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complex Tr.actional programming
state of tÌro art in sepaiable fr¿i,õti

separabrc prograurming- consûitues a rincar pr.ogrammi'g extensionfor handling certain types oT nonlinear' runãtions ïiiìiä" tfre framervorkof a general linear foimat. separa.rrle programming probrems are 
'onri-nearr .programming _problems u'ith separábte objãct'ivã' ancl const'aintf.nctio's. First of all we rcca'. the ¿eiinrii;" 

"]-ü;ì;rnìrrlit-o. 1he fu'c_
tíonX'(nr,...,nn) is separable if F@r,...,nn): Ë r,@,)i.e. it canbe l,spys_
sentecl ars a surn of functions eacrr invotr.iílt only one r.ari¿l,rrrc in itsargument. Then we defino tho nonlineu" r"lr^"äbi"-rioó"À-r,'ingprobrem"
(1) rVlaximize (rninimize n(a) -: .Ë r,t*¡ subject to

j:1
(

"ceT) -l*lh¿(,r) : \It,u,\n,)<lr,,i -_1,. .)nt ;nj>O,.i _1,...,,,1
I lt 

'1" ')"u ) wJi 7 't7 
'" ' ,'' 

I
rvhere the functions /r,, nle assurnecl to Jre separ.al¡Ie a'cl conl,i''ons.

'I.he basic itle¿i, in solving th
linear approxirnation to each nônlin



f)l

2) -\lininrize F(rr,. . . ,n,,)
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tì3

tti.tt'ttr;usl,ll
n,s itler tl¿e
.n:teC!
c grctclient
cntcl onlt¡
.follouing
tttre oll I

lops it, pt'ocechlrc for solr.ing. the

lrtnonnu Íì (Anarci anrlsrva¡up (19i,0)). ]j ú)(:t) É ,i l î, unct
: )1 : ir J:-l .l'¡ I 9¡

Ç0(.t,-):- L lrr? * f,. liri(Ai-cz¡).r) -f ¡t¡2.¡1,¿oltere À¡: =_ 1 ä1, 
o,,¿j-1 j:1 dj _ g,0r1 """'

?¡ - -(':-jP4, r,,,,,, (i) ./,'(r) > 0,("), lii) tt(r) .(to(ro),

(ii,i) V71(no¡ - Vqo(no).
N.K. Gogia (1969) consiclers ijie follox-in¡¡ ploblcrn

,,)/(;..' s,(*,))suì,jccL to r eÐ .n.rrerc

(o) r\raxirnize o'.:,,(P,,Ð,^,,t,,,)l[É 
¿_., 

x,,t,,)s.b,ject roÀ 
É.^,,r,,,=

< l¡t, i: 1," ',,,rþrÀr¡: 1, i :1t...¡ìL; ),¡¡Þ 0 forall/u,i. sol'ing bhis
plolrlt'm by nppl¡in[."sinrplcr rlqu;,ì1 erl b¿rsi¡r cllir,,v ilr 1lrt,lla,iis sur,ll that noi ltoro'than t,ivotion r,,.'rr"ir'" iì;" À,,, arû positir:c ìl: T.j"l"lil ,ìiì,.1ìi

*i = 
Ðr)r¡i#¡¡ 

\\¡ill be the approximatc ¡;oìutio. of the o'iginal probrem,
Ju' p' Õe'no'ancr E. G. trangc (1g?0) give an a,pproximative metrocrfor solving a l,ranspo.b probrcm i"Ìtt,'*porabre fractionar function

,r)l (ü,2.,ø,r*,t)rvrrore n : (n,¡.)

