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Let Q' < R” be a bounded domain .\'iﬂ] the boundary 90,
(1 i du =" g L8y M Di,. .y D™i)

1= <
a ditferential expression of divérgence form, where # = (@iyreoy %) € 2
Ju f)rr o) 1%y |
|| = g o, D] o ydly DMy J)*‘u.————-—r lef =m
' o\ oy Rl : QY ysupy it
and 'l/l””’l’(Q) the Sobolev space of tunctions {u e Le(Q) ll)ﬂr € !:"(S;',
Lol << m} with the norm -. '

. | | 1/p roi
(2) M, It == { F S D*u(r) d-l‘} 4
| | 1 1 \ ||:x = 4

Lob hnajll\' H o 7’(9) be, the cl()\um ol {’°°(£)) ing e ”(Q) It s Jknown,
that e W’” 1’(&2) if and only it w e W™2(Q) and D%l 0 Y el < — 1.
The boundar v value ploblem studied in this paper is' . i

(3) A Jr gz, ") «fm Q) D“n ‘,,p =0 L()l | o i 1,

Whme q: D X [R - R amd] Q= R are given hm(tlom It is supposed
that fe LYQ) (p=t 4 ¢t == 1). We say that w e Wib? (Q) is a solution of
the ‘boundary! value pwblun (3)) if for this w the 1ntvom1\

(4) S A (@, Dy DMu) D2 Ay ol < m,g gle, w)e di
ol ; ' [ i

exist Tor all v e TF2(Q) and for eve v v e CP(O) we have

(5w S SAQ(SO, wy Dy DMy D*e o g el ‘gfz de.
lal < m J s
Q O Q

To assure the solvability of the problem (3), v need the following
assumptions upon the functions A, and g :

L The funetions 4, :Q X RY — @ « satisfy the Caratheodory condi-
tions, i.e. A(w, £) iy mea:‘;umblg in el forally e RY (N = card {J eZ?|
la] < m}, continuons in £ for a.e. @ e Q. There exist two constants
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p€(1, o0), €, >0 and a function %, € LY(Q) such that

(6) | do(@, E)] < CLIEP 4 Ry(w) VYo eQ, EeRY.
ILTfzeQ, & = (v, {), £ = (4, ), U % ¥ we have
(7) Wém[fla(x) &) — Ao, €] (L — &) >0,

where € RY (N, = card {« e Z%| |o| <m - 1} stands for the derivatives
of order less then m, and U, ' stands for the derivatives of order m.

HL. There exists a constant 0, >0 and a function Iy € 1YHQ)
such that
(8) Y Az, 5)E, > ColEIP = Tp(x) VzeQ, £ecRY.

|1!<m

IV. The function g: 02X R — R is continuous and there exists a
positive constant m such that

(9) glo, r)r +m >0 Voeel, reR:

V. There exist two constants €y > 0, ¢ >0 land a continuous non-
decreasing function 2 : [R — R such that for [rl > a we have

(10) Coll(r)| + [r P~ 4- 1) < |g(, )| < |(r)| Vi e 0.
The main result! of the paper is :

THrOREM. Let Q' < R™ be « bounded domain with smooth boundary,
A w the differential empression given by (1), Sor which the assumptions 1,
L, 11 ave fulfilled and g : QX R—IR @ function which satisfies the assump-
tions W and V. If f € L7 (Q), then there exisis ai loast one solution u e Warr ()
of the Dirichlet problem (3).

In the proof of the theorem we denote V — Wab2(€Q), and use the
symbol — for the weak convergence and — for the strong convergence.
At first we establish some auxiliary results.

ProrosirioN 1. Let ¢:Q X R — R be a continuous Junction which
salisfies the condition IV and
—% if glw, r) < — k&
(11) gilx, 1) = gle, ) if — k< glae,r) < % E=1,2...
k if gle, v) >%

If {w,} < Vids a sequence for which u, — w in v, Sgk(x, ey de < K = const.,

Q
then
a) gl u) e LNQY, wg () u) e INQ),
b) there exists « subsequence {ukj} < {up} for which

gr (@, @L;g;)<1.9;—>rg(ac, w) day\g (@, wp Jode — \ g(x, u) v Vo e O(Q
Jj i j d ) ?
Q

Q Q 9]
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e) for the subsequence {ur } we have

Sg(x, w) w de <lim illfg‘(//\-j((%, ) it der.
0 ; 0

The proof of this proposition is the same as the proof of Lemma 4
in the paper [4].

