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ON FINDING THE ELEMENTARY PATHS OF A DIGRAPH
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Abstraet. In this paper we suggest a FORTRAN program for find-
ing all the elementary " paths between any two specified nodes of a di-
graph.

Introduetion. One of the most important concepts of a graph theory,
and one which appears often in areas superficially unrelated to graphs,
is that of path. In some situations, it is necessary to be able to generate
a complete list of all the elementary paths of a digraph (directed graph).
This may, for example, be the case when the ‘““best” path needs to be
chosen, but the criterion to be used for deciding what path is “best” ig
very delicate (one could decide on the best path to choose using also ' cri-
teria which are either difficult to incorporate directly into an algorithni
or which are subjective in nature) so that direct optimization (not involy-
ing complete enumeration) is impractical. In other situations, the mani-
pulations could be simplified by first generating all the elementary paths.

The algebraic methods which have appeared in the literature [2, 3,
4, 9] for determining elementary paths are theoretically interesting hut
are to loose to be of value for arbitrary graphs encountered in practice,
they being unable to deal with problems of more than g few tens of ver-
tices because of the large amounts of both computer memory and time
{e.g., see the program LATINE from [4])-

A slight modification of these methods (e.g., see [1]) reduces both
the storage and time requirements by large factors. However, even_with
these modifications, a computer program [3] written in PL/I (to take
advantage of both the string manipulation and variable storage alloca-
tion facilities offered by this language) on an IBM 360/65 computer with
& memory of 120,000 bits can be used only for graphs with at most 20
nodes and an average nod degree of more than 4. Moreover, even for the
above-mentioned size graphs, the method used virtually all memory
locations.

More successful are the enumerative techniques (e.g., see [1, 8))
which do not have large computer storage requirements but whose time
requirement still increases exponentially with the number of nodes in
the graph. i

In this note, we give a FORTRAN program which generates all the
elementary paths between any two specified nodes of a digraph, using
the nodes’ number and the adjacency matrix.
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Deseription of the method. Let D — (V, E) be a digraph [1] (di-
rected graph) without loops (a loop is an arc whose initial and final nodes
s (vertices), ¥ the set
++y % the adjacency matriz,

are the same) having V (| V| = n) the set of node
of ares (edges), and A — (ay), i, j=1, 2,.
where

1, it (04 V) € B,
Uy = .
0, otherwise.

A path in a digraph is any sequence of arcs where the final node of one is
the initial node of the next one, An elementary path is a path which does
not use the same node more that once,

Fora digraph we consider the path matriz P = (p,,), 4, Ji="1le; 2, i
+ ..y %, Where

1, it there exists a path from v; to v,.
Dy = {
0, otherwise

and let v;, v; two distinet nodes of D such that p,, % 0.
Obviously, (v,, ;) is the last arc of a path from v, to , if and only if

(1) D Oy = 1,

Thus, if the indices % for which (1) holds are &y, Iy ..., ¥ then (va,y ;)
$=1,2,...,t are the last arcs of the paths from v, to v,.
of these indices we Tepeat the procedure, i.e., we find the
form (w, ¥ ), belonging to the paths from vy 0 v,
of v;, and so on.

If (1) does not hold for any k +# 14, j, then the arc (
elementary path from », to .

In this way, all the elementary paths from », to ¥y, can be generated
(the method described above is summarized in the FORTRAN program
below).

Let NOD1 and NOD2 be two distinet nodes of a digraph (with &
nodes and MA its adjaceney matrix), Following the driver program
below, all the elementary paths from NOD1 to NOD2 are generated and

listed (the subroutine PATH computes the path matrix MD, according
to the algorithm described in [770.