ì
¡: b¡\, R - {;r I a,;( n¿¡ { i}¡¡}.
irie ilrc ò_form (Haille¡. (1964)) ancl

',,!/,, -f ,ä') I Ð !/,, : A,t y1?/,, =. B.-,
ll,' ) 0|. s

a'ntL tt,., must satisfy a certain supplimentar,¡. conclition.
Ju. P. Õernur. (1971) 

"or.siã-o"s 
the folLolrinq.sepai.ablc problern

:::,"", ;:'l) 
¡'$,,,,.,,"1,-,,tÉ--',',' 

ù l,lï:'::])= 
þ, j : 1,I lÊr

I
ì \, (,'tllri I si)) (r:, ) 0, sj > 0) : .1 ,,r< ó,,' >0ljt l

FIe cl enronsl,ratcs the follorving ilteorerr.L.

ilrrr,oi'rnr,r 2 (Jaua.natrra'(1c6õì.i)). r"f r,(n): i: k,l@, ¡ s,)) *ttt!
)!t,jl

Qo(ü) Ð n,r? - f,?iri tutt,ere À.¡ : - L':', t t)¡ - -(4tn,--, s¡)9!, 
,,,,,,¡i:l i:r s.í düj sj êr.3

, t:o'= (r?, ...,r1,),ilren,(?)11(to) : i {r,/rr) leo/.nr).
j-.1

UÍ,) r@) < y {c,/r,)+ Q,(n)foruttn>01(iii)'3!Ð - 
ôT@-.'

j-1 A"ú Ano

Accorcling to this
lable fractional progra
tic ploglatnrning prob
so S uSocl
Pl r,vhen t.of e rerualh that clue to the furrction F(ur,...,n,,)is mr¡t'horl of A. Charrrr,* *o¿ ò. r,",;È¿'iidi;äjto sol'"'e thc problem (1).

P' :\nancl and r{. s*'arup (1970) consicre' the forlo-,ving probrem :

ln
(3) tlaxirrLizt,.l þ,(r,,. . .,rn): f, l{r,_f o,; l@¡|_pj).J, (a; ) 0,13, > 0)}

t i::t 't'J' \-t' -t't- -'l

srrbjtcl lo n e {, I An < b, .¡' ) 0}
llcl'c tì.re obje_cliyc function is neiirrer,ccncayc rrol cojrv(,\. In oltlcr, losoh¡e this probicin, they recluco it e of concave quadr:aticprogr solving. the quarh.atic
irrobl on of tìiro rrroËiem (:).
pr.oillthecorrcar'eqrradr.atic

J

?ù
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Il_-e utiliz<¿s anrely to appr.oximate ali sepalable Jiurrc_tions bv Ii a greater ñumber, of valiable., ;"al ùyrneans of it to linear fractional progr.arnming probteni.\ijayWadhwa lars of
problerns i't'o"u tt'" is ure "åä',iJiìi:i
linear fracl,ional fu set o a oolì\rexpolyheclron.

(s) Ilirrirrrizc I r,@,,. . ., nu): ¡ ltr,, I tn,"cj)l(n,!c¡))l An =b; r> 0l .
t ,-, 

wJt'turwttl\üitw¡)'lll1tu-v'*-tl

rtissupposedthatr,r_)0, l;¡ ):,0rnt.¡Þ0,rvrricrrnrarcethe abor.e functiorrconvex. The lnethurl proposerl lccluireí the solution of a *"qo"ì."", ãicßraclratic plogramnting ltroblems and is based on the follorving'tn",lrì",í

'Itnnor¿ur 4 (Wacilr*a (1969)). I.f Ir,(.a): É t(t,, !nr,nl)l@, ï c¡)1,
j:t

tohcre lr,, cr >0 ctntl m' 2 0 c¿re cot¿.stcttlts n,ncl Gr(n) : i "r"? - Ë þ¡nt,

tuherc ct, : fttt, - Vlt(no¡)llc¡, þ¡ - l2n\(tr, lm,cl)lc,(ni 
-i 

c,¡r1 _ 
n:JUçro,¡,

ccrrl no : (n1.,...,n1,) 2 0,ttrcn ø) rtj(n) -( Go(ø) + i) çr,¡r¡, f'or ail r ) 0¡
j:1

Q n'@0): Go(øo) + i Qr,lr), c) tv,(no) : VGo(øo).

