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,n^rr#ufJ' *i;,f, .ïì:î",îil#liJt tch provides a periocri c sprine approxi-

ti; j llrn ¡ lcrø" l0) :0, /crç 1
is prcscnted. 'l,h¡-r Ìncth )d c¿ì,n be ânordcr.^An attempt has bcen ñdä
clares (,I3,-2 rather than thc shooting
such ¿ì, solution. Some computation"al exampleñrcñults indicare 1,he efficiônày ãi'-iÈ i,iãàää

orrr"r,j;rìlÏïftîfiåÏ' rrere, we shall be concernecl rvfth rtre quasi-lirear

(1.1) C; : I(L r): -l\u - tçza',J'e),#(tò: ct)o,n(to): no

i'Hrtfl3iì.iJ#årlXïì.i"11";ç::fr and rìâN ar avs rreen an imporranr
Our aim is to obtün periodic _"llli:t to" (1.r), whenever it exi.sts

3î"jl"otp,'.' 
or a' sequen"o oi *piioõ irLcúions ot à"gìå"'rä a.tr conti'uty

I_¡et us asstrmo 1,hat the follo,r.ving, contlitions are valid :(i) 7te úr"'-1 in some domain D- {1;;^ilt," 
=,; 

ì; i7j åru which saris-fies a Lipschitz conclition *itn **bäót to 
'k,i.;.,- -t ^

llt(t, ar) It(t, #z)l ( Llu, _ nr!.

J"tÏì"Ë:i:"clic 
functiorr rvitn pe'iotl r -b - to
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2. constrnction of tlle approxirn:rting :splinc Funcr;ion. I;et
be the ex¿r,ct solution of (t.1). we--divitle 1.d,, ¿/il iu-io subintcn-a,ls r,, : I
t 2(, - I)lt,2vltf, v: 1(1)N of equal lengtn H :Ztt,¡h: (b'- ai
iY > nt.

* ffi (c,,-t,¡,t I z¿,,,,,-,))-i ,,, 
Ir-,r,-,1r0 

{ 2itt) tn(t)
üo*
l2rY,

i: : 111¡Y,

r\ol for'úe 1,, tlefino tlrc spline function B(f), oI dcgree tn,tn, ) -1. ¿rnd in
1,he continuity class C,"-rilo,ö1, as an apfr,ô,ri'r¿r,tion lo'(1.1) ì-r,¡.

ù(r) -- i !+t lt to ,2(i 
-t)/¿ li +- Ë +- lt - to -2(i -- t¡tt 1if--^ jl 

-u ^/'''t ' ,4-, jl L(

(2.1)

rvhere tho parameters di,¿-1 alc¡ cletennincd ¿l,ccorriing^ t,o the lel¿¡1 ions
(2.2) Ñ(ro + Lh,) : -¡,9(to { Lh,) - tcrs"(to { ttt)JQo I ttt),

l:2i - 7, 2i, i r, : 111¡¡t,

and

Slí) :,SiitlluEZvL¡ ; ó'Ji)(ro) -r(¡)
\4¡c show that 1,he above construction clefines B(l) uuicluelv ¿r,s ¿r, splinc o
cleglcc zz, deficienc.y 2 in thc olass Co'-21u, b] for fixcd ft, turd ii;,.'
\4rliting (2.1) as :

(2.r') s(r) :1,-r(r) * t 
0,.,,:, 

lt - tu - 2('i. -- t¡tr,1t
j:ur_l J \

i1, is cleal tha,t each A,-lt) is uniquely deterrnined b¡. vir,trLe ol the corrti-
nuity conclition of spline.
Applying conclitions (2.2) to (2.7'), rve have

Ct -t,¡-t: (Þr-r,r (Crt-t,¿-t¡õ*,r-,; lt,)

õ,t,¿-t: 4)o-r,, (Om-t;t-tt õ*.¿-t; lù ; õ*,-, : lùC,r.,_,

lvhich can be written in the compact fotrn

9 ¿-t : Qo-, (Cr-r; h,) :

rvhcre

(,,u_t.,_ , -,(T,;.3]i lu, 1 ,, ,(/,, .{ (2; r)/¿_r
rt," -" t L

j- 1""''..-. ((u,-,,,-, I a3,,.,-tL I i L'rf ;1,-,1r,, | (2i -- r)trt r-' (nt- l)! nL J "L '-l'"

