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1. I¡tr.cclucti¡u. In [1] the Îollol'irrg optiLlzr,l conl,rol ploblern rvris

consiclere 11 : fincl a pair' (17, ,u) that rninimizeir the function¿'¡l

T
I(1.1) \telrttll -¡ s(tt(t))',d't'r QQt(?)) subject' to
J

thc sta.tc .q..ntlott
ty' - ^y 

* 9(y) tuI)Y ä,.e. in I :9 x 10, ?[
I(1.2) { y(r, 0) : Uo@) ¿ì'c. ,t € O

[i7(r, l) : 0 for ('r, l) e X : âO x]0, 7[
l,here O is an ollen, bourìclecl clom¿rin of 1l'\' s'itìr srnooth 'bounclary

0Q; g, rþ: -L'z(O) I I¿ ale nonueg'r,tit'e, locall¡- i,ipschitz, funcbions, âld
y is a,'pi'oper, lorvtl semiconi,inuôus, corl-er luucLiotr 1,ltal, s¿ltisfies the
g'rorvth condition : llrs0, Cre 1Ì sucli tltnt

(1.3) rllv\> Ctr" ', (1, foi' rrll ø e lJ

In (f.2) q'rnealLs thc, cLeriviltive of l/ ¿ìs ¿ì lunctiou of Ú lrom l0.r "]to I'z(O), À is"thc: Ì,rrplaco operator in tr'z(O), pc- t? x 1Ì is a rna,ximal
rnonoionc opcl:r,tol such thai 0 e p(0), B : -t'z(O) -'¿'(O-) is ¿r, boundecl .
line¿lr opelirtol ancl t¿ is a sctllar function frorn -t2(0' ?).

As se hÍì\-e seeìl in [l] eclutlfion (1.2) can 1r* 1¡'fi{f¡n tì,s

(r.2)'

tr.ltere

la' , al(y)>uBy r.(,. orì lo, ?1.
l7(o) : 7n
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-¡.1;o l't¡ r'e thtr,t if r7n e

lr.rÌtrriL-s rì sti'orìg ch in aclcliti
llolcovcrl l:L2(0,T)

'J¿¿ ..- í, \\'lÌere ion of (1.2
is co¡npzt,ct.

'I'his allou.s us to tsa,y thai, thele exisl,s a,t least on pail (,llr., u*)
(czr,llecl optimal) that ninimizes (1.1) ¿r,nd satisfies (1,2).

In [1 ] s'e hâ,r.e established necess¿ìrJr optirnalit¡' concliticlris in orcler.
thzr,1, (,y+, ti*) ìte an optirnal pair fol proJ¡letn (1.1), (1.2).

It is the purpose of the pÌesent paper to give a meflrocÌ for applo-
ximal,ing tl'te optimal pail (!l',, rt*), fol the pa)¡-off functionryith ,l,=0.

rt, uscs a Galerkin scheme, r'cglLlarising tcchniques anrl a graclien
aìgolithm.

rn olclel to f¿rcilitate the rcferrnce to thc pr:oblem (1.1), (1.2) (rvith
ù = 0) rve shall caII it protrlern (P).

rn r,r'hat follol's l'o shall use the 
'otations T/ : riå(o)i Ír : Lr(e),

v' : II-|(Q).
(. r ') clenotes the inner ploclucts in /1 a,ncl also the duality bel,u'een

T/ ancl f ',, rvhils ll. ll , I . I and li. ll* clesignate 1,he norrns iL l', il ¿lncl T/'
respecl,ivel¡..

llhere is no dangcr of confusion if tho sarnc notation is usecl llor bhe
the nolrns in -R" ancl 1ù, as in 11.

2. Galcrliin approxi.rnatiou of Froblern (?). Filstly rve shail cre-
sclibe a finite clcment aproximatio of the spâces z ancl 11. The nota-
tions ll'e u.se pul'e stanclarcl (see f2l).

For.this let;( bc a neighbourhoocl of 0 in R' an¡J. l¡e lf ¡ h+0 a,t
palzi,nretel destin¿ltecl to coni'etge to 0. For a,n¡' lr, e yg the follorving ele-
ments i!r'e giyen :

i) a finite real linear space -l/r;

ii) the prolongatiort 11,, : V¡, ----, \Tn c l/ ¡'hich is linear., bouldccl ancl
one-to-one, JIr h : ?n(l:/ n) ;

iii,) Ll e restlict,iorL t,,,: H -, I./ n, rvhich is line¿r,r ancl bouncLerl.
As t'egarcls 7t,, alrù ,t"h we rnaJ<e the foliorving assuntptions :

(2.1) There cxisl,s a constant c > 0 inclepenclent of tt such that

llpot'ullr.,,,,n, ( C, fol an¡, tr,e :/f .

trn ri4rat follows n'e sha,Il usc th ) sarne letter C for clenoting cliffer.ent
consta,nts inclepcnclent of ir,, rvhich r,r'ill appear, in oul estimates o"r. a,ssunll-
tions.

