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.. _ ln f 4] rvc havc sho$¡n that the ú'hierarch;' of convexityD esl,il.blishecl,
liol the functionsbyA.M.Bnucrrvnn anctE. os'rnow in [1],is also valiáfo ''tuin 6l
of of
of pr
ccs,

Let us recall some clefinitions ancr sornc results frorn [4] and 16'lwhich rve ncecl in u'hat follorvs.

I)nnrNr'rrorv t. A serluence (a,,)f_,1 ,is called,:
a) cou,ueu, i,f :

(1) Azct,,,: ür+z - 2ctn*, I e, )- 0, for n Þ O ;

b) siarsttu,gterl, if it, satis|ies :

(2) DL c[r,: &n+7 - &o -- a" - &o 
>- O , ,or ,¡a 2 L ),tt {1 Ì?,

c) superad,tlitiae, i,f :

(3) &n+m I ão 2 &r. I úro, for any n ctncl tn.

nr¿nnqnro¡q Z.^The seEuence (a,)i-oltg,.s.the ltroparfy 
((p), inth,e meat,;

i,J tha serluenoe (A,)y:o h,aslhe Ttropeit¡¡",,prr, wh,ärs:.

(4) A,,:9e!::-t!, , for n, ) o.
lLl--

Iìnm¡nr< 1. Denotins^ by Sr, {a,. {r, ñn, Bu and ñu the sets of convex,
mea,n-convex, starshaped., superadjtitive, mean-starshaped, respectively
me,an-superadditive sequences, we have proved. in la] tlhe þrop-er inclú
srons :

(5) ñr.ñrcB3cSncñucSu.
As^i1, is shorvn in l3], N. OØEKf has proved _that 

g,. B, ar'd, if øo:
ï0.1 Á1, - Sg.-As a,-mal,ter of fact, we atl,ached øo'in (Zl and (S) jist
to allow a,o + O in (5).

i



Rprvr¿¡rc 2. Instea¿of l,hearithmetic lnean ({), in [?] is considered
thc rveighted mean :

(6) Ã,:Poülj-::: j J"er!

?o *' ''i-P"
witlr 2rn > 01or n )- 0. the reqult from f?l was put in [6] in the following
*iÅprãí íorm :-the sequeirce (4")i:' is co-nvex for-'any convex (ø,),i:o if antl
onlv it t'here is ùrt xt, > 0 such that :
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u ! n -t
,IL

,fotn, )l

1
't|,

1)

n,!

1 'fìo 
-tu), for n' ÞL,,erl'

lt:O

Ilfq*fMrt 2. 'Ihe sp,fi,tlni,nê tn \@ :^ ^. ^--_it møy lte reltresentrå l.lyg:lt"oe 
(ct^)ff='o is n-n¡ean,-suurslr,aped if anit only if

(13) ct,o : aú a, : (I t J,lu) . ct _ cof,tú, cr,,,: (, . +) c.-r "(r**)
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(7)

whcre :

(8)

In this ca,se

(e)

STA"RSIIÁ'PED sDQuENcEs
l4S

,t- 1 cr

xt
T

L:1
'¿oh,et'e c,, ) 0 for lt, >

,IL-L+,, 'corfot'n>zk

2
Pt: Po

"'r, tflííil,f 'rf iår,ti.ä:åfåä"#], 
. sccruonce ((r,,),,2ois srarshapecr ir and

(14) . ,r*:nf,+_(n,_r).bo
t3t l¿

i:ìiir::?,loti';'î"i"k"l?¿u(l/,i-o is ø-mea,r-sr,arsrraped ir nncr onry ir

(r4') ai!:"i+_@_l).co
h-l h:

rvitlr c, ) 0 for ttt > 2. But, frorn (g), rve have:

1)

-Ã,n : A'; : å(' 
* l:-').-
tu, -l tt'

'tr

0

DnrrNlrroN 3. Th,e sequenae (a,)i:o is u-nleun-aonl)efr if (Afif-o is
,orrrrl.-rìiu-iet ol all u,-ntealn-connefi sequ'ences is d'enoted' ba S'i'

In [6] s'e have Proved-:

'IrtDonnrr L. Il O < 1) < tt, then hotd' tlt'e striat inalusiott's :

(10) ,Sr - Si c B! c S3'

For some fixed- functions.f, {1, lL) /i;: N + Iì, let us denote loy:

(11) Tü,, : l(n) a,*, I g@) ün+t * h'(tr')' an f lc(n)' a, I

and consicler the set :

(12) 5:1(ø,)f-¡ zTct',, )0,Vn>o\'

We have proved in l5l the following general result :

Lrnrmr¿. 1,. If (c' n)i:o e S Jor -any real c and' i'f (6)-git:es an (A")f;-¡

¿" S ¡or--a,W @,ff:', lr:o*:"5, tli" therö is an w ) ti suah tlto,t th,e weiqh'ts

pnbe gioen by (7).

CoNsnqunNcn.Il (Ã^)i-o giuen by (6) is süørslaape! Jor,an'y starslr'aped'

1a,,¡pr,-lnm"ttLe ueigíts' e;"liígntn iy'(7) wit:lù u 2 o ad,erlwataly o¡'osen-

Dnp¡vrrroN 4' The sequence (an)f;:,'i's w-mean-starslr'aped if (Ai)Lg'
gtøan-by-1ø¡ lt ti"rtnoptã.'in" tàt"'öi" u-mean-starsltnped' seqwenaes 'is

d,enoted, bU S'¿.

that is :

(1,i) "-: (, . +)
tr'rom (14') ancl (11)) wc gel, (18).

