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LeI o c [p" Jre ¿r, lr.rLrLclerl tl'ruain'¡-i1h the rr''-Lrrr.lar,)- d!),
(l) ,'lu -- E( ,r)'' D"A"(,.r,, u) Dt(,,...,D',,u,)

l:;l<zr

a tliffclcLrtiu,l expr,esliion of

lc/.1 , -tt | ... I q.,,¡ Dr, (!" 
,

ftil(r r,l ,,./(f)) l tr{, s,,LI'tl'],|
ia I < rr) rvith the lrorrn

tli.,-tti'¡¡ctr,cr irtlLrr, rvltcr'<' e -- ( e)t. . ., u.,,) e /1,,
.., 

",, 
I , l),,,tt , I,,,,, _ 

" 
,," ,, l,o.i , ,,,N,

L).' ,,J t ,,,i', ..., d,r'';i,l'' "' 
f 

'

slliìico of ttLnctirtns {¡¿ € ¡,u(O) | D.'tt e LDG)),

lltl,, ,,, ll -= i D"u(l')it' t1t'
7li)

(2)

(4)

Let. finall¡1.. lf -{'"(,{)) b. the closru,c oi {.'r(o) irì ll'/,,,2(o). rt is hro*,n,
Llrat r,.e IIld''1'(o) ir'¿¡rrrl onl¡' if -,,.rt'nt;r({)1" ¿ruit I),.u,),t¿.- d v j"i<ri¿-- f]illlt. l¡e,.. ¡1[iù],v r'¿-ùltl(ì pt,oblotn st,tlit,rl in this plìpet, is
(3) 

'1¡¿ -l 
'g(r, 

u) .: f n {!, ,[)".u,1¿o -. 0 t6r. lø-f < lr - 1,
::

rylì.clLì I ._O X tR - tR anrl ./' :O -+ [p Llr,cr gir-en f utrrrtion¡. It is :rultposcrltlrat.l'e rÍ(o) ('/, t + q I -.- r). \\.f sar-iì*t ,rt e il'l;,,u (o) is a solutio' oTthe l.r'unclaly r'¿,ì.o probl...m (3)) if foij rlris ?¿ ill('*t,'g.,iì,t*

4.,(t;, tt, Du.,, . , ,I)"'u) .¡),rr {l;r', la ] g r;1,I ¡1(.t', tt)t: r.Ir:I)

exist lloi,all ¿, e if';,,,r(O) âtu1 Tor,(.\.{.r,r- r.e Cfl(O) $,(,ha\-{,

(,,) n [.,"(", 1t, l)u1...,Ð,,,t\ ])at.tl.,, , [y(r, //)i.(1.,, [¡,.,1r.
1,Ê,,J 

t '1"'1' ¡rrr \r" 

ìr 
' 'r/'

1c¡ ***,rr* tho,solyabilitr- oÍ tho pr.oblcLn (3). .;.,: t.l0tìr[ ilto foilou-ing
¿tssttrìtpliotìS llpolt tlL(' f tlnctirlìls _,i , il;d g :

tr. llhe functions A.,: {! )( pr'+ [p satisf¡'thc [)ar:llirtorloi'¡' f,{)rÌrli -

lir)rìs,i.r'-l(r, f) isrrrt,ll:rulllrrlt'in,re!) I'olrr,l l-ie¡Bñ1-\' ,.lu,Ll i".cv.], 
1la-l -<1 ttt j, r-'or11 irruous irr ( for zr,.e. ír:, É O. Thrlu erist tl-o co rìst¿ìn i,_-l

7-c. 12ll
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-l¡ ,i.f ft(r, r) { - tt

g(r, r) if - it: < g(ît r') <= /i
k if g(r, r) > lt
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p e (1, -), C, ) 0 ancl a function l,:, e Lq(tt) such that
(6) I A*(n, 1)l < Crl(lr-'-j 'ii,r(n) Vø e f), E e IR'.

II. If n e eL, [' : (\, ('), L,, : (n, (,,), _(, I (,, \\,e h¿\.¡r

(7) ,Ð [,1,(ø, l,) - A,(n,E,,)lG.: _ (í) >0,l*l:rr
.r"h""g tl-. Rt: (Àr, : ca,1cl {e e Z'il l"l gøa - 1} statrls for the clerivatives
of orcler less then rn, anc.l (', (" standls for the r]ór,ivatives of orcler n¿.