Prorosition 2. Let H:R—IR be a continuous convex Junction,
H(0) = 0 and w e V for which H(u) e TXQ). Then there exists « sequence
{oi} = CF(Q) with the following properties -

a) vy = in V, va) — u(a) almost everywhere in Q,

b) H(vy) — H(u) in L (Q), H(v(z)) — H(u(x)a.e. in Q,

¢) there ewists a function 7, e LYQ) such that H(v, (2)) < Ty(w).

The proot of Proposition 2 is to be found in [1].

Proposirion 3.0 If the function g: Q X R = R is continuows and
satisfies the assumptions IV and V then there exists a constant Cy >0
such that

(12) 9@, ) s| < C,[H(s) + 7 hr) + 1] Vr, s € R,

Proof. It is easy to verify that the function % in the assumption
V-may be replaced by a continuous nondecreasing odd function. In this
case H is a continuous convex even function, H(0) =0, H(r) >0,
H(r) < rh(r) YreR. Ifr, s € [—a,a], then there exists a constant v, >0
such’ that

Ly )8 | < va[H(s) + 7 h (r) + 1]

since g is a bounded tunction upon Q x [—a,a].

For [r|, |s] € (a,00) we use the monotonicity of £ and the convexity
of H. We have H'(r) = h(r), h(r) (s — 7) < H(s) — H(r) < H(s), Vr,s € R,
that is
{13) h(r)s << H(s) -+ » h(#).
Forr, s € (a, c0)orr,se(--co, —a) it results from the assumption ¥V that

9@y 7r)s = lglw, v)| |s] < 1) [s| = h(r)s < H(s) + » h(r),
and for r e (a, c0), s € (—oc0, —u) y
l9(w, 7) | < hr)ls| < H(|s|) + rh(r) = H(s) 4 » h(r).

Finally for r e (— oo, -—a), s e (a, o) we have

9@y m)s| < W(r) | s=—h(r)s = h(—r)s< H(s)+ (—r)h(—7r) = H{(s)+rh(r).

Denoting 0y = max (v, 1) we obtain the statement of Proposition 3.
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Lroof of the theorem : Observ that, under assumption I Y (R TR

L") e LQ) forany w e Vo= W(Q), and thus a,(w, v) =\ A 2, u, ...,
" - . . . I ! + T .- Q

D"u) D*o dais well detined, «, : VXV — R is a linear, bounded fune-

tional of v on I". Thus there exists a mapping 4 : V. — P* (V7 is the dual

spaee of 1) sucli that ' )

(L) o S Y (mpagueiisdita) Do A LA, o) Y, ve V.
\ Lo <l ooy L \ \ ; Y Ay (3 { }

Assumptions 1, 1), and 1T assure that A 17— V& iv a dontinuous. coer-
cive 1 .wudomonotonc mapping and maps bounded sets of .V into bounded
sets of R [ g O . : |
(We'recall that an operator, 4 : V' — V* i3 said to, be pseudomonotone
if 4 is continuous from finite dimensional subspaces of V to the weak
topology of V* and for, any . xe 1uon(m {} o 1V, uy = ufor which
ling sup (dag, wy — w). < 01t follows: that Aug = Aacing VF and (A, )
—(Au,u). | \

We shall study now the infitence of tha perturbing term \g(x, u)odx

4!
in the equation (5). Using insqualities (10), we see that g''is unbounded,

when jr| — oo, w0 the integraly g(z, u) vdz may be either convergent
v = ' & I , .
ordivergent for w,'v €'V, In the equation (3) we substitute g by the
funetion g, (&' = 1,"2,. o) defiied by (11). Using assumptions 1 — 1V
we can prove (as 111 the case of mapping 4) that th operator a — A -+
+gi(, w)from V to V' ix a co 1t1nuom covrcive bounded pseudononotone
mapping.
We study now the (\quwuon

(15) Aw g ley, w) =1 "uwell

|
with a given f'e V7. The mapping A = g.(2) w) buuo continuous coercive
bounded and pwudonlo‘mu)n a2, it follows [37] that for cach e IN there
exists 1y € 1V such that

