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In [4] we have shown that the ‘‘hierarchy of convexity” established,
for the functions by A.M. BRUCKNER and E. OSTROW in [1],is also valid
for sequences. Starting from a property proved in [7] and generalized
in [2], we have extended in [6] this hierarchy, inserting between the set
of convex sequences and that of starshaped Bequences an infinity of sets
of sequences. In this paper we prove similar results for starshaped sequen-
ces.

Let us recall some definitions and some results from [4] and [G)]
which we need in what follows.

DurintrioN 1. A sequence (a,)%_, is called :
a) convex, if :
(1) Alq, = a,,, — 20,49 + @y = 0, for n >0 5

b) sim‘shaped, if 1t satisfies :

Qpyy — @ a, — a
(2) Dt tp== e 0. 2
n—+1 n

) superadditive, if :

$ >0, for n>1;

(3) Gpim + Oy = a, + a,, for any n and m.

DErINITION 2. The sequence (a,)%., has the property “P* in the mean;
if the sequence (A,)i_, has the property “P”, where :
(4) A:a0+...+a

=" forn > 0.
n 4 1
REMARK 1. Denoting by 8, Sy, 84, Sy, S5 and S, the sets of convex,
mean-convex, starshaped, superadditive, mean-starshaped, respectively
mean-superadditive sequences, we have proved in [4] the proper inclu-
sions :

(5) BBl c S clcs,

As it is shown in [3], N. OZEKI has proved that 8, ¢ 8, and, if a, =
=0, 8 < 83 As a matter of fact, we attached @, in (2) and (3) just
to allow ay % 0 in (5).
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- - PR 2 : . -dered
" REMARK 2. Instead of the arithmetic mean, (4), in [7] is' consl
the weighted mean :

ji :poao + .0+ Pl
(6) " Po t- - P

in [6] in the following
i for he result from [7] was put in [ : b
V&_flthlp,, firgl{'oih?z ?egﬁeT'ntZ (A,)70 is convex for any convex (a,)y-o if &
simpler f : :
?)lnljlr) if there is an % > 0 such that:

_ u+”_1),forn > 1
(7 Pa = Po N
where : \
v 1 (A _1—-1ﬁ (v —k), for v >1,ve€ R.
(8) ( 0 ): ! n n! 0

In this case:

(9) An ::Ax:.hzo

' - if (A9, is
®_o 18 U-Mean-convex
equence (an)n=0 R b S"
FINITION 3. The s i 4
cowveaiP EThe set of all u-mean-conves sequences is de Y
In [6] we have proved :

TrmorEM 1. If 0 << v << u, then hold the strict Inelusions :
THEORE g
S, = 8% <= 83 < 8,
(10) 1 s denote by :
Tor some fixed functions f, ¢, h, k: N—=R, let u

. 1 G .
(11) Ta, = f(0) Gugg + G(0) Gpyy + B0 - @y 1 K1) - ag
and consider the set : )
(12) S = {(an)20 : Ta, > 0,V 0 > 0}.
We have proved in [5] the following general result :

n= ) 6) /" ( .-r'l,)n_—()

LemmA 1. If (¢- e 8 for any real ¢ and if (6) gies an A -

S for any (a )f’(o M*’Zln A%', then there is an u > 0 such that the weights
i’n 0 ) Py

(l)\lSE] ly)E)(N(}H If pad ) arshaped for a stm‘shaped

) . LT 7 any
e An n= g?ﬂ)e’n by (6) 1S S. , " '
(@) :_°C tlhethhe weights( p”)a’loe given by (7) with w > 0 adequately chosen
1/ n=0)

0 ie g -starshaped if (Ay)ios
D i ence (@,)5, 18 U-mean-s i
; ljﬂ FI(gI)TI?sN s;lc;?'shtf:]e)e;f} qui’he sEet gf w-mean-starshaped sequences
given by

denoted by S%.
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LEMMA 2. The sequence (a,)

heo 18 t-mean-starshaped if and only if
it may be represented by '

(13) ay = ¢,, G = (1 4 1/u) - ¢, — ¢ofu, an:(l -+ —n~)
%

n-—1

¢, - n(l—f—i) .
u
2%_ (n—l + %)-(}0, Jorn > 2
k=1
where ¢, > 0 for L > 9.