IIl. the.e e-xists a constant c, > 0 a,ncr a f'nctiort rc, e¿l(o)
such that
(8) .\, A"(*, 1)1,, >- arjll" - It:r(a) vø e o, å e [R,".

l7l < r¡

I\¡. 'l.hc function q ,TLx [R - [R is continuous ancl i,her.e exi¡its apositive constani, l¿ such that

(9) g(n,r)r{tn >-0 Ynedl,r€IR.
V. Thel'o e-rist tu'o constants C, ) 0, ¿¿ ) 0 ¿¡ncl a continuous notr_

rlecre'asing functio¡r /a: [p + [p such th¿¡t fol irl 2 a, l,e har.e

(10) C"(ltr,(r)l * lrl,-'+ 1) < ls(rr, ?.)l < ltt(r)l yn ed.
'Ihc rni¡in rcsult of the paper is :

ll'lrronnu. Lct Q c e" be rc bottncrerl tlonnt,in, wi,tlt stnootlt, bottttclat,tt,,l u tl¿e cli,f |erential enpressiott g,iaen, bu (l), .for wlt,.íclt, ilte assttntq.ttions'i',
lI, III ,'^111.n-.n u, .futrutiotr tol¿,ic]t" su,tis.fies Llrc usttr.tttp_
l,ions I (Q.), itrcn Lltcre ei.risrc tt[ l,ectsl,,,re r,,l.rilf.io,, ,, ,..;,o (öl
oJ' th.e (3).

- rn the proof of the theore.. n'c clenoie v : yqz;,,,(e) and use thes)'rnbol -' fol the n'eak con\¡erg'ence ¿ì,nd - fol the siroìrg convergerìoe.At first lve t¿stalllish sorne auxilialy lesults.

-PnoPosrrroN r. _L_cr 
q_,õ. x fR - [R be a cott,tinttons Ju,nction tult,iclt.

satistics tl¿e ctontlilion llt o,tñ,

c) .for th,e su,bscqtten,ce {tto,} ue hu,ue

(-(
\l(.t' rr) tr tl,¡ <lirrr irt
J,r'(.r', 

rt) l tl,¡ <Iitrr irrl'llii( .0, t,¡,.) trr,,ùr.

- 'rhe proof of this propositiori is the s¿r,me ¿l,s th.e proof clf rrcmrna 4in the ¡rapcr [41.

"!'ó 
",í í::i:;\i;i:, :;#î:.. r 

::;;ii;i,î¿
ties :

l¿erc i.n {1.
t(n))a.e. i,n, {!,
tltert IL(u, (n)) ç tur(r).

t1t.
Prroposrrrox 3. rf the .fu,nr:t'ìrtt ¡¡: {) x [R - e ís cont,inn(,nts ctnd,

sutis,f ies .th,e a,ssrt,nr.prr,or¿s IY ancl lr ilì'en tlme-àristi' ct, co¡stnlt ou ) 0
su.ah, th,ul,
(12) ls@,r)sl çCrfII(s) |rh(r)f tlVr,,s€lR:

,"

tultrra lt, is thc.[tttt.lirn,þ'uttt cttrtlil.ít¡,l' ttrd II(r) - \ l,1r¡ rt..
J

?rytof' It is cas¡' to lelifv that the function /¿ in thc¡ arsurnptio¡
l'r llìâJ' be loplacetl b¡' a conl,inuous noncleclea,sing oclcl function. In this
case 1/ is ¿t, contìrìuous colt\¡ox e'en _function, /i(0) - 0, H(r) ) 0,lr(r-) -q_rlt,(r) vr e p. rf r', s e l-rr,,rtl, th.n thcre o-riùs'a c,oist¿r,rìt'.,,old
such that

I o(:r, r)s | < ro[iI(s) j- r /¿ (r) * 1l

;since .q is a bounclecl functio;t upoìt A x l-u,o1.
__ For lrl, lsl e (ø,oo) ryo uso the rnontf oniôit1, of /¿, ancl the cronr.exity

9j H..\Ah have 11'(r) :h(r), /i(r) (s - r) ç ll(s) II(r) < 1{(s), Vr,s e ñ,that is

(13) h(r')sq I1(¡) * rh,(r).