Onl¡' in spccitr,l situations l-e shall use otlel noi,a,tion.

((2.2) pnrnlJ n y str.ongly in I/? for. ù:ny lJ e V.

(2.3) 'Ilte cor\ret'gencØ ,Ì.(¡ --+ to strongl¡' in Z2(0, ?') implies

g(u,r)---, g(rr) str,ongly in L1(0, ?).
(2.4) l(Itut.nyò ( C, for a"\ 'h, e ¿(.

AtrPROXIMATION OTI OiPTIM.q'L CONTROL PRCBLEN4S

In 1,.¡, l,c' int,rocltLce bhc scalar procluct ('"),, clefinecl br' (!ln,zn)n:
: (?n!ln, 1,,,'t,,1, Îo¡ *ll yo, 3t,e l-n ancl tr'ssoci¡ltecl nolr¡ l' 1,,,

l,ltrl, : iltntlrl, lor aII '¡1,, e l',,'

llesi<lcs 1,he l¿lst nornì lYe c-lefine oÌ't ir,, [,he norrn l]' ll, lll'

ll1lrll, : llpry,,ll, for a,n.v '!lne 1'n.

I-lcrclusc o1 the cornpa,ct, iriclusiotÌ lr c tI it is eas¡' [o sce t,jrlb

(2.5) l3lrl, < Collllrll,,, fot' zr,nv lln€ l't,, (Co > 0)

Ti rve denOtc b¡- -4 the opel't-r,tor. -a we 1ìì¿1,"\7 tlefilie a¡,: l'¡, -, trr¡

a,s follclvs
(.1¡!l ¡t àn)n : Ql pn?/n, p,,2,,), Ïo'- rl11 r7,,, 2t'€ 'l'n'

A.s legat'cls -4,,, this liecps the propolt,ic:.r of .4. Ir1lh9 sil'ìììe WaJy is

clefinetl 1,lre"operir,1,oi Bo, I',,-il¡l,. It is eãs¡'to see til:l'l 8,, is linear',bound-
t¡c1 antl

lll3ullr.¡,,,,r,,t { llB ll¿rz ¡rr

Also rve clefine P,, ì:¡'

1n(y,,) - p(itolln),1or ryoe J)-,,.

In this s'a¡' eqttal,ion (1.2) cari be s'ri1,tell as :

yi * A¡yn i \n(Yn)u't!,,,8,,11,,

yr(O) : r"n\¡o
(2.6)

OI

(2.6)',
yL I )lr(lln)= tt,,B,,t¡,,

yr(o) - 'r¡!to
I

ì
rvlrelc ln@) : l(P,,!t), rvhile (1.1) bccotrrcrs

ll iriirnlze
T

(Pu) L',,(tt ,,) : ( <ar( l-,,ir,,(t)) t o(T ¿,,( ú))) ¿71

sut;ject i,o (2.G)'

It is ea,sy to plovo, using the s¿-umt¡ ¿tr [1], . [2]- tltzt't
for evet¡. tt e i4, trlo tne proÙlem (Pn) :rdrr e optimal pair
Qf , ú).' llhe thôorem belloi. sho*'s th.lÏ thls to rr'n optimal
pa,ir of 1,he original ploblerns (P)'

Tllnonrcu 2.L. Lel; h,e //t tt, * 0 artd, (.t¡ii,uf) be utt oplima,l pair
for probletn (P,,). (lttd'er the q,bo'ue rt'sstt'tttlttiotts

uI -, ítr' ueol;h1 i,n L2(0, '1')

?n!È -î¡* strongl,'y in t(10, T); il) tult'ere (Tro)iL$') is att' o1t!i'tt't'u'l

prtir Jof prohlent, (P).

r

l
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ProoJ'. (sc'c' aiso [2]). The proof rr'ill J¡e clone in 3 steps. Step 1. îhe
coÌrl-c 'goncc oT 1,he pair (y;*, uf) to (îj*,, tt""). Step 2. (i*, it"") is an ¿rchnissible
plìr' for problern (P) i.c. sal,isfies (1.1), (1.2).
Step 3. (t'F,it¿') is an optimal pail for problen (P). \I/e begin rvitir
Stcp 1. Sincc (yi|r uf ) is optimal for (Pr) rve may x'rite

(2.7) n',,@f) g F,,(ø,,), for all uoe L2(0, ?)

l\faking in(2.7),tr,,=0 anclhavinginmincl(1.3)rveobt¿r,inthebounclecl-
ness of {øf} in L2(0, 1').

