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1. Let r¿ e -l[ and the follorving tu'o systems of ?¿ J 1 r,url ]¡alues:
(1) o:no<n1 <...<
(2) o:/0, llt¡...¡!tn.
. _Il the pape_rs [1J, 12] it is proverl that if n > 1 ancl U¿ - Art*o,i 
= 

7,2 t:.., ra then tñer-e õxists ã polynomial p which assun()sat eachpoint n-t the preassignecl value 31 , and rvhich is piecewise rnonotone, more,
preciselS' :

(3) P(rr) : !Ju, r. -. 0r \, . . ., tt,

(4) f''(r)(g, - !J¿_t) >, O, n e 1e,.,_r, etrl, i,:1, 2 ,...,t,t,.
there are ma,ny papers relatetl to _the piece.wise monotone interpo-lation; such references cai be found in [4], l'5-1.

plove the exisl,ence of a piecewise
g polynomial. Our proof uses the

concerning the piecewise monotone

"rtåi:i: same way thar rhe tasr one

2. LeL n ) I 
^and 

denote by Al(y) the divided difference lno, n,*r,
fi¿+zi.!l¿t_A¡+rll ¡+zl for any i: -I¡ 0, 1 ,. .., n_L rvhere n_t .--Or"*r*rfi
are fixed., and. y -r: !/ ot !/n+t: Un.

We have the following

Tnnonpivr. 7". .Il L.?Çl). + O_, i: - l, 0, 1 ,...¡ % _ 2, tlten, th,ereenists a çtolynomi,øl P satisfEino (B) and,

(5) P"(r).Ll_r(y) Þ 0, aelno_r,,n,1, i:I,2,...,n.

- ^ 3";Il Lill) + 0, i:0, 1,. ..)n - I,thenthere enists a Ttolynomi,at' sa,tls|Uxng (3) ønd,

(6) P"(n) L?_r(U) Þ A, n efro_r,nrl, i :I, 2, ..,,,n.
To prove it we need the foJlowing
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(7)

ancl

'(8)

wh,c't'e

R. PR,ECUP

,l]DllitrÁ. Ior.a
n,omiar p2,,u s{rtisf!'I#o' ' 

o q'nd' v e {0, L, . ., ttr - 7j, th,ere b a gtoly_

PIECIIWISB CONVEX I¡fTEEIPOLll'fiON

-É'urthet to prove (?) rvo have :

lo"gr,,u(æ) - Pr,,"(n)l : 6 %,,,(t) dt - 8",,,,(t) clt

10 X'irst we observo that 1,he elementary function
l0, 1l

2 72t

llougr,'u - Pz,"ull ( e,

PL',n,(u) A?-r(y) > o, t) e ln¿-t, $¿1, i : I, 2,

t
1

lo"pr,,"(ú) - Q2,",(t)ld,t < 1Q,,,,(t)ldt-l

Using (J.1) anddhe piecervise rnonotonicity of ez,,,rve obtain

lQz,.,(t)ldt 4 el3,

I ou - Qr,",(t) ldü ç e/3,

:âîd

I

\ l.,ou - Qr;¡1$)ld,t a (n'" - ,r"X1 * u/3) < u/3
J
^u t'These inequalilies prove (?).

Pt:ooÍ oT
of orcler p:L

o., - Qz,,u(t) ctt li ", - Q,,,"(t) d,t.

,\)

,., ?Il .!
t;.!(e) 9t t t,s,,(x) : 0 r fr{fiu

(n-n,), nÞr, (p. N),

o,." : sign L3-\(y),
,and ¡1.¡l is ttte uni.form nortn i,n, Cl0,1l.

Proo,f .lr.or. e anv y fixecl .we choose a sequence :

(10) Øo¡ 2t¡ . .' ¡ Øu¡ ?1, Øu+tr,,, t Ør,

with the follo-rving properties :

(11) la,l ç e/B if i < v, lou_e,l ç e/B if i> v*1, Io,_ø,"1 ( 
"/8,{12) @u_øu_r)L?_r@)>0 if rt ( v ori> v fl,

(p',-2,,)L3_r(y)to,

,(ø,*t - ø'") L3-r(y) > 0.
Apprying rrre wolibner-young theorem rve geb a piecewise rnono-tone porvnorniaÞ e,,,",, which-i"tã.ffirrrã; r,À;'";I"""r"itîfl 

"",re nodes :
(13) . frot fi7 ¡. . ,, 0u¡ t,u¡ üu+t¡ . , .,t fro
where ü,1 n!, < ,ru + el(e _F B) ( øu*r, flrat is
(14) e|*,(n)(øo-ør_r)Þ0, nuln¿_t,frtf,,¡j < v or i> u -.'r-1,fl

Qi,,"(u)(øi - zu) ) o, n e lüu, n!,f,

Qi,*"(u)(ø,*, - z',) > o, fr e ln,u.¡ fr,+r],
(15) Qr,,"(rr) - z¿, i: 0, 1, . . .t %, gr,,"(n,,) : 2,,.

