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'Ihc pol,errtials 2, dcf.ilrccr on a harnronic space ,L, rvith ilre pr.oper,y :

iÏ u. a,tc[ y, Í:ì,t,o tùtoâsrtr,ois On ,l such i,hat pdv: ?¿lv {oo anrl d,p,

sdv fot any norttlcgatit-c, lwpcrharmonic funcl,ion s, i,hen p : v

s

alc irrvcsLig.ll,.:cl_iu. l¡l(seo al,so L/? p. l66lurrrl LE, p..tB¿\l).' |rìrs l)ar){'1' }ls: cgllco'rrerI u'ir,h lunctions travinþ sirlilírp'ope'Lit,s.
l. stricrl¡' srrperriirrnrnrriô funerio's. Let -D ì¡e a,n opon subset oft-|"(tr, à z)- hg,1ins á Grcc* i""ãtiò. ä. Ì,et tt, be a s*perh:r,rrnonic f'nc-tion orr -1). 'Jìhe¡1 

:;i
(1.1) ..,, .i tt(.a) Þ L(u,: t, õ)

fcrl t'¿ch "¡:e D and S > 0 such ûhat 8.,¡ ---D. Hore //.,u is thc opcn baltrvi l;h corrter' ,¿ a,nd .r'rr,riius ò;/,1¿: r, à) 
'is lìre avoragc o't" r¿ on ilre boun_rlarv of 3.,.u (relatir,c' to *ul.l'àc." íroã¡. 'ö'

l'c say that u, is. n slt.,it,tl, t,rrrí.l,u,,rotr,ic J.ttttcl,ir.,t¿ o, D (sce [],p. 721) it (1.1) holrli 11,if,þ rr >';.' '
l'l¿otosrr:roN 1.1 . f,et 0 be ct, nreu,sul,e ort, D 1 suppose th,al u,: G0

Then. u, is strictty'su,perlrcn.tnonic on

open, set U c- D,
open sct, 0( ¿7) : 0. Thel r¿ is [a,r,_

holcls. [-,et ,i,e 1), I ) 0, B.,.,ucD.
!11(ri,..Suppose 1,(t , r', á¡ :"tt(n).

;äï-lì,jiìll ,ïì, niiì:ï; 
,îî,íJ:

hþr) - L(rt:.t,,-ò),- z(r,): ' .'-"'ù
. ,.,1,t'L r,e B'r'lt(rr)'ì q rr.(øi)..Lcl,.c >*0, rre i,ß.,,". 

,Illclr L(lt,: t,,c) i1 L(u: ,r., c). C)n th; othcrl' trand, h(r)' :'J,(it, ,i,"l,l lì¿ ru(:r) _ L(tt,:
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a,rt ftrif'illcrtl. r¡rour (t7) u'tr irrtel' t'ltal, tt ) (o'nt)zr' ((" * g)/F)'¡'. 'tnis
inoqua'litv is equivtlìernt to lol¿¡1,iotL (7), rvith d : (C'm)zt'a,nd since C' Þ
7 [i, \ve se(\ 1,h¿t,1, ([7) assur,cs ([6).

ì{ou'lJle ¡l'oof is fiuisirt'cl if tve ol¡selve that a lecluilccl comorrototre
iirlclllolll ing ltol¡'rrornia,l is t,ltc follorving^ :

,,, è(lS) P(t) - | (,ri | ,r ,),.,\ /,,,s:(¿)Ç(f)¿¿¿ (e - n,-r/z).
j:t 

,]

I?,etn,rtrl¡,s. /o. Ìl' wt¡ <lclrote lty E:,, 1,he o¡lelator n'hich irssignos to'
e?ì(11ì f unction ,l'e (110, 1 l, i1,s bcs1, approxirnation polynornial i,,,,f . 2,, ,,

tr;ht-rr, ¿rccoldirrg to :r classical lt'¡ir-rl1, of I). Jachson (see [? ]), rve ha,r'e

I L,,l - /'ll < ( I(12)<,'(,1'; tt-r) u,rrrI con¡ieclucìn1,1)r, for the operator' [,, :

010, 1 l--, ./, rli,fint,tl ttv [,,,,1' : i,,,1 + Q(12)d(l;y,-t) (J'e û10,.l]), co¡di-
tiorrs (lì)- (,r) rvith ¡'-: l, ir,rc frLlfilied. Therefore, therc is at lt¡ast orre.
1;<rl¡nrrlrriril /) s¿rtistt'ilrg'(l), (2) rr ncl clegrec, P < n, f øa, s''helc r¡, is 1,he
srrr¿¡llcs1 intogt,t' :'ìrLlh that. ii > (1/i,)2 ancl r¿ >C((o. + p)/p)', C beiirg :r,

ç1<'l,ctrni¡rt'tI positive c.onst:r,rrt rlt'ltcnding only on If ancl on 1,bo points (æ).