-[ìoI r, s e (u', oo) or: r, s e (-co, -ø) it l.esnlts fron t]re assurnptiou trr thad

rr(u, r')s: lt@, r)l lsl < l/¿(r')l lsl : t(r)s ç /1(s) f rh(r),
arrcl for r e (o, co), s e (-æ, - u)

Is@, r) sl ç /r,(r)lsi ç -ÈI(lsl) j- rtt(r): ri(s) l_ rh,(r).

Tìiriall¡' for r e (- -, - u), s e (a, oo) \\,e lì¿ù\,c

I g@, r)s i <l /¿(r) | s--li(r)s -- /r,(-r)s< II(s)+ (-r)i¡(-r) : II(s)!rtt(r\.
Dcnoting cn : -¿ir (^i,¿, 1) u'e obtain the statement of Proposition B.

(11) !,,(1, r) - k :1,2,

IJ' jt¡,j c I¡îs n,sequ,ettr-:e,furultir:h, 1.(¡ - 1L itt lr,\ç¡re,rr,)tr,-cl,ç K: cor,sl.¡
J

tl¿en, o

r1). l(., u) e Ll(O), 1L g (., u) e 1t(f)),
b) there ení,sts ct st,tbseqtrenc:e {u^..} é {u¡,} for zolrirjlt,

t.ø0,("', 
rr¡,-)il,r'-!ø{", ,,) ,lr,\tt,,,(n. ttt,.)ur)r * 

! 
rt.r, tt) uilr vu e o(o¡"

!¿ {) a) ()
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(l I )

ProoI oj'tlt,e tircor¿¡,¿ : {)irsun'1,ìr¿r,t un(.lcr,¿rssu]ìlptiort r.A,(.,t 1r,...,
I)"'tt) e /,q(Q)ft)r:anr.?t € l¡ : Tl-dr,/,(Ot), alri tlr¡søo(tr,, ,¿,¡ ,- [;,1r, tL¡ ...¡

!jt'ttt) l)ar tl,t, i:, ri':'ll rl,l jlrlrl, r,.,.: l \ i' - ft is a lirronr,, 
Jßu,,,,,1,..1 

i,,,,,a-
tiorr¿-¡l of 'r orr l¡. ll.hr.r tirr,r'c c.sists rì nl¿ùllllilg:{ :T/ + l/,i (Z'r is ttre Jnal
sll¿ì,ce of l,r) such tliat

5
o

P. SZILAGYI

| -4,(,r', tt.....[t"'u) D"o <Lt: -= (.lrr, rr) Vu, u e lr
lz]ç ira
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IT {llrur, ll}i-r l-oukl lit rtnltouncletl, thcrr r\'(ì \\'oul(l hale a su:l;;letlutnce.

{ir,r-} - iil,,} äuctr tha,t 
(-1¿rfi¿l 

'1n') + co ânct ffl fl i 3# -+ 0 bcciì,rLst¡
ll'i¿r ll ll¿,r; ll

-1j.l:¡ccletcivcttt:tppiite. Since-{rnapsbouncletl sets iu1,o ltoultrlerlscts, it
Iollon-s thnt { ll;it¿i, llÊr} iri ht.ruuclt¡<l.

UsirLg the l'etlexir.il,¡t of thc spaces I,- ancl lr"i' f\'o ca,rt srler:t ¿t sttltsr:-
qnr-'ncc {u,n) - ?t,,) such 1.hat {rr,r,,} ancl I.4ut,,} loultl bc,' rveaìil¡'colì',-cr'-
g¡rrtt seclu-erìc(.s in lr Ì'(':ill l/'3. Li:t

l( ¡. - 1.t,, rl'l|h. - LL\.