#iöir"iJnt,*** 
proved in [a] that if the scquen ce (a,,),,!ris ropresented.

,IL

tt, i_n-7 u,*tt__L
n-7)n' 

: (" i" )n, - Ail-t

n
u

Aä-t .

(16) Azûn: bn+z _ 
í11r,.,.

ft is oasy to check also ilre following results :

I_rnulru B. If th,e seqrûence (a,)i_ois regtresented, by (L3), Uten:
(1?) Aza.:(t +? \ z" (- ' ;- )'0,1 

L2ã,,:(, * "#).,,*, - ".r(t*r#

(18)

cn+r+-3:]-cu,forn>o.

l'¡f¡tonntr 2. IÍ 0 < o < u), th,en the striat ittclcts,iorts lrclcl :

S, c ñff c8i.
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so tha1, (ct,)i:ois in Bo f."" iOlllT,
Exarnple 2. For an arbitrary s

ct,r, I tüo - (úr-1 - cl1: (, * #)

S TA.RSHEPED SEQI,ENCES

-1- 2) (u, 1- B¡

not in Bj, for u, > 7.
equencc of ilre form (18)

151

. . ^Proof-. 
(r) Let .us.luppgte that t'lre sequencc (ø)i:n is represented as

in (13) and also as in (_14). This may be done for elór¡i s"qrräoce. Then,
from (16) ancl (17) we decluce :

å:if 3 ì,:' [íåÌJ,j:i"i,,i f;#iî:3,.ñ.o. i". 
¿ > 2 Ereuce, rry Lemma

tt(o - nt

a(u # 2) (u, l_ B)
d,z

a,nd" rl,, : 0, d, > 0 give úg < 0

*" u#iftäti 4. llor u, : I,8í : Bo, so rhat ñ¿ . ñ5t. ljy ltreorern 2,
(19) 

,S'u c ñff, for 0 < ?, < 1.

*:":"f Ålîi.+""'*Ii"lrr9"rl"t,owi'g cxaruplcs, lrrcr,e is no incrusion be.

"t ,, l-:'f#]å,t' "o" 
ct,, : ln,l2l, rvìrcrc [ø] clenotcs urc i'teger part

.DT A,; : tr,(I - tr,)

, 'n,-L-F-c"
u

lor n, > I, which give, by induction :

u, 'n(n, - 2\(n .----]-_hu I _:__#_^ cr_t, l'ot' tt 2 2.tt,)-n (tt, -l n) (rr, - 1)

So, if h,, ) O lol n, > 2, we obtain, step by step, c, ) 0 fol n >- 2. Thal,
is ñ, c Sg . Thc inclusion is proper because we hal¡e:

,,:('*+),,-t-a,
which J'jelds á, ( 0 for cr:1 a,ncl úe:0.

(ri,) Norv suppose thal, thc sequencc (a,)i:o is representecl by (13)
and 'by:

(13') ao : d.o; u, - (1 + !la) d, - dolo) &n: (I I n,la) d,, I

1 -l-l
,t) I dt.

lc

l¡,
,1+-a
1.r

c2

and.

l)
It,

r+ô 
- 

-

nj- | )0,.
n+2

l)t¿+l: lL

- ,tt,{ L
1+

tt-7

1T
cul *

1t, -n2+Bi¿-1
we have:

c"-t I
cr, -f

u(rt - I)

tr.,.,ï":'i,:,";"ï * -ll, ,;lÌrr'! --?: r r >,,,Ereuce, ir wersi bur not in ,sn. 
* rtn - 1 a'nú c,'-t: r, ro""äo'l ,.'í,1äon cc (a,)f;_o in

+"(
Trom (J-7) rve ha,r,e :

ancl for nÞ t:

n - t¡-!-
a

rZo, fol n >2, IìI]FEIìIìNCDS

F*T) (t * r#) .,"*, n '' *' .,.:
: (t + tt' * 21 

,r,,*,
l. 0 ) tt,)-l \ ø J I)

So, again by incluction:

. a(u -f n) +t,t '=1 (h - L) cr

u(ai_n) n -L#, h!.(a */c)...(a*n)

'iM 
;;r';;,: t":; ̂ :,''Ihc'¡ 

t ass' r c'nucq

s--,r. r,,,¡r.'jii';k'i,.,'ilil;i:",,ilil.'j,";:,,:., 

^,,,;,,,,.,,¡i;.,,, S t alr k o vi i, .\1.,S.. 0l
rì cog'a d. r,,, ii, . 

i.,i..r.ì,,ãí : i?,:, i íí1:,,ï"i:r,ii,;i.
sequenccs. L,âualyso Nuìn. cL la .1.h. 

cle l,z\ppt,ox.
t 

å" "ir' rtí l ri.u' 

nc ¿'lr¿ss¿s s cr rì'' r'rh 
"4' rr g h c l u lir ",

s. _Subnrittecl for. puìrlicatiorr.
, 

.À{_i 
t ¡ o v i ó,. Z. À1., So¡i¿ t)rot)¿r-(24), 2I)5 - 2!2 ç tzi¡.''-"'" I'I ut)ct'

(I t 2lu,)'cr: (7 | zla). d,
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