
tion theory : (L5%), where r is a non-negative integer parameter, m is &
natural number such that m > 2r, while « is a non-negative parameter
which may depend on m. To each funetion Ji0,1] =R we have associat-
ed the operator L$?, defined by

(L (@)=
(1)

=3 b2 ule) {(1 — ot n —r =Bl f(Z)4 (@ + ko = 7)}
k=0 ny A

m

where, in terms of factorial powers :
s =4t — h). .. (t — (n — 1A, 01 =1

Y

we have

2) pEala) s = (

m—r mik.—m]{]_ = w}[fu—r—a‘:._gj
(1 + {X)[m—r,—a-]

It should Dbe noticed that the operator corresponding to the case
« = 0 has been investigated in detail in our earlier paper [12].

Now we shall indicate a probabilistic way to arrive at thege operators
and will present some basic approximation properties of these o perators,

For simplicity, we shall imagine an urn model which leads ux 1o a
diserete probability distribution, eonnected with the Markoy -Pélya
distribution, and which enables us to eonstruct: probabilistically the ,,139_
rator LS.

Suppose that we have an wurn containing identical balls of two
colors : « white and b black. The experiment consists in drawing 5 ball,
noting its color and returning it to the urn, together with ¢ identieal
balls of the same color. This process is repeated successively. Hvidently
the composition of the urn changes every time, except for the Be
lian as ¢=0.
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Let % be o non- ne;zartlvo integersuch that & '< 'm. I3 R AN

One denotes by, I, the event that at the unl nulnl)m mo—p -1
there occur the (m — r—%&-1-1) th black ball, or the (E — » + 1)th white
ball.

We see at once that this event occurs if :

1) in the first m — 7 drawings we get % white and m — » — % black
Dballs, while the next drawing results in a blac k5 we denote this event b v
iy oy o if

2) in the tirst m — » drawings we get a white ball 7 — 7 times and _
a black ball m — & times,! while Lhe nc\t drawing leads 'to a w mte ball ; '
we denote this event by E,’,{, e |

It 'is clear” that we have

E;n,r,k to<kh<r

- ]

By = By UL Hr<k<m—7r
B, . itm —r <k < m

Let T; be a random variable which is either one or zero depending
on the j-th drawing resulting in white or black! It 1s kno“n [2] that the
Pprobability that Lhc total number of white balls': T4 .0+ T, _, be
equal with % iy given by

m— 7 _g_(a + ) (a + (% — 1)) _b(b 4-.0). . .(Ib +(m — — L 1)) !
( T ) {a + ) (ar Fo+ o) (e F b4 (m—r1)e

Since the (m — » - 1)tk drawing results in a black drawi ing with

pl()bmbmtv [b + (m —r — 7s elf Te+ b 4 (m —r)c], we obtain the follm\—
ing formula

P(Hy, )= (

m i;r a(a —f‘—'c). (a4 (F — D)e)b(d+c).. (b+(im—r — k)e) ]
) (@ +bd)a+b+e). (e Lb+ (m— r) ¢)

Proceeding in the same way we find that

P(E;l’l,r,ls):("l_l 7')@(& }4( ¢). . (a+ (k —r)e)b(b 4 ¢)...(b+ (m — & —1)e )

k

kt— 7 - b) (6 +b 4 ¢ ¢) (a4 b+ (m — 7)e)
Liet us introduce the notations : =1, O =i Because then
a-+b a—-+b

we have

=1—-9p : g, we can write
a -+ b
P ‘(m-~ 7‘);}1(;u+ o). ..(p + (E—Na) qlg+).. AgH-(m—r—F) e
(Em,r.lp) i T :
k Lo(Lysd o) (X 4= 20) o (14 (0 — 7)o)

(,m_ ,)«)J.D[k.-a] q[m—r--k-;—l,-at]

i ‘L[m—-r+1,—a,]

I

and similarly

. , mo— [R=rd 1, —algim—k —a]
P, )= ( ) P q .

b 3 1M —r+1,—a)
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Finally, we have [

3) 10n=re 1 -a) P(E,,;,';)_ =
(m—))pl, _qu,,, sl TafEivel)
(m ——?)p[k _ﬂé[,,, ,I Irl-~4]. | it e < E < m _—r;‘
'l +(;ﬂ 7) LA m-a]Q[m Y,
p—
(;n’_7)p[k—r-f-].—a]g['"l—k:—“]I Hfm—r<lb<m
 —