-r-l:-t- (ü,u.t.¡-, *al,n¡ t) 1"..^,,, +(2i - r)r) l-'(in-l)! 'tt "l

¡ )t,-,çtn -r,(2i - r tuI + +r,ü+ {r,, [2,-,t,., 
+ z,th) +

r,,f,'r,-.1r0-i :1/¿) . #:;,-a(oi,-,, , I

,L,-,(to r2itr) | l,5r({r,,, ,, , +

(2h')*-r
(m, - Il

o
L

' DL- Li- I | "ù,i .l
'tn ))" ,u, zii¿)-.i-tu ,(ru-r 

'ilr)I
nncl

,)fù t

i
I
L

2
0 n¿,¡-7 :

+

(2lt)* -z

*u-,,-,)] * l',

* *õ,,,-,t)]"ft,, + 2ih) i i,,(r, t, 2itt)
m

- 
(tn' 2)L í,,. 1t ,, t te; r\r,\ ltil'-t* ,,t=- 1,,,1n,,,(rn 

+ (2'i - l)r,) t 
1r, _-¡¡

r *ù-,,-,il + r, 
[/,-,(ro 

+ ei - r)/¿)-]- -,# _+, (û. , ,-, r-

1-
| 

-Un,,¿-t)?7L l"

I-
(r 

l
\

l(to * Qi - tr,)tL!,+¡ r(ío I e,i -- tt,)
I

I
{ret d}_1, Cl_re -82 ancl

llcl-r - qT-rll : tC,',-r,r-, - Cl',, .,r-rl + ll!,,,, , - Ci,,, ,1,

Thus, ilr consiclcration of contlil,ion (¿), :l stnlighttolrvald ¿zr,lcul¿¡tiorr
shorvs thal

lllQ,-r(cl-,)- o,-r(cl-,¡¡¡ç -JL'1''1 -+ rlcl , q¡ ,ll.
\nù-l)('rit,-2)

clearly the vector-valucd function o, , del'ines a stlorrg contr,¿rcl,iorr

mapping for all /¿ satis 9- a t.
T'lence d--, arc uiriquel¡. ;lf" fourcl b-v thc iter,¡¡f,irn

g;'\') .: f!,-'(!1111),; It,); ? - o, 1,. .....
11, iiright, bc not,crl l,h:lt t,he initiaì r'¿lues C¡l!,,, , arLd ûjf,! _r,
¡u'e rlrrl'inctl bv

ú'Í1I,,, , : S5ä_ ii ) Cß,1, ,,-- S'Í?j)_,r

,.fhus, u'e have cst¿l,blished tho follorving :

Tnnonurr 1. tl Lh,2(irn. - 4) { l, th,on, tln spLíne fu,Ttct'iort,(m . ï)(n, -- 2)
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&pprot)i'nLq,tirn, S(t) to tl¿o solu,tiott, o/ (1.1), defined bE tlte aboue constntc-
tiora, enists attcl is uniqtte.

3. The Basie Algoritlun. Since we seeh continuous perioclic solution
to (1.1) of periorl (b - tr,). this solution can be approxirnatecl using the
spline fnnction constluctecl âbove such that

(8.1) lÍ!t1'':') -- s-(t:' t:L' k') no : o

[./r(/*,, /,,r) : J(ó, krrltr) no : o

An itcrlatir.e rnel,hotl l'ill bc intloduced. to solve (3.1) for /r, antl h, and-
consequently procluces ¿ù seçlucnco of splines which converges if the system
(3.1) rloes, then the lirnit spliuc will have properties that rve require..Ihe steepest descunt rnethorl is the proposed. iterative method we
shall use to finct l¡r, lt, thal, uses a darnping factor to avoid the almost
singularity or tho ill-conditionirg of the Jacobian. üre can rvrite (3.1)
in thc,, form
(3.2) .r U!_) : o

. .rl, sho^uldì:e pointed. orrt that (see [5], i6l) the spline function ¿ùPplo-

fmajignl ,S1cl-'¿, pppliect. so far,'are-unsiaiit* *u,i hence clivergeiri asIt ---+ U ïoy m ) 6 ancl are stable for nt, : -o.

rt should be mentionect that we have not yet been al-¡lc to lind asufficient conclition to assure the convergenc(ì óf tne couplecl oquoiìoo
(3.1). a úheoritical analysis to determino I i* stilr recluiredi

tations. 1'his soctiou clecribes lesults of appl¡.ing
sl, problem. Àll computatious rvclc fone ^ori ,ñin single pr,r.eision.

