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Abstraet. In this paper the minimum risk approach for the bottle-
neck transportation problem is formulated. It is shown that this problem
can be reduced, under certain hypotheses, to a deterministic bottleneck
transportation problem.

1. Introduction. We consider here the bottleneck transportation
problem

minimize 1°(X) = max it/ (1, j) e L(X)Y

subject to

(1) % Tyg =@y ie M= {1,2,..., m}
j=1

(2) Za}iJ:bhjeQ:{l,zs-'-,”}
i-1

(3) J"ij > Oa (7a .7) e M X Qv

i=1 j=1
where

@; is the available amount at the it supply point,

b; is the requirement at the J" demand point, e

¢y 1is the transportation time from supply point ¢ to demand point j,

@y i8s the amount to be transportated from the it» supply point to
the j'* demand point,

X = (wy) is an element of the set of all feasible solutions of the
“classical trangportation problem

I(X) = {(i, j) e M x Qx> 0% i3 the positive graph of X,

and all of the data are integers (or equivalently rationals). The transpor-
tation time is independent of the amount of commodity shipped from sup-
pliers to consumers.

The time minimizing (botitleneck) transportation problem was first
considered by Barsov (1959) and its study was subsequently developed
by Hammer (1969, 1971), Garfinkel and Rao (1971), Szware (1965, 1966,
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1970, 1971), Bhatia, Swarup and Puri (1977), Derigs and Zimmermann
(1978), Zimmermann (1978, 1980), Achary and Seshan (1981), Grabowski
(1964a, 1964b), Janicki (1969), Niestierow (1962), Sharma and Swarup
(1977,1978), Sharma (1978), Ramakrishnan (1977), Srinivasan and Thomp-
son (1976).

The solution method proposed by Barsov (1959) was based on the
simplex method. Primal methods equivalent to Barsov's method were
considered by Szwarc (1971), Hammer (1969, 1971) and Srinivasan and
Thompson (1976). A second type method was proposed by Garfinkel and
Rao (1971). Their approach is based on the Hungarian method and it
involves the introducing of a sufficiently large cost on certain routes.
Niestierow (1962) used an adaptation of Kantorowiteh's linear program-
ming dual method for solving problem (1) — (4). Also, in [13] is given
a method by I. W. Romanowski based on the reduction of problem (1)—
(4) to a classical transportation problem. Grabowski (1964 a, 1964 D)
transforms the problem into a single classical transportation. problem too.
Zimmermann (1980) established that both linear and bottleneck objectives
can be subsumed under a linear objective over a certain aigebraic structure.
In [28]the primal method for golving algebraic transportation problems
which is based on duality principles over semigroups is applied to the bot-
tleneck transportation problem. Achary and Seshan (1981) considered
o time minimizing transportation problem with quantity dependent time.
In [14] it is shown that the special nature of the objective funefion enables
one to construct very easily an optimal basic feasible solution in finite
number of steps using only the maximum flow routine of the well-known
primal-dual algorithm of Ford and Fulkerson. Sharma and Swarup (1978)
developed finite procedures for two- and three-dimensional time mini-
mizing transportation problem. These procedures are based on moving
from one basic solution to another until optimality is reached. The three-
dimensional time minimizing transportation problem has been also stu-
died by Sharma and Swarup (1977), Sharma (1978), Maggu and Sharma
(1980).

9. The minimum risk approach for the bottleneck transportation problem.
Let now 1;; assume random values :
(5) by = by -k 1) 43 ¥ (3,5) € M X €

where #;, tj; (i€ M, je@)are constants and t(w) is a random variable
on a probability space (Q, K, P), with the continuous and strictly inereas-
ing distribution function 7'(2). Similarly with Bereanu (1963) (see, also
[19] and [20]) we consider the minimum risk problem corresponding to
level z, associated to the bottleneck transportation problem (1) — (4).
This problem consists in finding the optimal solution of the following prob-
lem: !
Find

(6) o(z) = max P {0/ max (t,; + t(w) t5) < 2t
: (s ) € L (X) . .

subject o constraints (1) — (4).

where g, = (z— t;,)/t;;.

s
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- “W.e assume that

(7) tiy # 0 for all (i, j) e M X Q, and all have the same sign. We will

show that, under the assumpti ini

. sumption (7), the minimum risk

B ge :0]111?] dl;}};} r?d dg}i;el;;r}iungs_tic _bot1_31e1’1eck transportation p;?;%(la; ( ﬁhﬁgﬁ
o ) e distribution function of the random variable

