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l' Introduetio.' Let x be a Banach spâce, D an open subset of r¿ùnd .F i n --> X ¿ nontin"". op"*toiîi;;.tî;'ploúi"ï",
(1)

-E(ø) : g

\ve are interestecl in solutions #* e D for thc eexists at lcast one solutio

l5l and Ul'rn |JZ] for equations in Banach. Given no e D then for. ,ir'r*.^ f. ";;;;ä""
(2)
solve
(3)

a,nd take

lno:0rr-F(ærr)

J(ño, nn)c,r: -- X(çr)

(4) tn-,T: ün - cn

a furúher gcnerarisation for equations in trréchetspeces has beendone by Balâ,sz and Goldn"* tZt.- 
"Y*
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Since ths way of calculating ã,,1¡y (2) rnight be cruoial, in Lhis pa,per
we úake

(5) ñn : nu - ì,nE(n,o)

with acertainpararneter À,, e [ft+, so
and present a new somilocal-c
method, (5), (3), (4). The Proof
[6! to estal¡lish an a-posteriori bount
õhõ conditions âre sorirowhal, weaker than those in [J":], [4]' [5]' [8]' i10l'
since we use .rconsistent approximations" (see i12l ancL flal) igstead' of

"generalizetl clivictect cliffereñcesl', so that our theorem has a wid-er range
of" application. The gooclness of the a-posteriori bouncl is shown by úwo

exam.ples.

2. Prelirninaries. I,¡et X, D be Y be a Banach
spaoe and -E Gateaux-differentiable . I1 there exists
aï operai,or J : D X D --> B(X)y), ot of all linear,
continuous maps from ,11 to Y, su

(7) Vn, U,z e D: llJ(n, U) - l'(z)ll < Cr lln - øll * Czlly - øll

with cr, oz . [R + inclepend.ent of fr, u ¡ 2 t then J is callecl a consistent appro-
ximation of -F'.

It is easily seen that if there oxists a consistent approximation J
of 'Ir'' on D, t}:.en

(S) YneD:l'(n):J(r,n)
and

(9) Y*, U e D: llE'(n) - I'(y) ll < l0t i CÅ lln - vll

that means -Z?' is l-,ipschitz-continuous' X'urthermoro

(10) Yn, U,, ø e D : llJ(û, ù - J(y,.u)ll < Ctlln - Y ll + 0rll y - øll

On the other hand, if an operator J:D x Ð --> B(X,I) 
"+*lq

satisfyìng ie) ""¿ 
(10), thén J is a donsistent approximation of I' and l'

is I-.ripschitz-continuous .

From (9) it foltows also (see [1-2], Th. 3.2.L2) bhat if Ð is convex,
bhen

C-J-û
(11) Yn, ue Ð: ll E(n)_ P(y)- I''(ù (n-a)ll 

= -flln-ttll"'
Using ten1, a^pproximation 'I t've now solve

(l)bythe"(5),(3)'(4)-:"¿callthosequence
ir"Ìø e no -sequence (SIS)'

3. l!train result. Ltef' X, -l), -nr be given as is section l-' Ilurthermore let
D be ãonve*, -É'b" continubus'anal "I be a consistent approximation of f7'

on,D. Then we cân prove the following

A.POSTER,IORI BOUNDS ¡'OR STEFFEÀÍSEN-LIKE MBTHODS

Tunonnu : If tltare euist elements ã0, üo e D, such ilrat
J(ño, uo)_t enísts ønd, ¡1ã;o -_ roll ( (( >- I ,I(ñ0, r)-1n@o)ll

llJo@o, no)-' ll < p

ðÐ

16t

(177)

toith,

((v2) . ,'1) :

| :, ), ,, :..
| :':;

: ::..:t ,:(I/3) î::pr¡ (<a
4

înith I{ > rnax {C, _f Cr, 21rl, Cr, C, from (7)
wltere fi, ll e S :- {n e Dl
Llten,

Iln-noll <(Ì

r - 2\n-, #

llun - uo-

'(81) 
nt, (L2) enists a*d, ties itt, s if(82) Q'nd, fr,,:s* is ct solu,tioi oil#

,(æ) solutiott r* e B ,f Í,. 
"l \*t'

vz e ¡10 : llno - n* ll < (+)-' ( (a-priori boztnd, L)

vz e [\o :ilnn- #+ il < I# @-1triori. bound, 2)

Vøe ¡\¡: llrn- Ø*ll < 2 ,I{ C,?,

\n-t
(a _gt o st er ior i b o un d,)