ù ! kra I krfi, cos I : 0, ,r(0) - 0.5, "r,(0) : 0

Numerical results are li.stecl in Table 4.1 using a spline {'uircl,ion of order,4' rt turns ouú that the coefficients c,,,-r,,-, i,nd (i^.,-, r'e¡rnnin bounclcc{,
:âS h --+ 0.

A NEW ALG,ORIT TM FO,R,JP]fRIODIC SPITII.IE SOLI'TIOIVS

Table 4.1

(m: 4, 1c : 0.999, /c : 0.01, ¿e [0,2])

ir : ¡rl80

54 i*)

rvhere [: (Ð, I!: (
lt,
tr,

, ancl hence

'ldtttt¡ 
- ltj,) - iLr,1.0;l(?)) ?:0rlr2r...

tt'herc

tJ.p:

is the clarnping fae,tor', 0 ( $, < I antj. ,ur: | !!L 
-l 

i* tt " Jacobiano" L ôk, J
wn il"s transpose.

1o cornputc the entrics ol ar, we ca,n reprosent the derival,ives by
using thc tinite d.iffetence iìpproximationsr o.g.r

â,f, : êB(lt,lt'k,r) _ S(Þ, lt,Il, tcz) - /S(á, lt'kr)
)lc, i)ltt I

where I is a suitable stnall value, which keeps the local error bound,edo
1,hen wcr Jrave

rt is .worth pointing out that the rneth is unstable and. hencedivergent if m Þ 6, as inclicated. in Table 4.

Cm-t,t t Cm,i-t ,\' (/)

tt12

.7[

:3r.12

0.500377

- 0. 001576

-0.500710
0 . 003?1 6

- 0 . 029388

- 0 . 509585

0.036228

0.509572

-0.001515
-0.500197

0.003265

-0. 500340

0.499880

- 0 . 00186ÍJ

-0.500049
0.004384

-0.010268
-0.511580

0.017315

0 . 51150 t

-0.001123
-{).500077

o.003270

0.500147

Table 4.2
(m: 6, h: æ120, kr: 0.998, 1t2:6.9¡¡

(3.3)

t;f't¡ - kf) -- þ"(fÍ,, # + rf,#)
knrt¡ - tgtt _ v,,(lÍ,, # " 

ru, #)

0.31416

7.2-0664

2.51327

1J . 14159

-0.8019448+00
-0.374151E,{04

-0.1836168+07
--o.ll4270fa+09

6. 828334E+00

0. :151783E + 0ã

o.t726628+08
0.107385E+10

s(t)

0 . 4596088 J_ 00

0.224893E+02

0.1103578+05

0 . 686343E _t_ 06

the liinit value of hø es 1r -> co rvill producc ¿l corrtirr periodio solution
to (1.1) with the period T:.1¡ . to.

Cono¡,¡,Anv 3.L. Il th,e system (3.1) Itas ø, urtique sol,utíon, giaen
tsia the iteratiott (3.3) wí,th suitable inítial 6¡11,¡1¿ lirot. 'L'hen (3.3) wil,l produ,ce ø
sequence of syúines {Bt')(r)}fi-o whiclt oonrerqes uni.JornúE on lto, bl,

The solution by thc spline rnethod. is compared to the solution bv
bhe genelalized" averaging method [2] in Table +.-a. using a sprinoiï;i"i
five it is apparent that the spline methocl can achieve mocn gain in effi_
giepc¿ ever the generalized averaging methocl if smaller step ,size is used(c.f. Table 4.4)

Cm,i-tCm-t,¿-:.
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(Bctgladc)

. -'\s an asyrtrlltof ic exJ;ression fo' a..polyrromial wi,r altc,rrrate coeffi_cr c^l,s .l' tlcg'ec u ( tr, ) iì)'ri.. tol." 
-ur" 

rò'o"."ì"î^îr,i""îri.l
(1) ur,,e)t' _ {tr!)n 1 | r1..,¡.,,_:t _,,Ë t _7)u a,,,6n_rrn _-+ _l æ.

rni¿r,rs 
t|itlìi""*rï'tl ro l;his t.i.or.ial r'"lon*i¿o" a finite scquence of porvnor

(2) 11r(r, ctu).- í.rj . !ln_1(r:, a,ò l- (_r)r, (Lo,,lt : 8,4,5,. . ., ,ru,

arn f a,r.