Flence there exists fi'F e L2(01 T) to l'hich 'rrf; converges s'eakly in
L2(0j T). On the other hancl (llf,ul) sa,tisfies

AFPROXIM,A,TION O¡. OPTIMAL CONTROL ÞROB,LEMS

h(yiT)) * l)lr(y,,(t))l?, clt : lnØÍ$)) *

Ít

ft resnlts

0

(2.8)

lVluttiplying (2.8) b¡' yf, ancl integlzrting over [0, ¿] \Ye ol¡tain
throug'h Grom-all's lelnrna

(2'9) llltnïIll"w,rt;¡r) ( Cr lol all '[r'e 
77,

I{erc \ye hal'e also usecl the inecluz-r,libics (AnUu,lñ Þ 0 anc-[
(þ,,!/n,!lt) ) 0' for aII he ¿('

l.{orv rnultiplJ'ing (2.S) b¡' 11f;' anc1, integr:r,ting on [0, f] onc fincls

I((2.10) \ lv;T'(s)l?,.ds + Iu@f,)$)) - tu(yl)',(o)) :
J

i: \ rr;*(s)( ßn!Jlß), yf '(s))ord"s.

J

'l'aking into ¿lccount (2.+)j (2.9) :r,ncl the fa,ct lha,llu is bounclecl belorv
by an affine function l'e get

(2.11) llpryf'llup,r,rn ( t, for z,lI h,e ,/(¿

Which implies thal, {ttuyl} is uniformly equi-continuous in
C(10, Tl;H),

Norv coming bach to (2.10) rïe see thal {1,,(yl(ú))} is uuiforml¡r þsua.1-
ecl on [0, ?] ancl since Z is coercive on TZr rve obtain Llnat {poyf$)} is
bonnclecl in V, hence cornpacl, in /1 for every te 10, T).

tr'inall¡' trhs ¿\scoli-Arzelá thcorem rna¡. lte applierl to obtain

(2.72) ?t,!Jl - y strongly in O([0, fl;H) anclu-eakly sta,r in L*(0, 1';It),

Step. 2. We multiplJ'(2.8) by AIr@f) a,ncl integlate the lesu.lting equa-
tion over [0, ?].

f* \ af (l¡1Bn!Jf.(t), }t,,yf (L)),, dt
J

ancl sinc,e þ,(tt-l) and. yf arc.uniforrnly bounclecl on 10, ?l rve get
llôlr(yi)llt."(o,r;Ð ( C, hence theie exists q€ ir(o,k';l1i-suctr that

(2.13) Ah(yf)--- f rvcakty in L2(0, T ; tr).
Norv (2.12)) (2.l,8) ancl the clemi-closeclness property of âl implies

EQ) e ¿¡1ga'11)) a.e. t e fo, Tl.
¡\s s'e irave alreacly seen_{puyf} is bounclecl in Lz(O, T;1r) so thereexists q e L2(0, T ; II) srLch tñàï" "

(2.14) pnltt -, q rveakty in Lz(O, T ; H).

,Ilultiplying (2.8) by ze L2(0, f ;11) ancl irtegra,ting from 0 to ?'we obl,ain

17
l(
\ (t;*(ú), z(t) d,t + \Qt,,(ul(L)), z(t)) d,t :JJ

yl' + 01,,(yl) 
= 

u,f; B,,yf;

yl9) : ^rnyo

uf (t)(B,;uf(t), ø(t)) d"t.