Ior:r¡Po::g
Cu : : llnn+t _ ørfJ ra e [}r|o

a.- þu-,Yn'- 1-"1"-r I ^4n:þoKc'' rt'€lN

-with

(L2)

Àu -- min 2

-t, t"-)ll
t
I

rll ì

IsllJ(ã"
lB4¡ s'v is the only solution ol e) in S and,

llF(n")¡

,(13) lløx_rolj ( 1- /1-=E r24s
Proof : (-81) We show by induction
(AL),: J;t : : J(ã,, nn)-l exists and ll,/,_11¡ç B,
(A2),: ,, u +
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(AB),,: ñ,: : {u e Dllln * rull < ZC,l -... _ Bo
(44)"t llã^ - û,ll { Co

lln* - frt-tll: (r-, because of (I2)
so that frr . ñr-r c 8. Furthetmore

llã^, - æ¡-rll ( llãr - nt ll * llut, - nxtll
( À, ll]î (c;r)ll + lltt, _ at,-l|l by (12)

{ 211n, - n*-tll : 2C*_,

ùnd. fi,r. Sr_, c ñ as rvell.

, --u Ïoil"ret 
E be thc identity-map in -r ¿r,nd definc the operat or ur:

A-POSTERIORI BOUNDS ¡,OR STE¡,¡'EIVSEN-LIKE ¡ÆTTIOD.S

1{
< ;l(r-t -f ll ñ,,-t - nt,tlll (r_r by (11), (?)

by (A4)r_,< ]l(i_,

(¡, ( Êr llr(n,,) ll < prlt (;_1

þr-' I{
1 _ 2.r¡t_t Cr-, by (12)

\tt-

t62

(14)

Then

N. L. VOLLER
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s

( 4..4_)o are true becauseaf (Iz1), \V2) a,ntt (ZB). There_

''uoFi",,,e,us_,"J*li,.r;\irT::rÉd;:*iïf,:+ìJi""iïfl

so thai;

(77)

llU¡ll < llJçll [llJ,,_t _ t,(no-1)ll 1_ llP,(nr_r) _ /rll]
< Êr-tldr llñ,,-r- Ør-rll * Qlrur- nt.tr+ c2cu-r] (Ar)È.1 (?), (18)

{ 29,,-t KCr-t : 2\n-t * # , vB), (AB)h_r, (A2)r_, (A4)r_,

3"orf#iTll'#ä#ïJ'îî,inJ#'*e '.5+15) 
E - ur: ,/¡,--" r, is inverribre,

(15) il./;'il * ;ffi: g_

and (-41),. is shown.
n'rom (A2)o_, and (15) it follows, that

(16) pt {2Br_r <...
Next we estimate

lll(nùll : ll?(øu) -n@r_r) -Jr_rct_tll by (B)

< ll?(ør) _ X.(ar_r) _ I,(nr_r) @r _ ut,-t)ll

* llF'(no_t) - Jr_t ll er_,

U¡:: E - J-r], Jr: J,,], (Jr_, _ J*)

7 - 2n,,-t
(,,-, by (Lz) anct (A2)r_,

" 1(*-,.
2

'Therefore lve have by (12)

\n:þoll(r ( 2L*-rKl r, - 7-Z- \h-t: ÌJr_r ( -__
so that (A2)r is shown. 

o 4

Let øeiS' then

llr -.*_rll ll < li n _ $hll + ll rr_tll < ?(u t er_z
( 2(r_r by (12)

lilgsru'-t, that means ñ, - ñ,,_rcB, that is (-43)r.

Ilñr _ rntll : \ollx(rr)ll ( Àr llJt ll (u by (lJ)but lllrll < ll/r-r ll + ll Jr_t - J*ll
( ll/¿_,il I llJ,,_tll ttUrll by (1a)

3u;_ll Jrtll

so that by (12)

llñr - ør ll ( Cr by (I2)
and (A4)u and even (B/) is shown.