Iìor thc slioltre¡rs of tiii l-r'itirtu l-e ¿lso rleroto tht suì¡secfu'-,nct', Irrr.] ìt¡'
f tt¡,1'. \-\'ch¿r,r-e tlrcnlicliln¡' lt,: )lu,,,llr, { 11 , li,4ii¡, lr,. :{ f2 [ì;i(l rrr rnes O q

I( \Í,,(", rr,-)rr,,. t'[,r - (,.f , u,,) - (,Lu¡,,,¿ir.) { ll/ll.llr¿, ]l i llli¿¿, il.ll¿¿, ll { .i.,,

J
o

tr'ltel't ',,r, ^¡,n â,tld .¡," tìt'tt suit¿ìtle chost-rtt constautrj.
Ii.. ulilcr'1o airplr'1,hir pscurloinonotonicit¡r o1i -,{, n'e 1t'¡'1,o sir,tw

tlr¿t liiu sLLp (,,1 ?(,1,1 'tL¡, ir) ç 0. ll' r e l' n L* (O), l't' 1ra,r-c

(,'!tt,,, u¡, rr) -- (.1'tt.,,, u,, - ?)) + ('!tr,,,,, t' - tt) .-

Arirurrrptions I, Iì. a,trrl ItrI a,*.ur,c th:lb -i :I. + g'r is ¿ iontinuous coeÌ-
clit'e iliieucktrnotrotonc tna,ltltitig and rn:.r,ps J¡ourrr'[t¡d st¡1 s ol l/ i¡to ltgunrlccl
seis of I"s [2].
(\Vc l'cc¿r'll thal, an opei'a1or' .4: ir * J,":' iri sài{l 1,o }.rcr pseuclonorrolorrc
ili '{ is ctolllitLuottri l'tòrn ïiui1r'tlittil'irsiori¡l sri[ri1ra,l,cs o1i l¡ t,o thc. ¡.e¿lc
trrltirÌost' o-t l-'l ¿-¡trtl fol auv iicqlt('Ìlcr_\ {rr, } è l' , ,u¡. -, r¿ fcu: l-hich
litn sup (.!u,,,,,,u,, u) ç 0 jt follos-s titrr,i,Jir, -,,1u, in l,i* a,nd(:12,,, rr,,)--+*(,{u. rr).

\Vt,sllr¡llsLrrrlvtir)\\'11ìr'irrli.i,,:rr,r.ol'llrl l¡rrlrLl.ltirr?.1,,^l,r¡[r(,r,rr)i.llr
J

irr ilrc equir,tioll. (5). Usine it'.LrQu¿rliti ,ir (10), rye soe tha,t (t is unltoLL¡tìerl,r
tr-lrcrr ir'l * co, so thl itri.glri.i 

\ 
0,,", tt) 'utl;t mu,\r L)û- rtithel, conr.elg<trt

(ì
ol tiir.trÌgt:trt fol'. r¿,. ¿) € l'. Ill thc orl[¿ì,tion (3) \'c sul¡stihltr¡ g b¡, the,
frrircrlion ut,Q; . 1, 2,....) rletirurd tñ (11). Uuing zlssuurptior,s" t'- H¡
r\¡c c¿r,ìr pr'o\rc (zr's in t}e casc of ruappine:i ) tìra1, tJi,.) opcrafor. ?¿ Þ att I*9,,(', tt) flolD I/ to I'i' it it, r'olrtilnous corrlcivc bonndccl p)ieu(lolnonot,one
Ììr¿tllp[lg'.

\\re stutl-v uoq' thrr t'rlul,tiotr
(15) 'Lu 

:¡. !lt,(r:, 1L) - .f u e l:
rvitlr ¡r givt:rr / e l-'¡. illhc nnitpi¡¡,.'-,1 ir ,,- 

¡1¡,(t:, rr,) bcilq cronliitug.rrs cost,ciye
llrtulrtlt'd. :llrI psrrutltrnolrr)Loru', it follclu;s ¡3l1,hat fot, ca,ch /r; e ffrl tlrt:tct
cr;istr; 1( L € l' ¡uch that

(rG) (Jrrr, r't -i-[Or{,,,, ir¿) r,rl;,,,- (/, u) Vu e [.

l'¿l,r'tiurLla,t'r- J'ut' ¿.r == ¿¿¿. l-c ìtr¡l.c

-" (,f , 1(t tt) - 9,,(r, u,,;) 'u,,,t)t, i (Att¡,, u - rr)
r

I
!)

