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1. Let I be a finite nonempty set of positive integers.
I p, >0, @;,¢ela, b, tel and if f is a real function defined on
[, b], let us denote :

Z Pi%;

@ B = (5 pf (5 )~ v @
= P:

If f is convex on [a, b], then according to the Jensen inequality:

2) F(I,)< 0
P. M. Vasié¢ and Z. Mijalkovié have proved in [4] that it I,J are

finite nonempty. sets of positive integers, I n.J = O, p, >0, x,¢
efa,b], kel U J,andif fis convex on [, b], then:

(3) F(IUJ, f)—‘F(Ivf)—F(J7f)<O
In this paper we shall find bounds for F(I, f) and for Iud,f)—
— (I, f) — F(J,f), if fis in C?*[a, b]. As applications, we shall improve

some inequalities obtained by W. N. Everitt [1] and P. M. Vasié, Z. Mijal-
Kkovié [4]; also, we shall extend some results of 1. Rasa [3]. ’

2. Let us denote now

, 1 ‘
P, = %pi, ol®, p) = 551 ]Zer P, — ©)*
$<j

1
A(x, p) :'E)" Z pie;; Gz, p) = (Hw?")llﬂa (x; > 0)
1i€l i€l

Bl i, p) 2 A, D))

8I,J(m*) p) ==

IyJ

mgff) = min f(t), Myf) = max f@) (fe C* [a, D))

tefa, bl
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TaroRFM 1 . If 115 a finite nonempty set of positive integers, p,> 0,.
w; € [a,b], ie 1, and if f is a function in 02 [a@, b]; then o ’

4) = M) Proe, ) < BULf) < — = (1) P, oz, )
Proof. We consider the functions fife:[a, 8] =R
Ilt) = ) = - ml ), £t = = M)~ fi1)

which are convex on [a, b]. According to (2) we have
B, f,) <0, k=1, 2 1t follows

(5) »} Mo(f) F(I, ) < F(I, f) < % my(f) F(L, t2)
But F(I, 1*) = — P,o,(x, p); thus (5) implies (4)

THEOREM 2. If I, J are finite nonempty sets of positice integers, I n
N =6, p, >0, x.¢la,bl, kelU J,and if f is a function in C%
[a, b], then

(6) _ _;_ My (f) S10(@, p) < F(IUJ, f) — P, f) — B(J, ) <

1
< — ) my (f) 314(2, p)
Proof. Let f,, f, be as above. According to (3) we have

(M) % M) (LU, 1) — B, 43),— (T, 1)) < BI U T, f) — F(I, f) —

— F(J,j) < —;— my (f) (BT, 12) — B(I, ) — BT, 1)),

It is easy to verity that F(I v J, 1) X B(I, t2) = F(J,1?) = '8,_.,(90, Py
Thus, from (7) we deduce (6)

3. I£0 <a<b, f: [a,b]1—>R, f(t) =Int, then myf) = — —,
a
M(f) =— blT . From (4) we obtain
(8) exp oz, p)< Al(w'lp) < exp o2, P) ;
2b? Gz, p) . 2a?
The right-hand inequality can be improved (see I. Raga [2], [3]) =
2b2 Gi(x, p) 2a?

9]
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If we apply Theorem 2 to the above function f, we obtain
- r, r : P
(10) (A’(““’-p)) (AJ(w’p)) "exp = 3@, p) < (A——"”J(w’ p)) T
Gl(w1p) GJ(wa p) 22 G[UJ(CU,]))

r P
< (Al(m, ]))) 1 (fl,/(w,p)) I exp *}‘ BI,J(wﬂ p)
Gl(wap) GJ(ma p) 2a?

This in an improvement of the following Popoviciu type inequality ob-
tained by P. M. Vasié and Z. Mijalkovié in [4]:

(11) (Af(-% P>)P' (AJ(m,m )” v (M)Pm
Gz, p)) \Gy(w, p) Gy (@, p)

4 £ 0 <<a<< b, f:[a,0] > Rf(1) = e, then my(f) = e, M,(f) = ev.
Using (4) and substituting « by In @, z,'by In z;, b by In b, we get

a b
(12) ’;_‘Gl (In. =, P) < AJ(”»P) — Gy(@, Pp) < *2“ o,(In @, P).

d

Using (6) and the same substitutions, we obtain
(13) P Axx, p) — G2, p)) + Py, (2, p) — G,(x, p)) +

o
-+ 'E‘ dra(lnw, p) < Pryj(Arop(o, p) — Gryg(z, p)) < P(A[z, p) —

— Gy P)) + PAALm, p) — Gola, p)) + % 50,(In 7, p).

This is an improvement of the following Rado type inequality obtained
by W. N. Everitt in [1]:

(14) P,(Ax, p) — Gz, p)) + P (A,(w, p) — Gy(z,p)) <
< Prof(Arys(m, p) — Grys(e, p))

Remark. The inequalities (8), (10), (12), (13) are gencralizations- of
some corresponding inequalities from [3] obtained by the same methods
in the case I = {L,...,n —1},J = {n},p, = ... = p, = 1.

5. It 0 <a <b, ceR, f: [a, b]->R, f(t) =1° then for ¢e
€0, 1] U [2, + 00) we have my(f) = ¢(c — 1) a*~2, M,(f) = c¢(e— 1)
b2, and for e¢e(— 0o, 0) U(1,2). we have my(f) =cle — 1) be-2

My(f) = e(¢c — 1) a®~2. Theorem 1 implies.
cle — 1) a

{15
{15) 5

“2 o2, p) < Afx°, p) — (Afm, p)° <

< 0(0_2_1_2 b= o,(x, p)
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if ce [0,1]U [2, + o), and

¢(c — 1)
2

< (e — 1)
2

(16) be2ay(w, p) < Ay(af, p)— (Adz, p)° <

a*~2 oy, p)if ce (— o0, 0) U (1, 2).
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