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l. Let Ì bc a finite ronempt'f sel' of positive^integers'
rf ?tr.) 0,, n,. i;; ti' i.e I- a,íld if / is a reâ'l function definecl on

'lu, bl, lct, us denote :

,2, p,*, ,
(1) nu,,f) - (I, n,t,:r l\;) - ¿ tt¿t(r)

ôeI

If./isconvexon[ø,b],thenaccord'irrgtol,ireJenseninequality:

\2) x(1, /) < o

P. NL Yasié and'Ø. Mijalkovió have pro-vett in [4]-that if I'J arø

Íinite nonempty sets of poïitive integersf {-n {:Ø, pr} 0, ûrcç

. ¡a, bf, k. I- u J , antl if./ is conYex on [ø, b], then :

(3) ?(r u ,1, .f) -I(I,l) -x(J,Í) < 0

In 1,his pa,pel we shall linct b VJ'/)-
- ryfJl - ¡t4/1, ir/ is,in c_1tq,_ lmplgIe
*o-dliräipautìe¡j"otitaiiecL bv w. N Ø' Mijal-
kovié [4t; also, we shall extencl so

2. Lei; us clenote norv
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P t :,l,Pt, 6,(n, ù : + olu,o,o,l*o - nt)'
e<J

A,(n, p) : --LÐ,?u*r; G,(m, P) : Ïlu!')'t" , (*, ) o)

gr,r(n, Ð : 
P,-:Pt (A,(u,p) - ar(n, p))'
Ptul

ffir(,f) : 
,p,rn* 

/"{ll , Mr(l) : tl:r,f"0) ff 
e Cz fict, bl)
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ff we âpply Theorem 2 to the above funcl,ion /, rve obtain

lo7

then for c e

,ff) : a(c- L)
c(a - L) b"-2

Tn¡onn¡r r - rl r. jl q finite nonenryttlr^^set of _qto_sitiue in,tcgers, þt) 0 *r, e fa,, bl, i, e I, and, if J is" a fnnctiort, i'n "C, 
¡ø,'b1i ttrrn

(4) - * uu^rr. P, a,(u, p) < r(I,.f) < - L ,0,ç) p, o1(u, 1t)2 -'"'
Proof. lVe consicler the functions fifr:la, Zr]_+R

.f,(¿) : l$) - în ^r, 
t,, l,(t) : * uo"rr) t, - I(t)

which ale colt-\¡ex on_ [ø, Ò]. :\ccorcling to (2) rve har.e
Z(1, /À.) < 0, lç : I, 2. It foll-o.s,s 

'

(5) î uo^r, r(r,t2)< .F,(r,-f) * T *^r, t(r jtz)

But -E(1, t') : - P,o/m,p); thus (5) implies (a)

în¡otru 2. Il It J_are finite rtonempl,y scts of Ttositfue inteoe,s, I rr

l/,= Ø-, ?rÞ 0, t:,,e la,,bi, t¡e Iu J,^aiñ U ,i íl a" fmtctiut, iit- C'2,la, b), then

(6) - f- a"(,f) ò,,,(ø, p) < -E(r u J, Í) - u(r,l) - ?(./,,f) <

* - -l- mz(Ð 8,,r(r, p)2 ''"'
ProoJ. Let fr,/, be as above. According to (B) we have
1(7) 
z M"(Í) (7'(r u J,,t ) _ t(I,tz) _ x(J,úr)) ç Ir(1 uJ ,fl_ I(I1l\ _.

- E(J jÐ <l: mr(Ð (-Er(f u J,t ) - I(11 tz) - I,(J,tz)).

' Itis easytoverify l:haL.F(IUJttz) -.n'(f, p) ,_ J,l(J1tz): g¡,r(n,7t),
Thus, from (7) lve deduce (6)

3. ff 0 {a{b, f : la,,bl->R,./(¿):lnt, then mr(f): - #,
1

Mr(l) :- * Irlom (4) rve obtain

(8) exp 94!L?) *a'(r, P) ( cxn oÁn, F)
zbz G,@,p) - ---r-. 2a2

The right-hand inequality can be improved (see I. R,aça t2l, [B]) ;

(e) "*pú23L*!,!*,o! < 1+ oÁn'?)
- zbz G,(n, It) 2øz

(10) (##Ï'(#3)"'n*n fi,t,,t*,^ =(###)""' *

" (m| (#3)" ""n -)- s,,@, n)

Tlis in- an improvement of 1,he follorving l?opoviciu type inequality ob-
tainecl tJ' P. lVl, Yasié ancl Ø. Nlijalkoyiõin [a] ' 

"'

'' (#23)" "(fffi#) "'
A,(n, p)

G ¡(r:, p)
(11)

(15) c(c - I)
2

4. I1 0 < e,<b,,f : la,äl + R/(l) : ett tlnen mr(f) : e", Mr(f) : 6t.
Using (4) and substituting rú b)' lL o,, a', by In nr, b ):y ln ü,, we þet

(12) !-o, (ln r, p) ( A,(r,1"t) - G ,(u, p) < -l'- or(ln r,, 2r).