THEORE . :
tion T iﬁ?ﬁ];? L: If the assumption (7) holds and if the distribution fune-
solution of pmglz%lt(léz)wéus cmdt fztmotl_?/ increasing, then the minimum risk
: ' oes not depend on T X o :
wng one of the bottleneck tmnsporfation p?‘oblc;z;i‘ :” oan be oblained by solv-

! A
max min Clih el I A e T
(i, §) € L (X) 7 s if 3, > 0

subject to constraints (1) — (4), or

. 2 — 1ty /
min max ——, qf ¢
(i) € L (X) i Ukt
subject to constraints (1) — (4).
Proof : From (5) we get :
F(X,2) = P {0/ max (& :
ti" ! ’ 1 =
‘ 8 (0 j)eL(X)( i + t(()) tw) < 2y =
= PHo/(ti; + () ) < 2,V (i, j) e LX)} .

Hence, according to (7), it results :

F(X, 2) = {P{w/t(w) < 9 V (4, J)e L(X)} if t'z; >0
Ploft(w) > gy V (4, §) e L(X) it 175 < 0

Also, we have :

Ploft(o) < min g}, if ¢ e

Bz, z2) = S gu}y it 1 >0 |
P{O)/t((‘))> ma’X 3 - Ny

(s ) €L(X) g}y if <0

T( min g¢,), if ¢
(i) €L (x)g”)’ SRR

1 -— T( max ) it !
(i,j)EL(X)g”)’l tiy 0.

Then the problem (6) becomes
max T( min g, if 5
max F(X,z) = R hiE

1 = min 7( max g, if &7
(is 5) € L (X) i)y 1 1y < 0
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hence, by the assumption that 7' is continuous and strictly increasing,
’

L T(max min g,), it ;>0
(4:9) EL(X)

1 — T(min max g,), if ¢; < 0.

b(z) = max F(wx, 2) =
i (i) ELX)

Thus, one gets immediately the theorem.
Now we assume that
(8) by =ty + ty(e) 15, ¥ (4, )) e N XQ, i
(2,9 e i ent random variables with t
zcr)};%;ugﬁél’aﬁg gfriétl?r)in@i‘gasﬁgegies%gbution functions 1';.
Also, we assume that :
9) t; >0,V (i,j)e M >\ Q. s ionys
In this case, the minimum risk solution of problem (6 3

i Tifndeed, ag in the previous case, we have : i 1
F(aw) = P{"’/(,-,}Pé’iﬁ : (ti; -+ () ) < 2} =
— Plof(l -+ th(e) ) < &V (i,j) € L)} =
= Ploftj{e) < g,V (i,)) e (@)} =
=ul] Tiy(9:;), where g,y = (2— t;)/8};.
(,§) €L{X)

Hence

(10) max F(X,2) =max [l 7T.(9:)

(6:j) € L(X)

j j o — (4).
bject to constraints (1) — ( ‘ .
o This problem is equivalent with the problem :

T',(9:5))
(11) max In (("]_)IGIL(X) i0e)),
subjeet to constraints (1) — (4), or
In T's; (945)
oot U (i) j)gL (X
subject to constraints (1) — (4).
Hence we have : = ‘-
i is and if the distribution fune
" y : If the assumption (9) holds and if Fidin
tions J_lj'HE;)?;‘R;:‘I\(I co% m‘£ continuous and strictly increasing, then thq mi
(Y 1]
risk solq,;tion of the problem * o }
max P {®/ max St{, + 1 (w) 1) < 2
(t,)) € L (X
; ing | { 10
bject to constraints (1) — (4), can be obtained by solving the problem (10)
S |
or, Jequiwlentlg/. the problem (12).
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- The problem (12) is a tixed charge transportation problem, which
however,depe{nds on the distribution functions ™ 7, y of the random varig-
bles 7, (@), T .

.. 3. Remarks. A similay : Pproach can be applied to the clagsical botle-
neck assignment problem or to the bottleneck assignment problem. with
an-additional constraint (see [25]).

. We mention also that another type of stochastic transportation anq
bottleneck assignment problems was studied by Yechiali (1968, 1971).
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