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o""t å thc 
^ilj*JT,rlshapproa_ctrforthebotile-

can be formulaterl. ft is shori,n that thiJ p"o_Ufäã
transpo hypotheses, to a deterministi" ¡"üräããcî

n"onr"tmlntrotluefion' 
we consitler hero 1,he bol,tlenecrr l,ra,nsportation

minirnize t"(X) : max {t,,1(.i, i) . I(X)rt
subj ect to
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(3)

(4)

1tIj-1
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i:1

t¿j - (tr,¿t i. lW : {L,2 r...,, nr}
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ã)¡t : bJ, j . Q : 1I,2,..., îLl

rt,20, (i, j). jUXq,
il,il

X n'' -- \ b,,
¿:t j:t

,'lili#iil{,lo'",,
supply point i to clemancL noint ,i-
ted from the iu, supply pbiot ti

i""å"t 
all feasible solul,ions of ühe

f'(X): i(t, j) e.M X elnq) 0\ is the posil,ive graph of ,T,
and all of tho clata arc integ'c's (or equivalenily'al,ionars). The l,ransoor_

ii|ji-"Jåiå*ät"""TendentoÏu'"ãi"áäntot-õîm;äiüîi;;ä"ri,"1fii.ii-
'Ihe time min

conìirrererr bt-rüil t3lilä
by Ilarnrner jlOeO, 

?1), S
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19?0, 19?1), Bhatia, Swaru
(19?8), Øimmormann (19?8'
itso+ù, 1964b), Janicki (19

itozz, 1978), Sharma (1978),
son (1976).' The solution method ProPosecl

(1) (4). Âlso, in [13] is givett
n tho recluotion of problern (1)--
m. Grabowski (1.9tì4 zr, 1964 b)
ical transporl,a'tion proÌ-rlem too'
lineal ancl boti,lerrcok objcctivcs

iYe ot'er a ccrtnin algebraic strueture'

um flolv roul,inc of the lvell-knou'n '

dinensional time minimizing transp
diecl by Sharma antl Srvarup (1977)'
(1e80)

2. Thc rilinirnum risk a¡lproach tor thc bottlencck transltorf¿rtiort problcm'

Lct norv fÐ assume random values :

(5) ti¡:trii¡ * ¿(o¡) L'r'r1V (i1i) e M x I

lem:
Tincl

(6) ,t)(ø) : rnax P {./ 
,,, r1,o3},", 

(fi, + ü(<o) fii) < e}

subjecl; t,o constraints (1) - (4).

STOCHASTTC IIOTTLENECK TR¡ANìSPORTA'TION PROBLEM 155.

We assume that
(l) Ç, and allsho on'1Z¡, tnebe botitéíeckdoe bution fun
¿( .o ).

flrrnonnm r: r{ r,h,e u,ss*mption._(7).holds and, if rhe d,istribution, þtne-tiott' .T of t!ø) is-continuou* anil-strictty 'increasi,ng, tírririln mitaim,tmn tislc-
::"t:t::"U:;!t:ry,J6) dgel not d,epenã, on, r, anrí'it c&n b-iobtaine,d,iy,oi,o_rnl olle oJ ütc botil,eneclc transptortat,ion, lttoblems;

,+, ir tì,'> o

subject to constrainús (1) - (4), or

rnin rnâ-f, z-li¡
(i, i) e L 6) ti¡

subject to cottstrctiraÍs (1) - (4).
Proof : From (5) ive get :

I(X, ø) : P [. I 
,,,T?ä*,(t',i 

* t(!ù t;:t) < ø] :
: P {,øf(t'¡¡ * ¿(co)rí;) < z,y (i, .j) e L(X)} .

Ilence, according to (?), it results:

I(X,ø): P{to/ú(co) ( g¡¡, V (í, j) . L(X)} if tri > O

P{alt(a) ) g¡t,v (i, j) e L(X) if ¿i; < 0
where ltu: (z- t:,ìltíi.

