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ON SOME KOROVKIN SUBSPACES
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1. Let X be a compact Hausdorff space and C(X) the space of all
real-valued continuous functions on X with supremum norm and the
natural ordering. For z in X let e, be the corresponding Dirac functional
.on O(X). Let H be a closed linear subspace of C(X), linearly separating
.(i.e. for all @,y ¢ X, x # y there exist f, g ¢ H such that f(z)g(y) #
# f (y)g(x)) ; suppose that H is a lattice under the natural ordering.

Let M (X) be the set of all positive Radon measures on X and
L(H) = {veX:if pe M (X) and u(h) = h(z) for all b in H,

then p = e,}.
We have (see [11)]:
«(1) L(H) i3 a closed nonvoid set.
(2) There exists h e H, h(z) > 0 for all # in X,

Moreover, for any f in C(X) the restriction f|L(H) has a unique ex-
‘tension in H ; let us denote this extension by Tf. Then T is a positive
‘linear operator carrying C(X) onto H, T? = T and

(3) {fe O(X): Tf = f} = H.

For each fe O(X) let Rf = f|L(H); then R is a positive linear
operator from C(X) onto C(L(H)).

Let V: 0(X) — C(X) be a positive linear operator which satisfies
.one of the following equivalent conditions : -

4) VeI =7V
(5) ker T < ker V
(6) supp (e,0 V) c L(H) for all x in X

(7) V = Ao R, where A is a positive linear operator carrying C(L(H))
into C(X). .

" THEOREM 1. If L(H) is a Gy-set, then there exists a function o in
“0(X) such that : :

(8
(9

To <o

)
) fweX:T ¢(x) = ¢(2)} = LH).

¢
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For any o in C(X) which satisfies (8) and (9) the linear subspace

H[ o] of C(X), spanned by H and ¢, is a Korovkin subspace for V, ie. if

Vi) is a net of positive linear o
!  ne ‘ amear operators from C(X) into O(X) sueh the
im Vig = Vg for ai g tn H[op], then lim Vif = Vi for all (f -E):'a 323&?';) i
Proof. Since L(H) is a Qgset, th l . g
o ! . s-8et, the Urys MIng ; b
existence of a funection @ in (_?ﬁ(;i’) such Lﬁaﬁ?oiluali)ﬂ-:ﬁl‘d I

(10) e X: g(z) = 0} = L(H),

Then T¢ = 0, hence T' i ' ;

4 ) .9 < 9. (9) 18 a consequence of (10). Now. usine

IJi llllgz{::eflgnlcii ;)Itlmlm [ﬁg:{%)st(ﬂ’]fices to show that if # ¢ X an(d ;L) is a(m) ‘;,ogliisgli]xlri

_ onal on C(X) (that is, a positive Rad asur )

TN Rk Bl :1 p on measure on JX) such
We have ¢ — ToeH[o], ¢ — To > 0 and

Mo = T'0) = (6 V) (¢ — Tg) — (Vo — (Vo) ¢) = 0.

This' shows that supp i : ;
Lhis “shov SUPD 1 S @ e X (g - To) (a) = 0) — L(H). Let f
be in C(X). Then Tf and f coincide on L(I), hence on sﬁpp I ,( tlii's }{;g}’dg

W) = w(Tf) = (e.0¥) (TFf) = (6xoVoT) (f) = (e,0 V) (f).
Therefore p = eV, q.e.d.

I]?ggnark ]l IFur @ generalization of Theorem 1 see [10]

now .1 be a compact metrie space and H a closed lin
gD ox _ space ¢ closed linear subspace
Pi (16(A) \l\ hujh contains the constant functions, separates the points (?l (jf
::Ed 1}3 %_ aptme under the natural ordering, Then H iy linearly separating
:ﬂ 2 (H) is a G5~E§et; moreover, I(H), the Choquet boundary and the
Shilov boundary of H eoincide (see [117), i.e. ) )

(11) L) = Ch(H) = Sh(H).
Let 7' and V be ag above.

. COROLLARY 1. There emists o in O(X) whic isfi '

=g {%0?'01}?.':?‘:?1 cibllsane ¢ 1In O(X) which satisfies (8) and (9). H[ o]
] . e i ] 3 ) " . 7 N .

s 1S result, with V replaced by 7', was obtained by F. ALTOMARE.
Bzample 1. Let K be a metrizable B i

7 . Lett { be g 2N auer simplex and H = A(K

%)I}lreg ;?gii(ﬂf 1jf1-11f 1'05;1—V£L1ued continuous affine f_unct%ons on I, Den(otg-

1€ 8t of extreme points of K. Let V' b itive li 5

Boom O(K) T o suchpt-hat € a positive linear operator

(12) Supp (e,0V) < exK for all # ¢ K.
Let ¢ be a strictly convex function in OK). F

. - from [1, Es. 1.5] and Corol-
lary 1 above follows that A(K)[¢] is a Korovkin s[u;ospace f(])r V. o

Bzample 2. Let Q be an open bounded subset of R* such that O —

= int (Q). Denote by 9Q the euclidean boundar
\ : : y of Q. Suppose that for
g?gb{eill: C(0Q) there exists a unique solution of the follovré?ng Dirichlet,

(13) Au =0 in Q, u|oQ =, u e C(Q).
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Let H = {ue c(Q) : Auw = 0in Q}. Let V be a positive linear operator
from C(Q) into C(Q) such that
(14) supp (e, V) < 9Q  forall we Q.