,?'. ll l'r'tt'c itrl'elcrsl;t'rl iir the cffectir.o construction, based on for-
nrttla, (18). o1 ¿ì ct.¡tttoirr)torrt'inlt,r'ltolatiug pol¡rnornial, \\¡c tììa,y use othcr'
s('(lrr('ìì(,('s (J',,,) ol'riptlutols llv which the irna,ges of 1,he functiolts s!, can'bc lnol'c etsil ,r'rlclclnrirrcrl .'li'ol irrsta,nc.e, \\'o tlra¡r 11¡* the socluenco (-B,,)
of tht¡ []cllisteirr's optlrì1ol's I in this casc l( - 5l+ ancl i' - 112,
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n,al _[7,Ir.4.18]. I{e.ncg L(Ir,: urc): L(u: n, c), a contradiction. ,I.hus
u_-! on B, _i.e. u is harmonic on B.'But'thän 0(B):0 [7,.J1h.6.9],u'hich contradicts (1.2).

Let I be the Lebesgue mea,sure on IJ".
Tsnonnlr 7.I. Let 0 be a lneüsu,re on D sucl¿ tlmt(r.3) À(/1) :O .for ea,clt, McD uíttt, 0(rø) :0.

. lft \--,90". If p.and, v ü,t.enve(ús,tl,res on D suclt,that g(u): v(ø) (oo
ancl, y"(s) ( v(s) for caclt nonnequ,tiae superlturrmanic functiòn s, tlrcà t, : u.

of D. ilhen G¡_r. is superhalmonic on
o'n D'. tr'rom (1.3) ancl [7,Th.6.14]a contratliotion. F-Ience G¡r a,nd

, ì* *ä1,'h,';liîl-'igi#-1iJ,;
Gv@): s(G(n,.)) ç v(G(ø,.)) :

-â.e.r i.e. Gp. : (Ìv ?,-a.c. (l¡r and
G'¡-L and Gv arc finite a,nd equal

5 in 17] r,r'c decluce l,hat u : v.

Rem,en'ht 1.1. r-¡et 0 trc a rneasure orr D. clcar.l¡' (1.2) holrts if (1.8)
holcls. Irct M be a closed -subset of D, \(M)> 0, int(ltf\ :'Ø. [.,ct 0ifi¡ :: 

, l.( {J.n (D\fur)) for each Roret set 7i -'D.'Ttreii 1r.z'¡ uôtds but (r.B j doos
nol, holrl.

llcmarh;1.2. Thc function ø fr rrn Theorcrn .r.1. is sLrperharmonic or:oo orì each component of. D. '[.,et, D' be a cornpouent'-on u,hich ø is
srrperharrnonic. Using' Theorem 1.1 it is eas.v to piove bhat, ,¿¿ is striotly
superharmonic on D'.

2. Poiltrvise sfrietly S-eonelvr ftruatio¡rs. Geornelric charactcriza-
tions. rn1' R be a cornpacl, metric spâ,ce. I-¡et rg tre a subsct of c(/l) such
that
(2.1) ørS -¡ bñcñ for aLI a,b Þ o
(2.2) There exists so€ ñr so(æ) )0 for all se I(

_ Wc lQy ifrat ue C(K) is,trtointwise strictl,g B-concaue (see [2, p. 60
antl p. 40:l) if
(2.3) lne I{, pe nÍ*(K), g* o,t p(s) < s(ø), se Sl+¡r(ø) < cr,(n)

Ilere rV*(ll) is the sot of all positir.o Radon tneatures on 1( ancl c" is the
l)ir:¡c rneasure at ø.

Era,mpù,e 2.1. I-'et' If be a compact convex metrizable subset of a
Ioca,lly convex llaustlorff space. Let S:{min (Í",...,h) 2 ne N, hi con-
tiuuous and affine on -Ill. îhen t¿ e C(I{) is pointwis'e strictly S-concave
iff ø is str{ctly concave on 1( (see l9l).

