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rea'l-valued continuo*s affine functions on x. Trren (see l,3r nnrl l_g1,,(5.3e)'l) :

St : {"f e C(X): / is a strictly concave function}
Applying Theor.em 2 ne obtain

Conor,r,¿'l¡v 2 ([7, lheorem 3l). If .g is a, strictly aolu)cï .l\r,,ctiotr, ,itt.,
c^t-:).,tlt'et¿' A(r)te] is q, Kot'oaniíi iírtìpoce"fit'.'ä,i"¡ii^t¡ttt oTterrrtrt, rtttu(,Y).
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ÀPPROXII\IÄTION OF TWIC]I DItr'FÐIìEN1]IÀBI-,8
}.UNCTION S BY IIO SII]IVD LINEÄIì OP]ìRAII]OR,S

I. lì.,\$t\
((ìlu,i-Nap oc.t)

l. Iret x be a compact convex subsef oT [ì nol'nlcil rea,l sp:Ùce. Iret
.9 e c(x) ancl let 1l bc tlrc linear.subspace of c(x) spannocl by (D iìn(1 the
,corìl,irìuous affinc ftLnctions on X.

In l,his paper the relationslÌip betu'een tire convexit¡- ploperties
,of g ancl the Roiovkin ploperties of F/ is in-vestigatecl'

2. I'el Y be a cornpact Ilausclorff spàce' { e C(Ye)', ü(,", y) ì 9
for,a,Il n,,rt e Y, n + y. frìt ]3(Y) ì:e the sl.race-of allr_eal-valuetlbounded
fnnctions"on -Y n'ith sûltlernum norm â,nd- Iet T,: C(Y) -' B(y) be a net
.of posil,ive linear oper'âtbrs such that lim ll7d1 - 1lt :0. Let

(1) rr,(Q) : suP { lTuþ (',Y) (a)l: 11 e Yl '

fllnnonrr:ivr 1 (l5l). // lim p,(Ù) : 0, then

,(2) Iim llZoÍ - /ll : 0 for a'Lt' /€ C(v).

3. Let D be a normed real space ancl let ,l be a compact convex sub-
:sel, of E. I'eL e(n): llrll'?. Lel, - To: C(X) + 1l(X) be a net' of positivc
linear opet'¿ùtors such th¿ì,t

(3) T,L:1 and Tult,: /¿ for all i ¿rntl all /¿ e -Ð*lX'
Entrntptle 1. Suppose tinat tr) is an inner-ploduct spâ99 ândlet þ(n,tl) =

- e(n - y). Then rr¡+l : llZ¿ e - ¿ll. MorooYer (see [5]) :

(4) llrJ -,rtl <
,whole o is the modulus of continuit¡'.

It)nample 2. L'eL nott' -l? : R" and' p,(rr r'..rfiu) : #¡' Let I e

€ C(-{) rvith the follorving ploper'1,y :

,{5) thero exist &o¡ &t r. .r &r+1 e 3(lY) and /c e ß, /u } 0 such l,lrat

þ(n, tÐ : u0(ì q (ø) -l' Ë o,@) p¡(n) I ct,,,+r(!l) ) trc(n - y)
j.=1

tor all ü; ll e X, and 
,t

úog t Z a,lpJf- &n+L :0 on -X.
J:L

T. R,AçA I
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Let E be a normed real space and. 9 e C(X) â ú-convex function.
T'et noe X and let 0.¡(f): ToÍ@o).By (3), 0n ale probabilil,y ll,adon
measures having øo as barycenter. It is sho¡vn in [?] that for all/e C(-21]
tlrere exist æ,'¡¡ e X ü + y and p e (0,1) such 1,hat

(13) 0'(/) - l@o): (00(ç) - e(.r.)) (n,:rt,y; T)l@, p, y; e).

Tf M> 0 letusdenote

DQ[): {9. 0(X): l@,It,y; g)l < Mp (t - p)e(n - y)

for all t, ll e.tl ancl all p e [0,1-ì].
Frorn (13) we obtain

(14) l(rol -,/) (ro)l < Qtllc) (1',q - .p) (llo) fol all le D(,V).

This yielcts

(15) llT,l - /ll < (nqc) llT¡e - ell foÌ all Ie D(t[).

Suppose now that./ has l,he property (9). 'Llhcn it is errs¡'1o vct'ify
1,hat/ e DQIl2).lhus n'e har.e

ll'nnonnu 2. Il ,f has the property (9) th,en,

(16) l(T'u.f -.f) (n)l a(Mlza) (T¿e- p) (¿u) .l'or u,tt, neX.
Itr, Ttat'tiau,lat',

(17) llT,l - lll < (xIlzc) ll 1'¡? - ell.

lf ,f? is an inner'-ploduct sìlace, lhen ¿ is a, 1-convcx functionr so
from (16) ancl (17) r'e obtain (10) and (11). Sincc A in (12) is /r/ ¡¡ao ll-convex,
ïrom (17) rve deduce

(r8) l1',1 -,/ll < (lln,olll?k)ll T¿e -- e ll lll" ll for all .f e Czla1 h)

rvhich is an improvecl velsion of (12).