Let X, be a random variable assumino' the values % with the pro-
babilities wyy (p) = P(B,,,.4), where 0 < &k < .
First of all we calculate
e

7 <Z>
(‘lmz - 7‘/ }J Win,». / .

k=0

S m—r ] | I
- Q[E ( i )p[k’"“](ff + a)””“"k'_a}]/(1+a)““-"-“1 +

k=0

kL7

4 » ,:,2_:' (77@ ——’)') (p i a)[k_y!—a] (l.[m—lc,—.a]] /(1 M O()[m—r,_ozj .
k

If in the second sum we make the change of index of summation :

I: —r = j and if we take into account the Va,ndel monde convolution for-
mula, we obtain

k3

E ’wm,; k I_Q(]) —+- q -+ OC)[1"_V’—°‘J+])(])-{—a-%q)[’”—”"—o‘]]/(l_*_O()[m—-r,—a]:l-
It is casily verified that for == 0 or for » = 1 the probability dis-

tribution P(X,, , = %) = P(B, ) = wn rk(p) defined 111( ), reduces to the
Markov-Pélya distribution (see (2], [9]1, [10], [11)).

Now fo each function f : [0,1] — IR we ass ociate a random variable
Y., with the probability distribution given by

(‘ifaj;m —f( )): War(p) (0 < % < m).

The expected value of thig distribution is

k
BY?,,) = Wk ( )
Z e
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We have thus constructed by a probabilistic and natural method the
linear positive operator Ly, defined by -

(Eﬁxm::ZuﬁMmdgy z e [0,1].
k=0 '

We should specify that considering such an operator we shall
assume— more generally — that the parameter « is any non-negative
real number, depending in general on m, but such that o« = a(m)— 0

when im — oo.
For » = 0 or for r=1 this operator reduces to an operator introdue-
ed and investigated in our previous papers [8], [10], as well as in the

papers [1], [3], [4], [5].
Because we can write

1im=r+1,-al (L;ﬁf)f) (w) N

L 2 ('n )m[k,__a)(l ) m)[m-—-r—k{-l.—a]f(k)_{_
= % "

« [ 7 [k—-r+1,—oc] 1— (m—k, —af (7(’)
+3 () (1 g)m-r-et f

ny

by making in the last sum the change of index of summation & — » = j,
we obtain

1[|m—l‘+1:—°‘] (qug,(:) (J)) o

Mm=—=7 W — P 75
— m[l«.—a](l *w)[m—'r—k+l,—a]v (_)+
kgo( % ) / m

+1‘;v-,1(/m’ p )w[f+-1:~a1(1 ¥ x)[mfr—j,—a]j‘(j i 1.‘).

m

Denoting also by % the index of summation in the second sum and taking
into account that

1[!}1—7+1,—d]: (1 + oc)[m—h*zx]7 w[k-'-],_a]: (w _|_ T o )[k —a]
(1= g gkl = (L2 4 (m —r = k)a) (1 — )t e ey
we arrive finally just to the linear positive operator Ly defined in (1)

and (2).
It is' easy to check that

(4) (Lmy F)(0) = f(0), (Lyy ) (1) = f(1)

It follows that the polynomial Ly, f is interpolatory at both sides of the
interval [0,1]. This is the reason that the approximation formula

(5) f = Doy TR B f

has the degree of exactness N —= 1.
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Since Lf,,(,’,) = L, is'the operator investigated in detail in our paper
[12] and for. # = 0 and # = 1 we have the relations (4), it remains to
consider the case: « > 0,0 <2 < 1. In [13] we proved that the opera-

tor Ly, may be considered as an average of the operator L, » because
it can be represented in the following integral form

1 : 1—- - _
B(w_, Lo ﬂ?) S b (1 . t) (Lm,rf)(t) dt

V4 e 0

(6) (Lo fi@)=

where « >0, 0 <<z << 1 and B is the beta function.
Denoting by ¢; the monomials defined by e;(z) = ¥ (j =0,1,2)
and taking into consideration the relations decuced in our paper [12]

1-.70)

m

as well as the repreéentation (6), we find that the first two moments of
the probability distribution P(X,,, =%) = W i(p) have the expressions

, 1
E(‘Ym l) = MP, E(4/Y12n,1') m 1——1—‘-_0;_ {I'n2 P(p -+ OC) == [m +r (7. - l)]p!l}'