Now Pz,"u( *) :\gr,t,(t) rtt isthe desired polynomiat.

rn order to nr3'1i this we ma,ke use^of (12) anct (14) and obtain?á',(r)Ll-r(ø) > o i¡;."i;;_r,,"*,fi'i":'r,r,...., n. Thus (B) is ve.ifie¿.

l@) ':..å r,*' 'e,,,,(n),

"where cu: (ciu - s,-r)L,'_r(!J) , v : 1, 2 ,..., z¿ satisfies the concli,tiôns
of interpolal,ion

Í(nr) - t/,,,i : 0,1, ...)n.
¡¡_ 1

Since j(n): f, lc"rrl(sign Â,,_r(y).pz,,u(ø)) ancl lc,rrl ) 0, v:0,1 ,,..
v:0

...)n - 1, itfollows that if e ) 0 is small enough there exist&u,rr ) 0r
v : 0, 1,... ,n -L such that the polynomiai

P(n) :E *,*,P,,,"
¡v:o

'satisfies (3), where P2,au àrê d.ue to the anterior lemma.
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. ri'inal_ly l,he positivity.of the coefficients øu-r, and thepiecelr.ise con_vexit¡' of Pz,^u assirre that 1S¡ holds true.
The proof of the last part of Theorem is similar.
Rent'a'rla. Based on the construction of the sequences (10), (18) (for.p :1) we obtain a d.iscrete e-approximation ót ité-t"""tìãí'p)r"'*ìi"ï

l,hat its associated poly:r_omial pþ+t,,ue_approximates g2+r,,uanclÍts cleri_
va,tive of order g J- r, P'flÌ,l-" has the Åame sign as the divicted differences.
of ordlel p of the values (2) on the d applietl before,for p :1 can be arlapted îo prove the existènce ofa piecervise cotìvex of orcler i @ > nomial.

ON SOIVID KOR,OYKIN SURSPACDS
r, RA$A

(Cluj-Napoca)

l. Let f be a cornpact Ilausd.orff space and C(I) the space of aII
:real-valued continuous lunctions on X with supremum norm and the
natulal ordering. tr'or ø in X let a" be l,he corresponding. Dirac functional
"on C(X). I'et H be a closed linear subspace of O(X)r linearly separating
'(i.e. for aIl n, y e X, æ * y t}rrere exist /, g e E such t'hat f(n)g(y) +
+ Í @)fl@)) ; suppose t}ral, E is a lattice und.er the natural orclering.

L'et M *(X) be the set of all positive R,ad.on measures on X and

L(E) : {n e X: if ¡-L e Jl{*(,f ) and ¡r(/ù) : h(æ) lor all Il, in -8,

tlren ¡r : t*\ .

We have (see [11)] :

'(1) Z(II) is a closed nonvoid set.
,(2) There exists h,.II, lt(n) > 0 for all n itt X,

l\{oreover, for any / in C(-X) the restriction / lI(-E) has a unique ex-
-bension in -E; Iet us d.enote this oxtension by Tf. Then ? is a positive
'linear operator carrying C(X) onto H, T': ? and-

'(3) {l e c(x) | rl : l) : n.
For each f e C(X) Iet R,f :f V@); then R is a positive linear

,operator from C(-X) onto C(-L(-ã)).
L'et V : C(X) --> C(X) be a positivo linear operator which satisfies

,one of the following equivalent õonditions :

(4) v"r:v
(ö) her ? s ker V

'(6) supp (e, . V) c L(H) lor all n in' X

'(?) V: A.l?, where A ß a positive linear operator carrying 0(L(E))
into C(X).

Trrøonur 7. Il L(E) is ø Gu-set, tlten tltere enists a Ju'nct'ion I in'
.C(X) suah that:
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