Enatnpl,e 2.2. Ircf, X be a strictly har.rnonic spacc [1] and ]( a com-
pacl, subset of X. I-.¡et s be the function frorn úhe proof of Thoorem
2.7.6 in l1l. Then sllf is pointwise súrictl5' B-concave, where ñ:(nJp*n
n o(x)) li(.
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tfr".., lT rccì ,¡l is metrizable, C(K) is sepa,rable, hence

-r\p ilt.i*'iåT; rteduce 1,har rhere exisrs a mâpil - 'f', sucn ïnät
3.2) Fo'e\¡er)' ge C(K) t,he furction,:r,,__+ ,1,,(g) is v_s'mnrable ancl p.(g) :: \ 'l'..(g)tlv(u)

J

*";
(3.3) Ì'or cvery s e { wo ha.r.c ,f,(s) < s(ø)v_a.e. on lf.
,u ,, J'fii.T 

thcrt¡ exists -4 c f{, ,,(,,+j : 0' such ilrai ror ¿r,ll ø e I(\.4 ancl

(3.4) T.1t,) < t,,(:n)

anrl

(3.o) ?'r,(s,,) ( sr(ø)
Irlorrr (3.,1) it follows tha"t ?.(f) < /(g) for all ae 1í\:i.
Orr tho other tranrl, u(f) -- 2.ff) :f r,1¡ylrl*); hence

J

(3.6) .t',(f) :.f(u) v-a.e.

Iìr,our (3.ir) ri'e ,1,,.¿"gg f',(s)<_s(,r) for all øe Il\_4 a¡d all se S. Jtfollorvs 1,ha1, 1,he'. r¡xists I!r_Ii',,,(B): Oi.re¡-drn; \^ *

(3'7) '11 (.f) *.1'Q) a,n{ r"(s). <_ s(n) fo. all øe rr\1/ antr al s e B.I3ut ./ is pointrvise stricily',s-concavo; it-iorìå.uJ"ihat ,r," : e. for¿r,Iì øe 1(\ 7J. llhen, for each "ge CçIf¡ u,e'havìi- 
.- "

(
\g(.r)dv(,1)) - v(tt)
J

p(s) : ')'*(g)ìlv(n) :

a,nd the thcolem is pt,oved.
sorno applications of this resull, are given in [10], 1111. rlere weplcsent anol,her. application.
\I/ilh thc nol,ations froln Dxamplc 2.2.; let rre lyI+(R), EcI(, ¡¡D Lherìr(ìíìsulo rletincd in It, Th. 8.4.1].,J'ñor uri'. A ìtXl-íìiiú.*i¿.ili 

uue

Ilnoposrrrolr 8.1 . I,f I\(CKE) > 0, then pn(1t) < V@) for anE strict
1tot,en,l.iul, p ()n, -\.

Pt'oLt,l'. Soe [1,p. 116i.
l'Jtopo:,1'r.Jox 11.2. ["f lrt, +,!., lhtu, ,,t.nU,) < p,(.f) .for euclt, pointtu.ise.çlri<:llll t\-t'ont'e rt .lttttction .l',

..- Pt'r¡o,/._^) il rnìn-st,altkr 11, flor,. 1.1.2_1. lJr¡ Theorem :j.1,.Í. is strictlv,S-conú¿u'c. \Are hl,r's s./'(..¡) r- l,(¡) lor, ¿r,ll , .' S l,rì-ri ¡o',i"hrC;r,.'ä;:;i.
IJerrc.e :,.tt(.Í') < ,,,.(,1').
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PnoposrrroN 2.2. Stqtpose that J'or caclt, a e I{ I,lterc c,¡,tsts s,,e,S
suclt tltat s,(,r,) -> O. Let J e CQf). IJ'

(2.8) Y neK lse¡S: s(3/)> Í0) Vy *t' at¡tl s(ø) =:./(s),
tlten f is ¡tointwise s|riatl,¡¡ S-con,catc.

Proof. Lt:,L ueK, y"el,I*(K), Vlott p(s)<s(rr), seB. Let, se¡S rvith
s(tl) > /(y) Ïol all qls anrl s(;r) =- J(t:). lherr ¡r(/) < r.(s)(s(r,)( J@). If
V(J) : l@), 1,hen ir(/) : rr(s), i.c. sripp(¡r)c la,|. Wo clcrluce p" : ùe,,
rvith ø)0. lr'rorn p(s')<so(rr) ancl F(s.)<s,(:r) it follou.s that ¿¿ {I, ct,2l,
hence V - 0,,t ¿,r, contracliction. lher.efore ,t.(l) < .1'1n¡.A nec,ess¿ìt')' anct sufficient conrlitiôn fot thc poinl u'isc sl,r'ictlr-
ò'-conca,r-itJ' is giyetr irt

Tnnonnu 2.I. A fu,ncliort, feC(I{) ,is ytoitttuisc strictl.u ,S-ton,t:øLte
if! Yaeli, ø" ( 0, þ > 7, )/ opten neigh,borh,ctoil ,,.¡ .t;,3se,.Y, c ) 0:
(2.s) (cl - s)(r) == l
(2.10) c/ - s {p on I(
(2.11) cl - s{q, un, K\f/.