""l'ol1l 2' 1'r ',P) of the.Po^lyno-

, r, 
" 1ï å' iü,:;îå r""rn 

th e trr e or ¡' "'f f''þí;i;: ïï ::Ï; 
t 

L :, i ;;
I"{-l)' Q,,, iv? v: 0, ((ru} 0)

rx

nl4

-r)
3;t 14

n

5rl4
3r12

7rl4
,)-

0.3ó25831lì-j 00
.0.31it7.s07E_0ô

-0 352ã83711 1 00
.-0 4990201Jì+00

- (,.352582611 ¡00
0 tlri(1226311 -0(i
r) . :J5258il1tj -l- 00

0.49902t)llì l o0

soìrr Lion ltr [he
gr:n A\.0t'. lnotho<l

0 . 3 547(i 96tt -l_ (x)

0.21391õtiE 02

- 0 .:1521ì97illj*00

- 0 4992.13:lE_i 00

-0 .i15239{ì2It l 00

-0.3,1:ì1366Iì_(,2
0.:ì51 ó110I-t j 00

0 .,t9998641.t 1 00

0.3534291E+00
--0.2067024Ij_04

- 0.35349398 +00
- 0. 500383611 + 00

0 . :15352378 _l_ 00

r) . 261 ô1 55E _ 03

0.3it39488E+00

0.c00803bE F00

'l'ul¡le 4.4.

0.3511344E1_00

- 0 .4748825n_02

-0 .3575117r]+00

- 0 .5013575E+00

- 0 .3560276E+00

0.27404378_-02

0.35471078-l-00

0.5007516rì+00

Diflolcncc

0.8460283E-03

0.2035156ìi _0.1

0.9101629E_03

0.1363575E_02

0,94709778_t):l

0.260ô594E _0:ì

0.1364648E _ 02

0. 178:J490u _ 02

l) iffct'c r rc t:

o.30i9414r, 02

0.6887983I.t_02

0.51143768 02

0 .2709r70F. _O2

0.36iJ1711Èt 02

0.5571804ri_02

0.3199696E__02

0 .7652040Iì_ 03

(nr - 5, l.t -. (t.250tt24, /1, : 6.6164,] B, It _ nl4¡)

3tr 12

2¡
r,'nr 

l'2

?T

l;¡

7n12

4¡

IÌt.ltrtìlìltNctis

1. ll rr r'li o rv s l{ i, Ìr, .J. :rntl C o rv a lt. O l).
. ol _st:r:otttl ordcr dillcrenliul tlilfcrertcc cqurtt
2 ìr I l ¿ì g g â r,.{., ^Sol¿¿/ions lrctrntonirltris ct.- 0,'l'hc 14tli. l\lrn. OonI. o¡t St¿rt. (ìorlr.
lJ l) ol z ó 1<1, L Lt, , Att r:flicit¡t[ ntunet,icttl n

4. rI orcler no¡t li¡tear
- I lrtcn. Ins. vol., lialcquu-
r. te¡y spline funeÍiin
(i. ,,,. ti.,rg,rriii:a, 6íi. sorurìons.

c¡., s.¡:lirtt eJ)J:t,ox.in ttl.r¡(tt) _¡iut0 0j.St;r[isiic¡ ìi,,,ä.riL¡,,

i ltc cocfljr,i(Ìtì1, 40 o1, i,he hrgllc,sl jro\\\)i, lcrrlrls iq zrr¡¡" llicir ¡:¡r, ol i.ll¿.r 16o1,s-o1'llrt,r.r¡uiilio.r 
113) irrcr,r,lrs<,i jli,l,,iiiri{;r,l.,..irr lrirsrrlirtr,r.;tlrrr,.

L1,r 1hjs 1ì;c,ot,r,r lc I
t,lìtrs tli,{i(ìì,1¿ìilr tic
1 tht' qtt<.s1ig¡ ol, ,

ilr Ibsr;lutc r_¿l r 1l

(3)

lìccoivccl l7 \l 10f14. ) !, t I lr nnl ít s I )e l.¡rtI t;tt t¡ I
l ¡tit¡tt:'itll ol littttitiI

l).(). Jlo.¡. ,i!)t;I .,

/i ¡r ì.ìj-4 / 7'

6-íi.2t7S

soluliou b¡-
spline rnctìrorl