'(82) rrrom ," * î (o-, ror ar. n eflrf it fotows by incluction that

(18) 1

2 )" e,
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and {(,},€N0 converges to zeroß. Then we have for n, 1,r e [N0

I fru.r* -: .,, ll < 'f,t ll ,n*r*, - so+tll: 'i- {,*,

- ,";i. (+) < z c*

from n'hich it follows tlrralt {n,}n.nro iß a Cauchy-sequence in the closed
ball. B and the,refore has a limit øn. ¡S. n'or r¿ -> oo we have

(19) llæ* - ünll< 2 (n

and. frout the continuity of -n' we conclud.e from the 'derivat,ion of (17)
that

0 < ll-E(ø*)il : 
,}1T 

ll.r'(ø,)ll* Ir,,If e?,: 0

and thus ø* is a solul,ion of (1).
Now we estimate

,ll*+ - r,,ll ( ll n* - n,t_L i J;!F@"_r) ll<
<ll#rll{ll/,,-r(ø* - nn-t) - I'(n*-t)(rü* - n,-Jll}<

K<llJ;'rll; {ìlØ,-, - ün-t ll * llæ,-, - ,i*ll}ll r,-, - ü*ll

by (73), (7), (11)
and.

llã,-, - n^-tll: À¿-r ll.F(ø*) - t(rn-r)ll < l,-r{ll¡"(ø*) ll *
t

+ {nn* - nn-tll} ttr* -r,-tllzl
so that
(20) llr* - n^ll4M,_lln* - tn-ll,
with

Mn: ll¿;'llÃ I^-(tn',n*'rl * { 
llro - r,lll+ 1}, øc-gr¡0." 2 1""\"- 

\w )tt -T -z ) l

Since il3'(ø*)ll is constant ancl rve knorv from (18) ancl (19) tliat

lln* - r"ll42(*<Z(o
ancl from (12)

q.q
-an'*rl-ø; <; ll'/;1'll

7 A-t,osrEntoRr BouNDS ron srEtrFEtvsEN_LtKE MnftroDs 1ôb,

tt'c only lra'e to estimatc i¡,/;rll unifor,mly in r¿. I)efining Í,,, ::Ð_JlrJ*we have as in the proot of 1:t1¡,, for rr, e [¡
ll""ll< plLqre i Ctllro _ ã,,11 _f \rlluo _ n,lll

<pt2cr( + (c, i_ cr)llao _ tnll + crll ã,, _ *nlll
<pL20r( I G, * Cz)2( f 0r(,,1 by (AB),,

<luxr-7--,t P"t: t I < I by (71), (I/B), (IB)
a,nd

il,/;'ll<
t)'u

I _Z:,-s4rich is a,lso true for n:(J because of (VZ)_
2'

Theretore

vrv e fflo :Mo4-_!l+_ I I, *L __--'' " 
7

_J___
1--1,

2'
(ll?'1ør,¡ii + 1((o) -:oì

I
and from (20) the cluacrratic convergence fo[orvs

vrae [Jrl: llr* - ar,,ll<Cljø* _ nn_tll,
and (I)2) is shown.
(33) tr'rom (18) anct (19) we have

Vø e [Jrlo : ll ø* - ,,, ll* (+)" '(

that is the a-priori bound 1.
Iìrom the cleviation of (17) we have

(21) Ç<=_þ!_ C,_,I - 2rtu_t
so that by (12) and (A2),

(22) 4,{ -J!::J-- þ,-rK t ¿ \,o_tl_2no_t I_Z\n_, rn-r\ 
Í_r\*r),

Now let us define Ure function

r(0,) :: 7 -l/T -4n -2lt, for 0 ( l¿<1
4

o2

t¡lft*+fi
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then
{23)

2!,

(, *tfV ( I, *, )

R, L. VOLLER

1< lr(¿)(2 and
^0" rÞ2L-2\n 1+

I A-POSTER.IORI IIOUIVDS ¡OR ST'EF¡'EIVSEN-LIKE MA|ÌIÍODS

íäiît_"]*t"h 
the a-priori tround 2 fo'ows a,s r,? -> oo. .rhererore (BB) is("0) 

lîr"í' 
be â, sotution of (1) rvjrtr a;* * n, e B.

r67

2

r-Znn
L-2n,t 7-4ru

1- by (21)

by (22)

Eor +a>L rve then have by (L7) and (22)

llø* - n,,114 2Y),-tÇn-t 
- ,'- 1- 2n,-, I]/I=.Ç-,

From (21) and (22) wehave

C,42\u_tC,_t

I,(4r¡l-t.
Now we show by induction

v
-n

'4u (": ("N(no) - (oL-2n,* L-4no 2nu

from rvhich it fotlows that

llnu*,o - n,,ll<'!t e,*,<(,,1/(1,) - Cn+,,N(\n+n,)j:o
and for n?, --> @ because of (23) and (1g)

(24) l[n* - r,ll( (,rV(( ,) : 
-þ:.1 +ltL-4rh,

9"-tKC!"-t
| - 2nu=, + Vf -aa;