Also, -lve havc:

tnax mrn
(i,i)eL6)

f(min
li'i) eL

7--T( mâx 9,t), jr üi< o.

, i,Í t:'j < ol

ifü'j<o

9¡¡), iÎ r;i < o

6¡gut), 
11' tí;>o

max ?( rnin g¡),
(i,i)eL6)

1 * min ?( max
li, il e L6l

I
t li, i) e L6't

Then the problern (6) becomes

max trt (X, z) : I
t
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hence, by tho assumption that ? is continuous and. strictly increasing,
we geb:

a(z) :,nâx ú,(n,ø):{lïk#*ï:iï', 
I,",i,',r],, . ot ti,i)er.t,xi'""''

Thus, one gets immediatel)' the thcolem.
Nolv u'c assume 1,hat

(8) t¿r: t',j t ¿ii(.) ti,V (i.,j) e rYxQ,

where tÌ;((i, j) e M x Q) Íìre independent land.out valia,blcs rvith tho
continuous and strictly incrcasing clistribution functions ?'

Also, n'e âssume that :

(9) tij>o, V (r;, j) e l[ x Q.

fn this case, thc minimum rislc solut,ion of ¡;r'oblern (6) clopcntls
on T¡.

fndecd, as in the prcr.ious câse, \\¡o have :

F(u,ø): r{./,,,}11ä )ftir F tf;(a) ti") q c} -
: 

1'l,|,],,.{jË'J;',o=,i,,] '. ii,i,'!" 
:

: 
,r,#rr*r''t(g't)''where 

gu : (z- tí)lttit'

IIence
(10) rnax .n'(X, ø) : rn&x,n,rll,", T,Águ)

subject 1,o constraints (1) - (4).
this problom is ecluivalent with l,he problem :

(11) max ln (,r,,#",*!,,Ø0,ù,

subject to constraints (1) - (4), or

(Lz) ma,x X ln T¿,(gr,)
u'ileLlxl

subjecttoconstraints (1) - (a).
Ilence we have:
.Inoon¡;u 2: IJ tlr,e ussu,m,ptíotr, (9) Dolds and, if tlte d,istril¡wtion, fwnc-

tiotts I'n, of ti/a) aie aontitttt'ott,s and, strictly increasing, than tl¡a mininnwm'
¡'íslc sol,tttion of Xhe problent

max P [./ ,,,f3î ,]tír * ¿ir (.) tíí) < ø]

swbject to cotastraitr,ús (1) - (4), can ba obtained, by solaing tlt'e problem' (1-A)

or, alui,aalently. th,e Ttroblent' (12).

5 sTOCrlAsTlc norrr:nrv¡cx Tn!{NlsponTATIoN PRoBLEM 
757

- 'he 
prorrrom (12) is a fixca crrargc trarisportal,iorlpr,obrem, 

wìrichf,:i1i:i.iïen rt s on r i c a i s¿ri'riir"li-i',i'ilü;"itåi:iÏ 
t h o, a n dom'a riä_

,_"e"* i:ifi1"îîi'lï._i_l"J:i,"'ffiilTi"'l$"'f;

r,el,rr r;"".1jj"#.$;;1îifiîär'nî"ïr?Ti
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l' Introduetio.' Let x be a Banach spâce, D an open subset of r¿ùnd .F i n --> X ¿ nontin"". op"*toiîi;;.tî;'ploúi"ï",
(1)

-E(ø) : g

\ve are interestecl in solutions #* e D for thc eexists at lcast one solutio

l5l and Ul'rn |JZ] for equations in Banach. Given no e D then for. ,ir'r*.^ f. ";;;;ä""
(2)
solve
(3)

a,nd take

lno:0rr-F(ærr)

J(ño, nn)c,r: -- X(çr)

(4) tn-,T: ün - cn

a furúher gcnerarisation for equations in trréchetspeces has beendone by Balâ,sz and Goldn"* tZt.- 
"Y*