Proof. As it is proved in [4], a sequoence (@,),%, is starshaped if and
only if it may be represented by : :
(14) &, = ni" —I;L —(n —1)-p,

k=1 IV

with b, > 0 for» > 2. So, (a,)2.,

is w-mean-starshaped if and only if

(Ay)2., may be represented by :
(14') A=y %y
=1k
with ¢, > 0 for k > 2. But, from (9)

-00

, we have :

(u + n —1)% _ ( U -4~ n )A;: __(u +n —1)4{1:5-1
n "

n—1
that is :

(15) o= (1+ o)
. (1] u
From (14) and (15) we get (13).

REMARK 3. Tt .W&S

proved in [4] that if the Sequence (a,),%; is represented -
by (14), then :

n
‘(16) Azan = bn+2 — m b1l+1 .

It is easy to check also the following results :

LEmma 3. If the sequence (a,).o 18 represented by (13), then :

‘(17) .Aza(’::(l +£)'02; A2an:(1 + & + z )' Cotg — n_— (1 \2%—{—3)
Y s n+1 1
—1

W

0n+1‘+‘ Cuy JOr 0 > 0,

THEOREM 2. If 0 < ¢ < %, then the strict inclusions hold -
(18)

S < S < Se.
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neo I8 T sented as
: 1) Let suppose that the sequence (a,),Z, is repre
i (131)07;1(;{;. 2(1:1]’S)OJ'J;SL illlls(lﬁ).pThis may be done for every sequence. Then,
in

from (16) and (17) we deduce :

2
= (102 )e
w

and
n n+ 2 ¢ " (1 -f- M)Oma aE
by — nt 1 Yo (1 e T e n+t 1 u
n—1
- ¢,
t %

for » > 1, which give, by induction :
Yo nn — 2)
w —|¥ n " (v -+ n) (n— 1)
>z 2. That
So, if b, > 0 for n > 2, we obtain, step by step, ijnm%e(-) for =
isO,S < bjf,,' The inclusion is proper because we h :
: .

3 2
by = (1 +—)03 o 02
_ %

i = 2.
07l"‘17 fOI‘ iges

Wkl —
(’)L

3u

which yields b, < 0 for ¢, = 1 and ¢; = 0. 5 108
(1) Now suppose that the sequence (a,)i, is represented by

and by :
(A3') ay =dg; ay = (1 + 1/v) dy — dofv; a, = (1L 4 n/v) d, +

o e (?l —1+'&) do , for n > 2.
™ ”(1 + T)kgl I v

From (17) we have:
(1 + 2/u)-¢, = (1 + 2/v) - d,

and for n> 1: n—1
7 nt2) __*’_(1+2"—+3)-G"+1+T"’":
(1 + = rée gy o
3 n—1
nt 2y, _L.(1+2"—+—)~dn+l+7dn-
:(1‘!"'—0— n+2 7w _4_1 v
So, again by induction : it 1o
1 a-1 (1 k
_ )iy o8]

(v + n) W n—1= k- (v +k ... (v4n)
u(v
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Since > o, if ¢r> 0 for » > 2 then d, >0 forn > 2. Hence, by Lemma,
2, 8% < 8. The inclusion ig proper because :
u(v 3 3 (v — o
o= MAD 45 wr—w
v(u + 3) 2 o(u + 2) (% - 3)
and dy = 0, dy > 0 give c; << 0,

d,

REMARK 4. For o — 1, 8% =8,, 0 that 8y = 8. By Theorem 2,
we have also :

(19) Sy < 8¢ for 0 < o < 1.

A8 we ghall Prove by the following examples, there is no inclusion be-
tween §, and S for u > 1.

Example 1. For @, = [#/2], where [2] denotes the integer part
of @, we have -

DUy — W1 — w)
6(u - 2) (u - 3)
80 that (a,)®_, is in S, (see [4]) but not in Sy forw > 1.
BExample 2. For an arbitrary sequence of the form (13) we have :

@, + o — Uy — @ =1 -+ l) "0y _{M__u_%i‘——i Ch-1 +
% w(n — 1)

1\ g
+ 114+ ._.) .
( u k§2 %
For any v > ¢ there is an "y Such that 2 — 3y + 1 > . Hence, if we

take ¢, = 0 for #* %y — 1 and Om-1 =1, we get g sequence (a,)® , in
S% but not in ).
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