Tenrling to the limit in the last equa,lity ancl using (z.r}) ancl (2.14)rve get
(2.75) q + At@,F) = îí*&il* a.e. on 10, TL

rvlrich implies 
qQ) : l¡*'(t) a'e' t e l0' ?['

_,This3'long *'ith (2.15) shorvs that, (fia,,¿,r) is an aclmissibre pair forpi'oblem (P).
Step 3. Putting in (2.8) un: xLi it follou,s ?nUn : y*, ancl since

Ir(uif) ( Fo(a,+) : I(u*), fol all tr,e 77
he follou'ing inequality is obtainecl

T7fr
\k(n,,ui(t)) | s(uf (L)))ta 

" \ 
tp(y'F(¿)) | s(nÌi,(t))) ttlJ J'"



6 GII. é'NICULÄESEI ?0
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I¡Iltrt[Â 3.1. Fo¡ a,ntl ytL e D(l¡,) Llr,e Jtilotuitt'q t'¿t¡o relatic¡ns ltold'

(3.6) lim sup ti,(y,,) { l¡,(y¡,)

(8.?) i;,", ti,(u,,) >- l,,(ut,)

for ctny sequence {'ui,} stron,gly colLucl'l¡e.tr'L ttt t1,, itt' J'2(0, T 1V,,) rultetu e - 0"

Proof . Iìr'om (3.5) rt'e btve

ji,(yì - jufuù < ,Qtì p,(0) rl0 -j-

Maliing /¿ tentt to 0 in the l¿lst'inet¡ua,lit¡' tt'c obt¿in !(q"') ( l'(ru*'¡
rvlriclr lecl tò the conclusion th¿l,t (1"',tL*) is an optiinal pair'lor (P).

ionirl problern. ilire ainr of
this s ploblern (Pr) for /¿10 lixocl
in lf . l'31, rve shall regularize Pr-o-

blern Lcl us dc¡note bY tt' : tt'(h')'

1,he clirnension of Ii, For 2ìrr¡r " ¡ 0, xre consicler t,ire regularizecl problem
(Pr,") as foLlorvs :

I\liniurize :

( ço,l(i;,,(f ) ) ! g.(tt,,(t))) t:lt

Ii
Il tt

(3.1)

sul:ject to

(3.2)

(.)..) /

s{rcle

(3.4)

(3.5)

b'i,þtu) :

lt| I :L¡!lt, i 9î,(yù : unßnllt, :r,e. in 10, 1'l

!lr(o) : ^rnlJo

nher.e gï,, !., pr. n¡e the ycgular.iza,tions of ,pr, g a,ncl p,, t'espectivel.v, t.[efin-
ecl 

'by

çi,@,,) : ,?nktn -.0)p,( 0)c10, ç* - þsing :ì t3" - molliliel in R

.c - (
*;), l0i,p,(0)d0 - inQt) -;),'012p,,(0)c70.

'l'his, in conjunction vitli (3..1) givcs li(u¡,) < Z,,(lir) . ; ! I 0l'9p,,(0) r7Û

Iltt
rvÌrich irnplies (3.6).

I;et non' {yi} be zì sequence conr¡('rgcltt lo t¡,, in L2(0) T; I/,,) as
e -) 0: so \\¡e rnay itrfer on a subseqrtence

ui,Q) ---+ t¡,,(t) strongly in V¡, n.e. te)0, 1'l for e --- 0

\\rlitting

(3.8) ji,Qi,o): It¡;(ei(r, 0)) i- lzf;(t, rè) -
J

- ,*i; - eol?,rzep,,(o) rlo

Itlt

¡1"þr): int Ilzr - 1)i'l2e -¡ 9('u), t-e Et]

rJn," - .-t(I - (I ,f .9)-11

(
9ï,(.tt,,) - \ 9r."(.7,, 3l)),ô,,( (:lr(10

J
lllL

li(yu) - 1,,(!t) ) ji,(y,,)(t)) rlt - r)

C

ii,Qt,,):\l
R1L

j,,,.(ttu): inf {lll, - z,,l2i2e I I i,,(2,,), Øne l''n)J

ilire foliolving l,echnic.ll lemmas are r-rscful t,o plove 1,he co':r-t'clg;ence

r.¡1 Problems (Pr,").

ancl assuming thzr,t ji,(y,',(t)) ¿lÍ is boundedl lor e sttfficientl)¡ srnall \\'e1

fiircl that

zi,(t,0) - Aí,O - e 0 -' 0 strongly inV¡ a.e. úe l(1, 1'[, l0le [0,1],
helcc

ri,$,0) -'!J,,F) sl,rongl¡- in V¡1a.e.te 10, ?1, l0l e 10, 11, for e * 0.

Since l, is lon'er senlicontjnuous, using Fatr¡u's lernrna anrl (3.8)
ne get

A.q reg¿u'cls (3.2) lJris lna.l' bo l'ritten I'q

li,l otí,(Yr) :'L;nBnlln a''e' on lo' ?'[

tln(o): ^rrlJu

n ..(y n - e 0) p,'( 0) rf t)

tl,tUnj,,(

7'

I

inflirn
e+O

frour rvhiclt (3.7) is easy ol¡tainecl.