PrctoJ'. (see also l72l). LeL '1' : {-c! + s: r.j > 0, se Bl. ilhen / is
ltointu'ise strrlctl¡' ¡S-concar.o ifÏ
(2.12) rrleK: l'¿.eI,I*(I{), V.(l)(t(t),teTl*V,- e") : li.

On tire othel hancl, by Ooloilary 3.6 in [1iì], (2.t2) is cquir.zr,lctt to
V øe I{, a { 0, I >1, Z open rLeighborhoc¡cl of r, lte'l':

t(n) < 0,t 7 pl(,r) orr K, I > øl(,r) orL fi'\l'.
I3u1, I : -"':i f s', rvith c' ) 0, s'e ¡S. ft sufficos to colrsidcr' .s :: -s'lt(n), c : -c'ft(n).
Rernalir 2.2. Propositíon 2.2 rnay be obl,¿lined âs a, cousequcnccr of

fl'hcrorem 2.1. Inc1eed., le1, se I(, ø { 0,9 }1, T/ opcLr ncighboriroocl
of r¿. Let s'e ,S, s'(y) >.f(y) for all y l:n, s'(n) - .t'@). [,c1, s, . ^\', sr(r) :
- -1 ancl let s: ú,e'f s,. ff c ]0, thon se ¡S. lMe h¿ri'o cf - s:
: c(l'- s') - sl hetrce (cf - s)(n) : L for' ¡r,[1 c ] 0. I'ol rt, suf ficientlr-
large c, (2.10) ancl (2.11) holcl too.

3. Striel,ly S-concave furcfiorrs. Wo sa¡- bL¡z¡L u,e C(I() is st¡'irtllJ
S-concttue (sec [2, p. 22]) iÎ
(3.1) [l-r, ',. n'I+(K), g rv, p(s) < v(s), s€ B]+¡-L(rr,) < v(a).

OleallSr, e\¡ery strictl¡' rS-concave function is poirrtu,ise stlict,l¡'
¡S-conc¿ll.e.

Tunrnnu 3.1. I.f S is min-stctl¡le, tlt,urt, eut ry l¡o'i,u,t¿ui.se strictla
B-concetue,ftutctiou, is stríct|tJ B-conca'ue,.

Pro_of. Let f be poinl,wise strictl¡. ¡.9:corìcâ,rrc. lt'hen (2.4) hokls,
lretrce,/e B. Lct v.t \e M+(K), ir(s) ( ',(s), se S. Then tr(/) < v(/). Suppose
it"(f) : v(/); wc hat'e to proYe tltat, ¡r. : v.

4
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,n^rr#ufJ' *i;,f, .ïì:î",îil#liJt tch provides a periocri c sprine approxi-

ti; j llrn ¡ lcrø" l0) :0, /crç 1
is prcscnted. 'l,h¡-r Ìncth )d c¿ì,n be ânordcr.^An attempt has bcen ñdä
clares (,I3,-2 rather than thc shooting
such ¿ì, solution. Some computation"al exampleñrcñults indicare 1,he efficiônày ãi'-iÈ i,iãàää

orrr"r,j;rìlÏïftîfiåÏ' rrere, we shall be concernecl rvfth rtre quasi-lirear

(1.1) C; : I(L r): -l\u - tçza',J'e),#(tò: ct)o,n(to): no

i'Hrtfl3iì.iJ#årlXïì.i"11";ç::fr and rìâN ar avs rreen an imporranr
Our aim is to obtün periodic _"llli:t to" (1.r), whenever it exi.sts

3î"jl"otp,'.' 
or a' sequen"o oi *piioõ irLcúions ot à"gìå"'rä a.tr conti'uty

I_¡et us asstrmo 1,hat the follo,r.ving, contlitions are valid :(i) 7te úr"'-1 in some domain D- {1;;^ilt," 
=,; 

ì; i7j åru which saris-fies a Lipschitz conclition *itn **bäót to 
'k,i.;.,- -t ^

llt(t, ar) It(t, #z)l ( Llu, _ nr!.

J"tÏì"Ë:i:"clic 
functiorr rvitn pe'iotl r -b - to