?
For every one

lagt ares of the
by taking ¥, in the role

¥;,?;) 18 the single

C DRIVER PROGRAM
C

+ DEFINE FILE#l = 1, +2—3
DIMENSION MA (6,6),MD(6,6), MS(6,6), TK(6), NS(6), NSI(6)
READ (1,1) N, NOD1, NOD3
1 FORMAT(312)
READ(1,2) (MA(LJ), I=1,N),d =1,N)
2 FORMAT(3611)

GENERATION OF THE ELEMEN TARY PATHS FROM NOD1
TO NOD2

CALL PATH(N,MA MD)
CALL PMS (N,MA,MD,MS,IK,NOD1,NOD2)
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CALL GEP(N,MS,NS,NSL,NOD1,NOD2)
STOP
END

SUBROUTINE PATH (N,MA,MD)
DIMENSION MA(N,N),MD(N,N)

IF(MD(I,K).EQ.
IF(MD(J,K).EQ.I) GO TO 4
MD(I,K)=0

CONTINUE

CONTINUE

RETURN

MD(I,K)=1

GO TO 3

END

~—

SUBROUTINE PMS(N,MA,MD,MS,IK,NOD1,NOD2)
DIMENSION MA(N,N) MD(N,N)MS(N,N),TK(N)
DO 1 L=1N

IK(L)=0

DO 2 L=1,N

DO 2 K=1N
MS(L,K)—0

K=0

DO 3 L=1,N
IF(MA(L,NOD2).N
IF(MD(NOD1,L).N
K=K-|1
MS(NOD2,K)=L
GO TO 3
IFNODIL.EQ.L) GO TO 5
CONTINUE

DO 6 L=1,N

IRNIK(L).EQ.1) GO TO 6
IF(MS(L,1).EQ.0) GO TO 6

K=—1

IF(MS(L,K).NE.O) GO TO 7
IK(L)—1

GO TO 8

IT =0

DO 9 NJK=1,N
IF(MA(NJK,MS(L,K)).NE.1) GO TO 9
IF(MD{NOD1,NJK).NE.1) GO TO 10

=

1) GO TO 3
1) GO TO 4

=
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11 IT=IT+1
MS(MS(L K),IT)=NJK
GO T
10 lI‘(NODl EQ.NJK) GO TO 11
9 CONTINUE
K=K1
GO TO 12
6 CONTINUE
RETURN
END

SUBROUTINE GEP(N,MS,NS,NSL N
PEBIIuNSION MS(N N() NS,(N )NSL(N)ODl Yol
NS(1)=NOD?2
13 NNS—2
NJ K—MS(NOD2 IT)
4 N1-=-NNS—
DO 1 L=1, Nl
IF(NS(L).EQ.NJK) GO TO 2
1 CONTINUE
NS(NNS)=NJK
K=—1

12 TR(MS(NJK,K).EQ.0) GO TO 3

10 NJK=MS(NJK )
NNS=NNS-+1
GO T0 4

3 IF(NS(NNS) NE.NOD1) GO TO 9
DO 5 L=1,NNS
5 NSL(L)=NS(NNS—T,-41)
WRITE(3,6) (NSL(L)L —1, NN§)

6 I‘ORMA’L‘ ”,// 614

9 NNS=NNS—1
IF(NNS. EQ 1) GO TO 7
NJK=NS(NNS)
L=1

11 TF(MS(NJK,L).NE.NS(NNS 41 \
K ). ( +1)) GO TO 8
IF(MS(NJK,K).EQ.0) GO TO 3
GO TO 10

8 L=L-1
GO TO 11

2 NNS=N1
NJK=NS(NNS)

K11

GO TO 13
7 IT=IT-+1
IF(MS(NOD2 IT).NE.O
et ). ) GO TO 13
END
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Conclusions. Considerable experiments (on an IBM 360/40 and a
FELIX C-512 computers) were conducted to investigate the efficiency
(the efficiency of the program can be measured in terms of the computa-
tional times required to obtain the solutions) of the proposed method.
Based on this computational experience, it may be said that the above
FORTRAN program can be suceessfully used for large-sized diagraphs,
generating all the elementary paths in a reasonably computer memory
and computational time (e.g., in the complete digraph K ¥, between every
pair of nodes there exist 65 elementary paths, and our program has gene-
rated and listed these paths in 14 seconds on a FELIX C-512 computer).

The technique used in the above program is similar to that one used
in [6] for finding all the elementary circuits of a digraph.

Finally, we mention that for the caleulus of elementary paths’ num-
ber between two specified nodes of a digraph,.the result of [5] can be
used to write a computer program.
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