Let ¢ be in C(Q), ¢ > 0 such that {w e Q: ¢(x) = 0} = Q. Tt follows
from [1, Bs. 1.6] and from Corollary 1 that H is a Korovkin subspace
for V.
Ezample 3. Let X = [0, 1]x [0,1], H == {h e C(X): there exists
{a, b, ¢, d) e R* such that M=, y) = axy -+ bx + ey + d for all (v, %) e
¢ Xl. Iun this case
Tf@, 9) =1 — o)1 —y) £0,0) 4 (L —a) yf (0,1) + a(1 — y)
JL,0) + wyf (1,1).
liet o, @, be two strictly convex functions in C[0,1] and ¢(w, y) = 0
() + ¢u(y). Then H[e] is a Korovkin subspace for 1' (see [1, Es. 1.9),
Let a;e O(X), a; >0, i=1, 2, 3,4 and V: ¢(X) > ((X), Vf
(@, 9) = ay(w, ) [(0,0) + a5 (2,9) f0,1) + ay(z,y) f(1,0) + as(z,y)f
(1, 1). By Corollary 1, H[] is a Korovkin subspace for V.
2. Let now X be a compact metric space, H a linear subspace of
O(X) which contains the constant functions and separates the points
of X, § the minimum-stable convex cone spanned by H in C(X). In [8]
and [9] we have considered the set Sp of all f e ((X) with the following
property :
(15) it 2 e X, pe M, (X), ps#e, and p(s) < ey s) for all se S,

then u(f) < eu(f)

and the set St of all fe O(X) for which
(16) if u, ve M (X), w # v and u(s) < v(s) for all s e §, then

w(f) < v(f).
From [9, Proposition 5.2] and [4, Corollary 1] it follows

(17) S} = St #* 0.

THROREM 2. If o is in St, then H[¢] is a Korovkin subspace for any
lattice homomorphism P from C(X) into C(X). -
. Proof. Liet u be a positive Radon measure on X and 2. X such that
v H[¢] = (6,0 P) [H[¢]. Liet se 8. Then s = min (ky, ..., h,) for some
hyy. ..y hy, e H. Since P'is a lattice homomorphism, we obtain p(s) <
< (€0 P) (x). Now (16) shows that p = ¢,0 P,
By Theorem 1.1 from [6], H[¢] is a Korovkin subspace for P,
Remark 2. By (15) and (17), if ¢ is in St then Ch(H[¢]) = X. Theo-
rem 3 from [3] shows that Theorem 2 above holds for any lattice homo-
morphism P : O(X) — F, where F is an arbitrary real Banach lattice.

Ezample 4. Let B be a locally convex Hausdorff space and X a com-
pact convex metrizable subset of B. Let H = A(X) be the space of all
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real-valued continuous affine functions on X. Then (see  [3] and [9],
(6.39)7]) :

St = {fe C(X): fis a strictly concave function}
A pplying Theorem 2 we obtain

CoROLLARY 2 ([7, Theorem 3. If @ is a strictly convex fumction in
O(X), then A(X)[e] 1s a Korovkin subspace for the identity operator on
O(X).

This result was proved by H. BAUER, G. LEHA and 8. PAPA-
DOPOULOU [2] in the special case when Y is a compact convex subset
of B" and by 0. A. MICCHELLI [6]in the general case with the additio—
nal hypothesis that ¢ is smooth.

LRemark 2. Let X be a compact metric space and H a linearly sepa-
rating, closed linear subspace of O(X) which is a lattice under the naturalk
ordering; let 1 € H. If ¢ is in St, then ¢ satisties (8) and (9) (see [8, Pro-
position 5]). Hence in this case H is a Korovkin subspace for any lattice:
homomorphism P and tor any positive linear operator V which satisfies.
one of the equivalent conditions (4)—(7). In particular we have

Lxample 5. Let K and H be a8 in Example 1. For fe ((X) let g
be the unique extension of flexIC in A(K), Let o be a strictly convex func-
tion in O(I). Then A(XK)[¢]| is a Korovkin subspace for 7' and for the:
identity operator on C(X). This is a generalization of Theorem 1 from [5].
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