1) consirler thc follorving separ.abltt

l(ù|n !-p,)l I .a n db,, >0 Ì
arrrl r7, *,," .'),-.u,nlron"',1,
ix, ó is an ?/¿-c0tnponent

, 'rhey consicler the r¡alue of eaorr-function fi(ø,) as a, pa'a,meter /,that can ì:e valiecì, irrespective of r4reth"" u" rot ii is attainä¡te on t"aijiltlo sei,. ln t into ecluirralent
ones of ma,xi nct,ions' subjcãi
to ailditional s clenominaiols
are restlictecl to nonnegative coefficients, the pr,oblems can be transform-
c¡cl into r.oot (in the'case ðf scparability this root, isunique) a,sing convex parametr.ic functión. When thenumbel ective functión is eclual or less than tluec¡.Y' ¡\lm givo an efficie^t alþ'oriilrm. rn trre-spôcìzìi
case vhen the coefficient matr,ix ,4 consists of nõnnegative ctencnis (asin most tran,sportation problemr;), Y. Almogy and o. rrovin utilized tìhe
conbinatorial propelty of thc palametric preÀôntation in outling a rnethoci
of solution.

$t- li'qan (r977) comes to a sepa.ablc f'actional prograrnming pro-
l;lem relaterl to the le,sources clynamìc clistlibutiorr p.oËle,Tr, l4rereìn'the
resourcesj utiliz,ation cfficicinc¡. (rrreari incorne to the time unit) is rnaxi-
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mizecl. The motlel is the follo'vving :

L\[irrinrize þ'(n,,...,rn) --(Ë, f,,r,, ")/(i ø,(r,) , Íl)
,L

subject to\mrnu ( b, d¿ ) ü¡Þ þr) 0, r, integers lvhere H¡¡ &¡¡ P¿ (r,:
i-t

- 1,. . .,h), e, p ancl b are given real numbels. He gives an algorithm
fol solving this problem s.'hich consists in solving a finii,e nurnber of
ortlinar¡' dynamic programming p'oblems.

Also, I mention a,recently paper of Savita Alora ancl S. P. Aggar"u'al
(1977) dealing n'ith maximizing the sum of a finitc number of separablt:
lineal concave (convex) fracl,ional Functions. The nonconvcx piecelvise
linear separatrle programming problem is the follorving :

Il¡¡ximizely":È ls
I " î'¿,x¡;,1,Ð'"¡'f¡: 

tt' ßtÀ't:b¡' i - l'' '$"r¡Þ
ì-

Þ 0, i: 1,'..sl n'hele ct¡ X¡ aü,e each n,¡ x 1 component Yectors, b

l
and ó, are vectors rvith rn and. nt, conponents, B¡ and B, ate m x nj
and, m, X n, matrices, yi ald a, are scalar constants. A clecomposition
principle is der-ived with the dynamic prograrnming approach to solving
this problem. This results in a series of parametric quaclratic fractional
subprogrammes whose recursir¡e solution yields the solution to the original
problem.

Finally, I give a recent parpcr of R. N. Ihul ancl Neelam Datta
(1981) which consiclers the follou'ing nonlinear fract'ional programrning
problem.

l\ 'tz \ /tt rL
Ilaximize E(r):lE,f,(n) i I i,(i¡,) |lZ g,@t\ subject to l, e,'(r¡) |

\¡=r j-1 / I j._t j:-t
tlt

* Eootyt ( äu, i - 1,. .,tni frjÞ0, i - 1,...¡1\i U¡20, i:I,...,h2
'r'vherethefunctions l,@t)U - 1,. .,nr)an'e concave and.ht(yt) (j:1,...,'n'2)
gÁfi1) 0 - 1,...,ør) ancl eo, (i: I,...,ffi) j :1,...,nt) are convex ancl
gt(æt) are assumecl to be positive over the feasibility region.
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THI' DIRICHLIIT J]IìOBLETI }'O Tì A CTÄSS
rJIl S.I.RONGI,Y NONI_,INIìAIì I,ll.,T,II,TfO EeLrAIL.TONS