(25) ,-=ry:-üñ c3@: c

n: o. 
(4n\20 .tÃ 7 -, - 

(4ï)'-tîo:4--t";, anct (o: (:-(1'1)-:-(

Now let (25) be true for somo k e [fl', then

lr+r(41¿r( 4 ( G"4)'- 1 - 
(41)'e*1

,rLrI\r"--\ 
4 )- 4

cr *t{2n,,er*} errr ff;, : Çe
so thal, (25) is proved for all ø e [fl'. Thus

m-l
lun** - ontt*ï-(,*, =ry:-r(r + *.i+ ...)< l4#-

we shorv b¡, incluction 
llø' - #oli(2('

(26)" 
Vrø elfrlo : llu, _ n,,tt<(!U)"-'e.

tr'or, /u ) 1 rve have analogously 1,o the deviation oï (20)
llø* - *r¡<J-t -{Ulã*_, _ n,,_ll _l llno_t _ (ü,lll.lle;,,_r_ #,il<

<L*_+K]GT "r. (ï)-_,rl(_ï), 
,,

by (26),,_r, (18), (16) and (A4),,_r.

: 2þKc (*)--,, : r, (;_)_,<* (j 
)^_,el'lrerefore øn tencls to a, ãs ?L _> æ ,¿r* js rhe onr¡'soiurion ofìrl'i"-sî;å iö'i3Í]i*"i"n öolri,i ,,!i

Rn¡l¿¡,rr 1. The a-posteriori bounrt nrn r_^ :.-^___ Q'E.n.

[í¿i,]lJijl,"#;,p",;diìrËl""liff T"T0"äT"3iäï":ilx"it.,îå j"l;
boundTxÁnlpln 

1. This example shorvs ilre optirnalit¡, s1 thc a_posteriori
Let X: [R, _81ø¡ : ¡2 _ I04 r Zz

the solutions 25 i - -__ ' so that -Ér(e;) : g has

ua,* _ 0.2017586
and 11* -r 4.8612586

7 -2r,o- L-4

with øo :0, ão: 0.1 and J(r, y)

- 0.2463055, C + O.ZtAZ+g and
: - 0.216T43Z so that the exactthe a-posteriori b,value. ound is llq -

-ai +a-- lltvehave K:2 a.2õ "¡ P:
i,herefore 1 : 0.106212g < 1,, nr:

error ll n1 - s+ll -- 1 +

r+ ¡¡<ï ïso'í . it-i;Ííl"'i îJh: i#r:
Rnn¿nr 2. Tf we choose À, : t 

{o_: 
*ll ø e [N, thaú means if we úakeÍ3llii:î'Ji åu"lîï:{å",#ù'i, ;":¿"" il," o.üìtäiäJir,o¿ of steffenl



Conolr,mn. Let X, D, l, J be' gi,aetl ns in, the Ttreoed,ing th,eorem.
If tltere enists q,n, element n|e D, su,clt, tltat

\V+) J(ùr, no)-r enists roith, ã, from (2)

,S:: {#.Xl ll il - no¡¡çr}cD where

?' > max {lllrr(ø0) ll, zllJ(ã 0, øo) -ln'(øo) ll}

(V2) llJ(ro, ro)-l ll( I
(]25) r7 :: p1(( ( * t,) <lwiilr, C>ilJ(no,øo)-Uî(ro)ll'2

ancl, I(:max {Cr{Cr,, ZCr,\ uitlt 0r,0, from, (7) wh,ere, u, yeS th,an

\))5)the meth,od, of Steffensen d,eterm'inated, by (2), (3), (4) giaes u, seqrrence

{or},.^ c S, whioh'
(86) conaerges tluad,raïicallll against a solwtion ø* e ¡S Jor (I).
(87) IIre h,u,ae tlte followittg error bou,nd,s

vø e [\o : lin, - ø+ll<(+)'-' ( (a-priori, bound,I)

(2rr¡2" -tVøeftrfoillfr,,-rú*ll< ( (a-priori bou,nd, 2)
2n-

-11 .A-POSTERIOR'I BOUNDS FOR STEFF.BNSEN-LIKE IVIE,TTTODS 1OO

be given, rt is easy to see that a solution of this system, rvhich is symrnetricin [, ancl 82, is givrn by thc roots of flre quadra¿í; pJi,il;ial;t"-- 8ú _"1_;;
lvhich are 4 + /lf , ûhab means