Using (6) ancl the same substitutions, \\re obtain

(13) P,(A/n, p) - G,(r,, p)) + Pr(Ar(n, p) - Gr(n, p)) +

+ + àr,r(ln n,?){ ptu¡(Arut(ffi, p) - G,rt(n,p))< p,(A,(n, p) -2

- G,(n,, p)) + Pr(Ar(n,p) - G,(r, p)) +{ A,,r1tn n, p).
2

This is 
-1n lmprovemenl, of the following Rarlo type incquality obtained

l¡y W. N. Everil,l, in l1l:
(14) P,(A,(n, ?) - G,(n, p)) + Pr(Ar(r,p) - G¡(n,?)) <

4 PtuíAtuiln,?) - Gru¡(n, p))

Remat'\t,. Tho inequalities (8), (10), (12), (13) are gi)noralizations-of
some couesponcling ineclualities from [3] obtainecl by the same msthocls
iin the case 1: {1 ,. ..,1ù -Ll,J : ltù,h : ?u:L.

5. IJ0{a1b, ceR, f: l,rn,bf->R, f(t):t,
g r[0, 1] u [2, * oo) rve havc mr(f) : c(c - I) tt"-L, M
,ltl_z.r^. anrJ, for c e (- æ, 0) u (1,1) wc Jrave nar(f) :
Mr(l) : o(o - L) a"-2. Theorern 1 irnplies.

cl"-z o1(n, ?) 4 A,(n", p) - (tl¡(n, ?)" (

" 
o(' 

= 
t) b"-z or(m, p)

2
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if o e [0,1] U [2, * oo), a,ncl

(16)
c(a - L) b-zor(a, yt) 4 tl/u",p)- (A,(u, p)" {

2

a(c - I)
2

ao-L o1(n, p) iÎ e e (- co, 0) u (1, 2)

]ì].'FERI]NCES
SUIiIJA CONVDR,GENZA DI AIJCUNE T'OR,MULEÐI QUADRATURA PDR, II-, CALCOLO DI INTDGRAI¡fA VAITOII PIìINCIPÂLE SECONDO CAUCHY

GìIjL IÂNÀ cIì Iscuol-o 
(i,.lTrTtu 

nt)E n,IA snì o r¡\NNr[1] Ii v eri tt, W. N., Otr att intqualtly for tlrc gcncralizctl atitltmctic utrcI r¡contclric tneuns,
Arner. l\,Iatlr. n{<rnthly, 70, 251-255 G963).

[2] fì a ¡ a, I.' Sul lcs fonclionnclles ¡le la forme sintplc r¿¿¿ ser¿ú tlc 7', Popouicirr, L'anal. num. ct,
la théorie dc l'approx., C, 261-268 (1980).

[Sl 11 ^ ç a , I. On lhe ínequalílics of Popouiciu ancl Ratlo, L'anal. uurn. ct]a thóoric dc l'approx.,
[4] Va sió, P. lU.' 1\'1 i j alìio tti(,, 2., On an iruler sel lunclion conncctctl witlt Jcnien i.nc-

rluaÌil¡¡,I-Ìuiv. Bcoglad. Publ. lilcìit¡otehrì. Fâl{. Sor. I\fat. Fiz., No.544- No.5?6, 110-'f1'}
(1e70).

Somrnario. S adratura,pcl il calcolo di Cauchy,
ottenenrlo risultat

I' the cor vergence of some quadrâ,ture rules
integrals is stuclied. fmprov.ements of some
subject of convergence õf such quadratutes

l. Introduzione. rndichianro con o(/;_ü)ì'integrale a valor principale
secondo Cauohy della funzione / tlefinitõ daila relãzione:

Iìeceilcd 27.X.19E4 I nsltlulul Pol ilelmit:
Calctl¡a tlc III alennlicã,

3400 CIuj-Napoca,
ROÀIAN]A

u\n) d,n: tim
e+O'

l@)
fi-t,

w(n)dn,ltl17

O]fE LD é
Pe åiå: """ 

nesa'tiva'

dimenti sulli
consistono essenzialmente nel sostit
simazione I,,,,f, con ?,,, opelatore
sistcnz,a.dello integrale A(T 

^f ; t).Pitr precisamente, inclicãio- c

l: ?*l + r^l
si consiclera la formula :

(1.2) o(/; ¿) : Q*(l) ù * n*(l; t)
ove:

Q",(l;t): A(T^f ;t)
fr^ff; t) : @(r*l; t)

rn qlesto_lavoro üratteremo qualohe problema di convergenza relativo
alla formula, (LZ).


