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1. Let n e N and the following two systems of n -+ 1 real values :
(1) 0=, <o <..0<2,=1
(2) 0= Yo Y151 Y

In the papers [1], [2] it is proved that if » > 1 and Yi — Y1 70,
t=1,2,...,n then there exists a polynomial P which assumesat each
point @; the preassigned value ¥, and which is piecewise monotone, more
precisely :

(3) Plr) =y, 1=0,1,...,n
(4) P(2)y; — Yi-1) 2 0, me fi-sy @], 1= 1, 2,...,n

There are many papers related to the piecewise monotone interpo-
lation ; such references can be found in [4], [6].

The purpose of this paper is to prove the existence of a piecewise
convex (by order p = 1) interpolating polynomial. Our proof uses the
Wolibner-Young’s theorem [1], [2] concerning the piecewise monotone

(convex by order p = 0) interpolation, in the same way that the last one
uses the Weierstrass approximation theorem.

2. Let » > 1 and denote by A¥(y) the divided difference [,, =, s
Tives Yoy Yivv Yirz] for any ¢= —1,0,1,..., n—1 where T <0, 2,,,>71
are fixed, and y_; = ¥,, Y41 = Ya.

We have the following

THEOREM. 1°. If A¥(y) #0, i==—1,0,1,.. oy B — 2, then there
exists a polynomial P satisfying (3) and

(%) P”(w)A%—Z(q/) =0, we (@1, &, 1= 1, 2,...,n.

2% If A(y) #0, © =0,1,...,n — 1, t hen there exists a polynomia
P satisfying (3) and

(6) P”(w) Af—l(y) = G, % e @y, xi]a 1= 1,2 ...,m.

To prove it we need the following
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LEMMA. For any e > 0 and ve 10,8y pm s ) therelsis o poly- ‘Further to prove (7) we have :

nomial Py, satisfying By "
@ 95, — Pal < s, 2920(5) = Prafo)] = o aneft) at (01 0) 1] <
and 0 g
1 Xy

{8 " 2 . . :
®) Paal®) ALAY) > 0, ve o0, i=1,2,... s S 00918, () = Qe (1) |t <Sloz,xv(t> di
where 0 ' b
(9) 0 < 3 | \
] QOIJ'I-L.’U\,('/L‘) — y @ €y __ B

{(w — %), x>, < N), o\ Loy = Quu(O)]dt + \ [ oy = Qu(8)dt.

0w = sign Al (),
and |- | is the uniform norm in 010,171,
Proof. For ¢ anv v fixed we choose a sequence :
(10) '

-~ 1
R0y 21y« vy By By Zypy, - Lz

with the following Properties :

(A1) ;] < ¢f8 if i < v, |o, &l < ef3ifdi>y 41, lov — 2] < ¢/3,
(12) (B =2 ) ALy(y) >0 if < v ori> y +1,

(& — 2,)A% J(y) >0,

(Bvsr — 2) AL (y) > 0.

Applying the Wolibner-Youn i i
s g ner- g theorem we get a iecewis -
tone polynomiak @, x,, Which interpolates the values (10)p on thee Iﬁ)lg;? :

{13 '
( ). mo,xl,...,wv,mv, w\'+17"-awn

where , < 2, < g, + e/(e + 3) < Zyi1, that is

and

Usging (11) and-iﬂle piecewise monotonicity of Q2,:, We obtain

o
\4

IQQI.xV(t)[dt < 5/37-

|6y = Qua(®)dt < 3,

w sy = Ol &

v

A
X

g:"[,av — Q2 (D1t < (2 — )1 4 ¢/3) < ¢/3.
‘Thege inequalities prove (7).
Proof of ﬂjﬁém-em. 1°. First we observe that the elementary function
of order p = 1 ‘on [0, 1] g
’ n—1

r iy f(.’L‘) y Z‘ cv+1'(P2-”v(w)’

(14) Qé"c"(m) (zz T Fi-y) > 0, z e [wi—h @, v < v oori > v -+ 15& ' ) il .
' o , where ¢, = (#, — %,_5)A2 5(¥), v=1, 2,...,n satisfies the conditions
QZ.%(‘%)('JV —2) > 0, ze [y, Zy], of interfolatis 2 2 ) ) ) )
Dae(@)ovia = 2) > 0, we [w) @], | fl@) =94 =001, ..., n
n—1
@6)  Qenf@) =2, i=10, 1,...,n, Q. (a) — o | Since f(2) = Y [ey | (sign " ALL() - @oa (@) and oy, >0, v = 0,1 . ..
Y T \ v=0
& ' : y ...,n — 1, it follows that if ¢ > 0 is small epough there exist a,,, > 0,
Now P, (@) = SQQ,x.,(t) dt is the desired polynomial. 4 K Sl LSy Shatathe polynomial
| n—1
5 P(w) = ¥, tv41P2x

In order to prove this we make use df‘(12) and (14) i
’ 3 ak and obtain
Qoo (DA () > 0if g e (2, 2], =1, 2,... . n. Thus (8) is verified.

(=0

satisfies (3), where Pg,,v are due to the anterior lemma.
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Finally the positivity of the coefficients ay+y and the piecewise con-
vexity of P, x, assure that (5) holds true.
The proot of the last part of Theorem is gimilar.

Kemark. Based on the construction of the sequences (10), (13) (for
P = 1) we obtain a discrete e-approximation of the' funetion Pp.x, SUCh

that its associated polynomial Py, e-approximates ©p+1,x, a0 its deri-
vative of order p |- 1, P}Txl,’xv has the same sign as the divided differences.

of order p of the values (2) on the nodes (1). This method applied before
for p = 1 can be adapted to prove (inductively after p) the existence of
@ piecewise convex of order p (p > 1) interpolating polynomial.
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