, r /--,

^,r, l'n + /1r\ . / ?.3166 247e0 35¡140 o\
'''' ='lo 

-vn)-'' ( .o.6888 .õzos 65560 ,)
is a solntion of (2g). ff x'e choose for,/( .,.) the s¡,¡¡lmstric operator

168

(28) r(æ) :

R, .L. 'VOLLER

lt - 1t\z

€t84,*E,-13

,lçz -T çz Çt t '4t

,o2a
u : (Et, Er)'

10

1+

ll=jl,:^";:lTpl^",-i. simple-enough ro compare a[ known bounds except¡ne estrmates ot (i.hen 15l, 'where a contraction-conctition has to be futfille'cl.wirh
uo : (7.3I7, 0.688)?

using tlre ll ' li*-norm we have p : 2.8572, I( :2, C : S.75BB. 10-ar

"C: 
Z.+SS '10-3 and ¡ : 0.01351 < !anO Steffensen's me¿rod gives

2
no : 7.317 0.6g8

%: 7.31662 46707 5?589 0.6BSJ\ 5B2gZ 4Z+6L
nz: 7.31662 47903 55888 0.6BJ3f 52096 44612
ûe: 7.31662 4790A 55400 0.6BJJ7 52096 44600.

'The error-estimates âre as follorvs

llø* -- øoll- llø* - rrll- lløx - ørll*

(a-p o st er iori, b omt d,)

with' 
ïo:: ïr Êo:: p, co:: Ç, ,t oi: r

(o::iln,*, _ü,1,, (, r: llio - ûoll : ll.E'(ø,)ll

f ni : rrtàx {2Ç,7,\,þ,,: . . 
þn- t

L 
- \n-L

\^: þ,K((n I rn)

(BB) n8 is th,e onlE solntion of (7) in B and,

(27) Ilr*-ro¡¡ç 1-h-2'l 
,.IÞ.

The corollary can be provecl in a similar wày as tho theorom, so that the
proof can be omittecl. We only give an example which shows that our
error-bounds are much better than the bouncls from [1], 1171, l10l ancl
t7 t.

,)'TIrr1t

Vne[\: llr"- r*1¡a@ç-,
I-Yln-rtVI-ZI"-t

Balász l1l
Ul'm l19l
Koppel' [9]
Johnson &
,Scholz [ 7]
a-prioli 2
aus (-B7)
(28)
a-posteriori
aus (.B7)
exact errot

not applicable
40.1 .10-4
39.6 .:t0-4
37 .9.10-4

7.51.10-4

3. 78 .10-4

3. 76 .10-4

53+146.7.I0-7
2019.0.10-?
2033.3 .10-7
1413 .3 .10-7

101.4.10-?

25.7 .r0-?

1.2.10-7

9078077500 .10 -18
5630000 .10 -13
6300000.10-13-
1010000.10-13

36966'10-r3

2.6.10-r3

0 .\22.10 -13

)to,n:(8,t,)"'

and.we see, tlrat especially lor n > 1, t'tre only error-l¡ound of practical use
is given by the a-posteriori bound in (B?). at least it shoutcl be mention-
ed that.for m?nì¡problems (for exaTple (28) with ro : (2.81,0.6g8) only
¿¡s ssrsllary of this Baper is applicable.

'5 - c, I5l7
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I'UNCTIONÁ.I_,, NORMAI_, WR,ITING
OPERATORS
ZELIIIER AI.EXANDRU

(Ctuj_Napoca)

I,ANGUAGE. PROOF

a,nguage vill be done wiúh the aidometrical essence, which f calt-,,fiä
ts
ngua,ge

r{A.fHEÀfATtcA_REvuB D'ANALYSE NUMÉRTQUEBT DE THÉORIB DE L'APPROXIMATION
L'ANA,LYSE NUMÉRIQUN ET LA THÉORIE DE L,APPROXIMATION

Tome 14, No Z, lghó, ppi. l7l_t80

t. .'IIE FUNCTION¡\L, NORtr{AL MITTNG LAN'UA'D

7.L. Ilte signs of the lønguøge
logical symbols .4 existential quantifier

B disjunction -
C implication
D definition

consúant Þredicates !,!, Q, II, K, p, S,figures o,1 2, B) 41 5,6,' ?; ã,' g ä-"å y
L.2. lormation rules

-Tho figures and letrers are called signs.
- The numbers are forméd-àith"" of a silgle figure,

''gures fonowed by n - 1 signs ;r",îîu"e ø is the number

N. L. VOLLER 12.
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