Ilui
(1s ) o¡.(,t:, 'tt,,.) It,r <1.1, 1 ^,,.r,

I
O

conscrc¡trt:ntl-v, accolc.lin¡¡ to Ploposil,ion 1 tr¡y(.,.rt,) e L1(()) 
^,,4 tø(o

Ittt -' 1() .lïr. - L0,

J

,1, rr,)rrcLr (

( liir irf ç
J
Q,

follorvs

(19) lini s-rrp (Jrr,,, ir,, ¿r) < (./' -- rr:, tt, -- r:)

g,.(t:,, tr,,)tt.,, d,r at lea'lt 11lr' ¡r, sulrsequcnct¡ o[ {rr,,}. !l'ltus i1,

a(tr,, tt) \rt -- t)tl,.r.'

()

(1i; (.ht ,,, tt,,) !

(-{,i.rr, rr,.) i

ll?r r' ll

¡¡,,(t, u,.\, u¡,r1,i:; -, (,f,',,,,) l,:..- 7r 2,I
,), n'ol t'[rc Êutitrti¡,rrt II(r)'-- l)( : ) cl r l'c ltitr, o

_ fllitt' ,,.l1s Illr¿,, '']i-' 
rrì!'l []l .i ¿¿i llr .1,ï.'r ¡"r:t, l;oiLrrtl^<i. rlrrltciì, n¡oL¡ (r./)

tt,,t<l g,,(r, ttt,\u r | ;r¿ ) {} ii lu]lot's 1f ilL,t

',-[-: '',\ -]-[,r,,,,, ,,, ,r,,1., | ¡ ,/ll 11 ¡¡'s l).
),,t,..) .rrrr.,iJ I llrr,.,lo

(20) Il(rr) a IL\u) u...= )h(u)l . i¿¿l ç C"lul|a(.r,, ri)l l- rr,12'-1 - 11,

thelctrrlr: l1( ir) isl rlornilr¿r,i.,.¡cl lrr- ¿¡n iirti'g^r:r,ìrI,: Iunotio:r ou !), so II(.u) e T'I(t-))

)
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Let {oi} c Cr(Q) be the secluence clescribed in Proposition 2. By the
int'qualit.r' (12) 'rve lrave

g(n, tt)a, *'n¿ ( l¡¡(r, u,)u, I ntf+ < Cr[II(t¡) | uh(u,) t Il,

$,hoLe lg(n, u,)þ, t m)* clenotes the noll-ncgatiYe- part o.f g(n-, u)ts¡ ! nt''

Tlre rig'-ht si¿e.oi the lâst inequalit¡' is an integrable function, [.r¡(r, u)a¡.I
+ ,r)l con\rerges almost ciier.v¡'here to g(n, tt')u t r??r consetluently by
the Lebesque tlominatecl convergence theorern

ü

q
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cs espcLccs Soboleu, Isracl Jour" tr{ath" 13' pp'

tto ttl i ne ar eIIi ptic b ou ncla t g - u u L tt e p t ob Ie m' t\nn'
(1e78).

ar maþpings of nonotone t!]pe'lid' Academiei-

fot tt ttonlincar eIIipLic cquatiott' ìIatÌrernatica

Rcceivcd 3.II,1984 IJ niuersilalen Brúeç- BoIYai
I:acullntea tle ll'Iatematicã Str. Iiogàlniceantt 1

3.100 CIu.i-NaPoca Rom(inítt
(21) Io

lç¡(n, u,)u¡ ! ttt)+ tln --+ g(n, tr,) ud.n + ?7¿ mes o

Clroosing Lr :1)! in (19) rvc otrtain

linr sup (Attr, u,, - ?¿) < ( l- ,u, u - at) -
o

g(u, tr,) (u, - tt)d.r,

But o¡ - r¿ in I/, conseclrÌentl¡r (/ - 2o, IL - 0¡) --* 0 and. on the other
hancl

tø(r, 
,,1 tu, - rr,)dr < 

t-OO
lo(m, u,) 'ui -l rn'l dn - i
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thus z¿ is aì solution of ploblem (3)