T

\i'rtrntaut, t t 
i,t r, t,) ) p,( 0 ) tt 0 : 

\t,,tu,,(t)) 
ctt

0 Oìlr 0
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tr'ol e ) 0 rve c-lefine the opera,t,ot:

l¡,,": J2(0, T;I/r) --+ -t2(01 T;l'n) givcn hy l,o,uu,,: z¡,

g'ltere e,,, '?r,, \'erif¡- the sYstem

øi, f )l'i,@) : 'tt n.Bnan 2ì.e. on [0' ?]
zr(0) : ^¡oyo

9 APPROXII\4ATION OF' OPTJMAL CONTROL P¡,OBLEMS

iu (3.12) \:e gsf
(3'1õ) lyn1) - al?)lh ( c(e -f À)1/,, e, r ) a,te 10,,1,1.

Fro'r t'e above relations *.e crecruce,rat there exist i,, e I,Iz1,2(0, î;
Iiåìu** hne L".((J, T;vo) such tharfo, . -,0 the folloiving.convergences

!li, - Ùn strongl¡. in C([0, Tl; I/n)

!l"n' ---, fri, N,eakIy in tr2(0, T ; V,,)

AG(yi) _) q¿ $¡eakly in Z2(0, T ; \rr).
This togeúher I'ith (3.12) gives

yí,e) + q(t) _ ut,(t)Bhlt,(t) à.e. te 10, ?[
fn orcler io prove (3,f 1)) we must shorv that

!ÌnU) e Ah@)(t)) tu.e. ¿ € 10, ?1.

For this rve rnultipl¡r (8.I2) wtt¡o gi, _ y,, nnd. integrate frolr s tot obtainin.q

laî,@ - ynlz - ly'r(s) - y,,l'
o + (lt',(yi,G)) - ti,@r)) ct=

anti ll<s < t < ?.
Ilahing e ---+ 0 antl using Fatou's lemma l,e obtairr

(I) - U,,ll - lùnß) - y,ll,
+ l,,(fir(l)d,t - (¿ - s)tnþJ,,) <

uuþ)(8nfi,,(.), ùr(r) - t1,,),, d,r.

Dividing the la,st by (¿ - s) and marring s -> f rve or¡t¿rin
gí,(t) + 7t¡(yne)) 

= 
u,,(t)8ufi,,(ú) a.e. (, e l,a ?1,

hence qr(t) . Alh@t,(t)) ¿,.e. t e 10, ?1.
I'inaIIy (3.11) foltows from (8.15).

. since. the properties invorred for.establishing trrc e:,iste.ce of a'optimal pail for plobtem. (p) ale kept for (p,,,,1 *i ä"i"ir¿c thaü the'eexists an opbimal pair in tjris cr,se]

8I Ð

(3.e)

It is telatirrsl¡r s¿Sf to shos'1,ìra1, 1,,,- is cotlrpact. In aclclition rve

can plove that lr," satisÊies the properties rlesclibed b¡'

Lorrrra 3.2. Let tt,,e L2(0, T) und' ^(n!loe D(lu) be Ji'necl' Tlt'ett'

(3.10) lI-,,,.'11,, - lnønlrl¡o,r'1,n,,) < C' eU2, Jor all e20

(3.11) (i-n,"tr,,,)' ---:- l,3rr)'rveakl¡' in -t2(0, '1' ; lir) for e --- 0'

ProoJ.I'e1: yi,llc the solution of (3'3) con'espondiug to'tt,, i'e'

(3.12) Ui' I ïIi,(Yl,): zr'¡,B¡oYf;

yi,Q) : ^inuo'

I\{ultipi¡ring this b¡' t¡1,' antl' respccf ivel¡'- b¡-

!J7, - ^(úlo a^"rr.i itit*g.ating' Îr'on 0 to Í we ol¡ttr'in

13.13)
1

2
lyi,'l?,d"s1 tî,(,yi,QÐ 4 I'i,(¡,,yu) ¡ 0 lu,,l2 lui,\ì ds

ancl

(3.14) lvi'(t) - ^(í!l,r\;?, + (ai,

Since Zi, is urliforrnl)' bounded- belou' by an affine funcl'iou' and

tî,(toao) < lr(trYò ! eT 12

t'har {ui\ is unif
c bacli to (3'13)
-Vr\, hence {Yf}
(3.12) gives tlrr:

tY (see [3])

llti1g,,) - 0t);(2,,), Un - nn)n> - C(" + À)(l(A¿;)o(y")1" +

+ l@t|)o(øk)li + 1)

u,, . 
i 

ri,(¡,,y,,)d,t!