(16) _ (g, ) Tg(],( Yy ) v da= (f) ) Yo e W,
)
Pavticulary for ¢ = u, we have
(175 (A, ) + g‘f/,‘(wf', ey s = (f, ) Fo==1, 2,. ...
J 1
It
The wols {g eb oy and {hdw, 120 are Doundad, Indeed, from (17)

and g,.(x, w, i, -
“ ll’}q 11])

”'“— I :‘

Lo >U 1t ollo\\\ U'ut

L ;
AU 1
\J_J» 77) Y g(”l( Ly i) g

Cmones Q

lfet |

< Il

5 DIRICHLET PROBLEM 101

I Ll 1352, would, be unbounded,  then we would ‘haye a subsequence

, (Azl;), ;) Co e es Yy ke
ur} < {u,) sueh that —>—2~ — coand ||+ ———— — 0 because
! flti, I flaew; |l
1

SLisa coercive mapping. 'Slru) A maps bounded sets into bounded gets, it
follows that {|[4wu, ]2} is bounded.

Using the 1eﬂoxivi1'v of the spaces V and V* we can seleetia subse-
quenee {uk} Sifuph such that {ur ) and i {day }ivould be lweakly ‘conver-
gent sequencestin b resp 17, L:\,; ! '

e, = Uy Awn, — .

For the shorthess of tlu writing we also denote the subsequence {ux by

J
. We bave then for any b fluglly < vy, g e < v asid mmes Q <

SN g, Wy A = (f, ) — (g, ) < IS I e )+ ”41“'7.' el b << vy,

Q \ I
where v, and vy are suitable ehosen'constants. '

3

In order 10 apply the pseudomonotonicity of 4, we t1y to show
that b sup (A, v — w) < 0. I v e Vo L2 (Q), \VL‘- have

(A, wp — ) = (g, w — 0) + (A, v — u) =

= (fyuyp — ) wSg,l.(w_, we) weda - (A, v — ),
3! !

But

(18) { gty g, — 2w, Sg,[(.iz; i) Uy (L < vy,
Q

consequently, according to Proposition 1 ug (., 1) € LYQ) and \g(z, w)nde <
Q
< lim inf ggk(;r;, iy, G at least for a subsequence of {u,}. Thus it

Q' )
follows ' Lo -

(19) Him zup (L, w4, — uw) < (f — w, % = ) g g, ) (e — v)da,

o
For the function H(r) = g/z( ) dr we have
5
(20)  H(u) < Mu) w == (R(u)] - el < Cylul [gla, w)| + w1 4 1],

o b 2 . . 4 P 5 ey b fo 15 Ty ! (- =l 1
therefore H(u)is dominated by an integrable funetion on Q) so M) e LHQ).
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) Let {v;} = OP(Q) be the sequence described in Proposition 2. By the
incquality (12) we have

g(m, oy 4-m < [g(@, ww; +mlt < C[H(v) + wh(w) + 1],

where [g(2, u)v; 4 m]* denotes the non-negative part of g(w, w)v; + m.
The right side of the last inequality is an integrable function, [g(x, w)v; 4+
+ m]* converges almost everywhere to g(x, wju -+ m, consequently by
the Lebesque dominated convergence theorem '

(21) S[g(w, w)o; + m]* do — S g(x, w) wdx + m mes L.

Q Q

Choosing v = v, in (19) we obtain

lim sup (A, u, — ) < (f—w, w — ;) Sg(x, ) (v; — u)da.
Q

But v; — » in V, consequently (f —w, # — v;) =0 and on the other
hand

Sg(m, ) (v; — w)dw < S[g(m, w) v; +m] do — S[g(w, wu + m]de <

Q Q Q

< S[g(m, w) v; + m]t da — &g(m, u) wde — m mes Q — 0.

Q Q

We have atter all
Lm sup (Aug, we — u) < 0, wy — Uy Aty — W.

Sinee A is pseudomonotone, it follows that w=Aw and (Au;, wuy)—{Au, u).
The equalities (16), Proposition 1 and Aw, — Au give then

(Au,b.,:v) =(f, v) — Sgk(m, wpyodz — (f, v) —S gz, u) vde VYve V.

) Q

It feL?(Q), it follows that

(22) (A, v) +Sg (2, w) vde = Sf(:c) vz)de YvelV,
Q Q

thus w is @ solution of problem (3).
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