7. Let nol' ,I bo a compact coû,ex metrizable subsel, of a locally
convex ñpace. Let g e C(X) and let -tr be thc linear subspace of C@)
spanned by g and the conl,inuous affine funcl,ions on X. The follou,ing
are ecluivalent (see [2] antt [6.]) :

(i) "A is a Korovkin subspacc
(ii) 9 is strictly convex or stlictly conca\¡e.
On the o1,her hand, the c-convexity of g is a, sufficicnt condition

in orrJer to have (1a) ; if -IJ is an inner-product spa,ce, 1,hen this condition
is also neceßsary.

'Ihe signification of the conclition J' e D(M) in (14) is illusl,r'aterl in
[4, Corollary 5.2).

fl. I-,et fi 'bc an inner-product space. tr.or each n e X let v,,, be a, pro-
babilil,y Radon measuÌ'e on -Y having ø a,s barycenter. Ilor r¿ e .N antl

l'hen ¡.r.1(t): ll(?,ç - p) øoll. Moreover,(see [5]) :
(6) llZol -/ll< 2<o(/, (Ãj_rll( T* _ p) ao IDur) for ail ,l € C(1).

'lhe case ït, : j is investigated in [g.] and [31.

4. A function g e 0(X) with the property
(7)'llhere exists o. R., c ) 0 such that

(n,p,!t; e): (1__ p) e@) + p e@) - e((r - p)e¡ *,pt| >
cp(J. - p) e(*¡ _ E)

fol all fr¡ ll e 
'-l1 antl all2r e [0,11

js c¿¡llctl ú-con\rex.

1o¡, t#r¿ e:tfliñi ilT#ri,:îl"ex 
f'nctio' from d(-x) har.ing r,he properl,y

rf -u : rl, N : [&, hl, g e cLø, äl is c-c<irivex â,ncl

(s) 
ç',(ø) > *@, piþ) ( _f.co

1,hcn 9 has the propert¡, (5) l,iilr &o : I and ft == c.l'n particnlar,, fol a corvex iunction ge Cla, ölrvith (g), 1,¡e con_ditions (5) anrt (?j rrr,c ",tùi;*l"r;:"
5. L,ct X c fJ c E, [/ open ancl let f : tI -_> _Zl such thal;

(9) / is t'rvice ,ifferentiabrc on u a'd trere exists tr > 0
such l,hat ill',@)ll < Jlf for all æ e (J.

.,"trn ttiil,rlrl; ^" 
inner-procluct space. llhen the'raytol fonnula, logel,trer

(10) \ToÍ -fl (u)l < (ruIlz)('r¿e - e) (n) for a,I ne x.
This yietds

(1r) ll¿,l _ Íll < (lt[lz) ¡,t,oc _ a¡¡.

For _D : -R see [4, $ 2.6].

f-¡et nog' n : Ljl Dlu*p_f e 2. Lr¿L 
_9 -e 

C lø, ål be a convex funcl;ionhaving l,he properl,¡, (5). lt is 's1,ãrnli 
igl that if J.e Cz fa, ,l,.then

(L2) |T,l - Íll ( (2¡¡røo llltù lt,t,,ç _ ,pll ll.f,,l.

ald ( t1ì"i"Jill'J"J;iiJfä,1å'"::ålï'Tïå"'if""-ï:ri-tJJg'
*î" anct (6). \aie shalt deduce (10) an<i (12) from a



-134
I. EÁ'FA

4 t APPROXIMATION O¡' TWICE DIFFEn,ENTIABLE FUNCIfONS 135

þ,i¿,: :i ¿:í !"'o'J},llsucrr thaû put.*,... 't)n,:1. r.¡er po: x,,--> x,
.nó; i'.' br]rj""r,r o"::!'x+ 

rui,' 
* P oo't''' ['ct u'',,'l' 

'., Ø' .]tu, (ø factors).

B,.f(rc) :\.{ o t,u d p,.n

B,,f a,,-e thc Rernstein_Lototski_Schnabl polynornials (see l5J).

:turcl 
I'et J!(n) - ,t,,(e). ft is shoryn (see li)]) flraí ß,, sa,l:isfy (B)
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(19) J),,e(t;) :

'lllrus rve havc
(i-,rt,,)oç,') + (1- É oi,t)eø¡.

420)

Ir't'orn (4) ive tletlucc

(27) IlÍì,,.f -l'¡¡ ç 2cr

llBuc -ell:.1!j,,-ell T ,Pi,

f, 1I!'- e¡Ëpi,,
j.-t
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folallÍ"C(,y)

tf ,f e D(M), then (1.t) irnplics

'(22) l(B,,,f .-./) (.r,) | a M(r(r) _ c(r))f p1,,.
j:1

,!,;,( ,t:t'1ú.i¡*Ìì ;J,T.ll¡n ;Í#;Jffi tll,¡ì "l;!,rll!.xisr Rv (tiì), for eacn g ..[o,il ;"d ä, i; ätä,ij ií¿;poinbs in [0,1] such th-¿rí
8,,,[(;a) _ l(a) : (Iln)n(I _ n) l;nt, nz, &a i |jr¡'ltere ltt, ã,2, flzi.flis the diviclecl clifference of 1.. 

.I.his is a result f.orn [1].If J e D(X[), then from (22) we obl,ain

lB"l@) - J@)l : (Iln)e\t - e,)M
for all c e [0, 1] (see also lrì, S 2.Zl).
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