Consequently for the variance of our probability distribution we find

Val( m 7) = (X?n,,) = E(Xm.r)zz [1 + am + ’l'(?' Aw 1)] rd .
m 14 «

It follows that the values of the operator Ly, for the three test func-
tions e,, €, €, are

(Lfffe ) (m) (Lf”"‘,)el)( ) —_
<a> - 1 r(r —-l}'l;;:(l — )
7 Lm,f o = o 1 '
o e 1+a{m(m+ )+[+ m J m }
while
(8) (B2 es) () = — [1 s +7- (r — 1)] o(1—a) . ‘
% m(1+-e)

According to the convergence criterion of Bohman-Korovkin-Popo-
viciu the results (7) permit us to state

THEOREM 1. If 0 < « = a(m) — 0 as m — oo, then for any f e ([0,1]
we have
lim L5 f = f,
Hh—00
uniformly on the interval [0,1].
In order to evaluate the order of approximation of a function
f e C[0,1] by means of Ly f, one can use the inequality (3.6) from our
earlier paper {10]. e
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. In the next theorem we give the mequality which we hayve obtained.

' PHEOREM 2. Ifife €10, 17 then Jor'any @ e [0)1Thve hawve |
S T Y ter ' [l Ju it

LR i

el i by Lo i 1ne e M0 =) 1) : _:;I;(T¥9:).

x) L L,f,“,) ) MRl i R s Vl o e 1 e LA MRS ool wl| f: b heet Mg 11
[Fto) = (B ) )] < 1 Lk it i ol 81 e
where v is an arbitrary positive consiant, which can be conveniently chosen.

Since on {0, 1] we have o1~ o) <14, if \\fp take v = 2)/1 * o, We
obtain the inequality 6% U 1 I

,_ .~—<<z> TRy l :‘Ill/l-.”‘ o, : 71(T L i 1) '(__l_ i
TV L £t Bl | 1<y ek} tewl b I P I | Gl I I -.
which for & 0 and r— 0 (or » = 1) reduces to the classical inequality
of T. Popovieiu [6], "» < bl Vi <) e KA
‘With, the aid of the well-knowh theorem of Peano one can give an
integral representation for the remainder of the approximation formula,
(5): Wetican states L) Btk o () ARVIRt bt g (L gy

T goREAr 3. Ir e c?o, 17 and-s is any’ given poiny of [0,1], then
we have i

: '

Ny = ]
O it o v S 1), = 652 s 0 e, i
where the \Peano Lernél is given by | Ly .
b ;:Lr)(t; v(/') = (4 ’751?7) P) (4),
WD yui 6 ang [ ren N Tope
1 { I
) =@ — 0y == T2 — 14 |a — ],

the remainder operator acting on wo.(t) as Tungtion of .

In:[13] we gave explicit' éxprossions 'for the Peario kernely 'which
actually représents a ‘pline fuhction of first*degree having the knots
Elm. Becanse G (15 #) < 0 for any point (%, y) e [0, 1%, we may apply
the mean valite theorem to the integral oceurring in (9) and we oblain

: ol 1
GOyt a2 A8 :ﬁ?>gn$fi<t;m>.dt,
.‘ 0 |

| <ay ] p ( i |
where E5 €.(0,1), | VI AL L g
Taking into account that the Peano kernel ig independentyof the
function f, Tet us insert J =¢ in formula (3), with the remainder (10)
we find that .

3

b2 | e

] !
g woy (3 2)At = (L 6) ().
0

7 GENERAT.IZED BERNSTEIN OPERATORS 389

This result and formuls, (8) enables us to formulate

Trmormn 4, If fe 20, L1y then there exists « point Ear € (0,1) such

that
(B2 1) (2) = — [1 + am -+ M] )
m 2m(1 4 «)

This result permits us to conclude that if the function J I8 non-concave of
first-order on [0, 1] then we have Ly > fon [0,1 Iy while if f is convex of
first-order on [ 0,17 then we have Ly f > f on the interval (0,1).
Finally, we mention that the operator I5% enjoys the variation
diminishing broperty, in the sense of I. . Schoenberg [T], becauss it
preserves the linear functions and if « >0 then the number of variations
of sign of L% fand respectively of f, on the interval [0, 1], satisfy the
inequality : v(L7 f) < v(f).
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