P. SZIL,1CiYI

(tIu j_NaIoca)

LeI o c [p" Jre ¿r, lr.rLrLclerl tl'ruain'¡-i1h the rr''-Lrrr.lar,)- d!),
(l) ,'lu -- E( ,r)'' D"A"(,.r,, u) Dt(,,...,D',,u,)

l:;l<zr

a tliffclcLrtiu,l expr,esliion of

lc/.1 , -tt | ... I q.,,¡ Dr, (!" 
,

ftil(r r,l ,,./(f)) l tr{, s,,LI'tl'],|
ia I < rr) rvith the lrorrn

tli.,-tti'¡¡ctr,cr irtlLrr, rvltcr'<' e -- ( e)t. . ., u.,,) e /1,,
.., 

",, 
I , l),,,tt , I,,,,, _ 

" 
,," ,, l,o.i , ,,,N,

L).' ,,J t ,,,i', ..., d,r'';i,l'' "' 
f 

'

slliìico of ttLnctirtns {¡¿ € ¡,u(O) | D.'tt e LDG)),

lltl,, ,,, ll -= i D"u(l')it' t1t'
7li)

(2)

(4)

Let. finall¡1.. lf -{'"(,{)) b. the closru,c oi {.'r(o) irì ll'/,,,2(o). rt is hro*,n,
Llrat r,.e IIld''1'(o) ir'¿¡rrrl onl¡' if -,,.rt'nt;r({)1" ¿ruit I),.u,),t¿.- d v j"i<ri¿-- f]illlt. l¡e,.. ¡1[iù],v r'¿-ùltl(ì pt,oblotn st,tlit,rl in this plìpet, is
(3) 

'1¡¿ -l 
'g(r, 

u) .: f n {!, ,[)".u,1¿o -. 0 t6r. lø-f < lr - 1,
::

rylì.clLì I ._O X tR - tR anrl ./' :O -+ [p Llr,cr gir-en f utrrrtion¡. It is :rultposcrltlrat.l'e rÍ(o) ('/, t + q I -.- r). \\.f sar-iì*t ,rt e il'l;,,u (o) is a solutio' oTthe l.r'unclaly r'¿,ì.o probl...m (3)) if foij rlris ?¿ ill('*t,'g.,iì,t*

4.,(t;, tt, Du.,, . , ,I)"'u) .¡),rr {l;r', la ] g r;1,I ¡1(.t', tt)t: r.Ir:I)

exist lloi,all ¿, e if';,,,r(O) âtu1 Tor,(.\.{.r,r- r.e Cfl(O) $,(,ha\-{,

(,,) n [.,"(", 1t, l)u1...,Ð,,,t\ ])at.tl.,, , [y(r, //)i.(1.,, [¡,.,1r.
1,Ê,,J 

t '1"'1' ¡rrr \r" 

ìr 
' 'r/'

1c¡ ***,rr* tho,solyabilitr- oÍ tho pr.oblcLn (3). .;.,: t.l0tìr[ ilto foilou-ing
¿tssttrìtpliotìS llpolt tlL(' f tlnctirlìls _,i , il;d g :

tr. llhe functions A.,: {! )( pr'+ [p satisf¡'thc [)ar:llirtorloi'¡' f,{)rÌrli -

lir)rìs,i.r'-l(r, f) isrrrt,ll:rulllrrlt'in,re!) I'olrr,l l-ie¡Bñ1-\' ,.lu,Ll i".cv.], 
1la-l -<1 ttt j, r-'or11 irruous irr ( for zr,.e. ír:, É O. Thrlu erist tl-o co rìst¿ìn i,_-l

7-c. 12ll