,t

* l;l yï, - ^(nlro ?,d,s * *\ u,,r,,l, uo 2 d's

,,

( 
\ ø,,( r)(Bny¡ft), Ai,G) - y)n tl,r for. all !/n e lin
J

ti,

o

i



1.0 
GIf. ANICULÀESÐI 10

Ttre rn¿.¡in i'tsult of 1'his scction.pleserlts lhe cortvclgence of 1'he

optimal pairs for piåir""t-]Þr'J"6 thise or (P'')' for e - 0'

lrrnonprvr z '.t' i'et çyi* '' ui:7';:¡ lta an' o'ptitruLl pair Jor tl¿e Ttt"oblent'

(Pr,")'
Tircn, frtt' e +0 ilte hrute

il|,* -'tt',, ueali:l'Y iu L2(0''1')

!J'i* '-' 11" stron'gltl i'n' C(10' 1'); lr")

r,ulrer',a (!lt,th) is un optt'nt'cú 1ta'it" Jor (P")'

Proof . Since (y,?, tr'fi) is an opi'irnal pair for' (P"'") the Îollos'ius'inequa-

Lil,y holds

(q;(Y¡") -l- l"(r¿i{'))di < (9fi(f,,,"Ti;*¡) | 4"(rr;*)) 17ú

rvhere ttjf is il'n optiLurr'l contlol {or (P")'

Usi^g (:1.10)'"tirt, lip-sc¡it'z'ianit¡' t'fi 12" ra'^cl the ineq*:llib)' g" < g

.u" o¡it it' *ìtt"t''so-tt c¿llculations

l9[(I',.,.(irf)) - çu(l¡tf')l ( C'er/z

1'hich implics
-1. 't
r

]11rrul \ 
(e; (.uî,*) * .q"(rri,*) u' 

" 5 
(e"(r"'rr'l') ! ç¡(uf)) ttt'

J0

Norv l,hc 
"oo'"iuil'¡' 

o1 g"- irnplies thab {øf } is bounclctl in tre(0' ?)'

hcnce oi :i subscqncllcc 1¡'s lìtì\tc

tti, ' tt,, l-"eakl)' in -L2(0' f{') for e - 0'

The resi; of 1'he Ploof goes in an

tr'i,(w,,): (,*r,rr, -Ï- í"(r¿n)) dJ n'hcre y" : l"'"(t't")
J

(tr'i,'(n,,), rrl : lT
À>0

Fi@, + À0,,) - Tiþl,,)

2r)n d,r+ (V g"(u,,), a,,) dt

1T APPROXIM.A.TION OF OPTIMAL CONT.ROL P,ROBLEMS

rvlrer:e (2, r,,) sa,tisfics the s-t'stcm

zh + V2l|,kln)zu - DnRt,,!/n ! u,,8,,ø,,

2/,(0) : 0.

p, - Yzli,(!j)'?¡ - - tt,,Bf;'p,, * Vpi(yr)
Pn('f') : 0

1lr

I
I
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Af1,el sorne cnlcula,tjons involving the l¿lst folmulas sre obtrliu
tr''i'(u,,) - Vg,(tt,,,) - (pn, Bn!lr),

altcl the irlgorithtn, 1\re ptopose is thc following
Step 0. choose r,(,0)

set r¿: : 0

Step 1 : compnte yÍ") by solving the systern

yl,')' + vt',",(yl|')) : rri:') ß,,yÍ,!)

tJ\[)(o) : ^(n!/o

Step 2 : tesi, if thc pt-r,ir' (r7ti), u"(1,,)) is sat,tisfactory

iÎ YÐS : then STØP
ifNOrI,GØ?.ØStcp3

Step 3 : Coritptrte ç/;') frotn tbe system

I!(ilù' : vrli(y(r," ¡)p'í') - u,!1t tsypl"t I v vì,(y*'))
plnt(T) :0

Step -t Clonrpute af;'+l) given by
ul|'+tt - u,f't - p,(yg.(ul,t¡ - (ItÍ,,,), BryÍlù)u)

Set r¿i-11 +I.
GØ'I Ø Step 1.

Step 5
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