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1. Introduetion. a) T'he Helmhollz Equation. Tet us consider the Helm-
holtz equation with the Dirichlet condition :

dou D1,
(1) Auz—i(p—?i—‘)— g (q¥)+ rula, ) = f(2, 1), (2, 7)€ Q
ox \© o ay oy

(1a) w = g(@, ¥), (, yel

where « is the unknown function inside the convex domain O of R?
with the boundary I' (sufficiently smooth) and Py, 7, [ and ¢ are pre-
seribed bounded functions with properties to provide a unique solution
for # in a space in which the problem (1)—(1a) is to be solved. D(A) will
be the definition domain of the Helmholtz operator A.

Leemarks. It may presumed that oplox, dqloy, 7, f, ge C(Q) and
@y y) 20, pla, 1) >0,q¢xy) >0, (o 9)¢ Q; then, there exists the
solution we D(A) = {u|ue CHQ), up — g}-In the same way, for example,
for the solution ue HXQ) the conditions fe 1,(Q) and g e H32(Q) — with
P =g =71 =const >0 — are necessary and sufficient.

— We consider D(4) to be within the linear space of faassionsy

jal

5 -
HYQ) — {10 iy L O JCE(sz)}
%) ()"y
in which the sealar product (.,.), the norm |- || as well as the symm etri-

cal bilinear form «(u, v) are defined by the equalities

(20, ) = gg (wv 4- v - yo) do dy, ||lul]z = g% (u? 4 | yu |®) do dy

Q O
ouw o o 0o A
alu, v) = — f —— —— 4 ruwv ldad
(14, v) gg(p = gl o . ) y

The following liear spaces are also introduced
rel

Q) = {wlw e HYQ), wp = 0}, H} = {wlwe AYQ), wy = g, ge HV(T)
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Remark. HYQ) is a Hilbert space (the energy space of the operator
A, where D(4) i3 dense). . _ ! ’
e \%eﬁs‘ha&l c)onsider the problem in weak (generalized) formulation in
the space HYQ) (and not in D(A)).

ProrosrrioNn 1. The Heliniwllz equation ts written in the indegral
form (weak formulaiion)
(2) alu, v) = (f;v), Yoe H§(Q), uwe HyQ)

J Lo S i iplication of the L, type of equa-

Proof. We perform a scalar multiplication o s b :
tion (1) b\{ an arbitrary function ve H(€); the Green formula and the
condition V@F — 0 are applied, subsequently.

DEFINIVION. The wnique solution we HHL) of equalion (2) s
called o generalized solution of the problem (1) — (1a).

Prorosirion 2. The generalized solution of the.p'roblem (1)—(1a) 4f
Py ¢, T are non-negative minimizes the energy functional

(3) () = alu, w) — 2(f, ), we HyQ)
i | reneralized i the
roof. Let us consider we HY(Q) the generalized _solutlon and >
funetifl;ofg = ; + av with ve H}](d) and «e £' an arbitrary parameter
(thus, w e H}Q)). We have

F(w) = Flu + av) = a(u, 1) + o?a(v, v) + 2ea(u, v) — 2(f, w) — 2a(f,0)-
(4) 1 =L
Hence, since we have a(u, v) = (f, v), Vo e Hi(Q), we get

Fw) — Flu) = «2a(v,0) 2 0 i p,q,r 20

Now, let onsider (reciproeally) w e HYQ) the function that minimizes
‘?hoe“e’nle(;wirl S’fifn)ction&l(ﬁ’, (.%) )y and w = w + o, € R adnnss%bl‘er ’Eunctlon(si
[from H?(U.Q); thus ve H(L)]. Thg funetional F(uw av) for fixed u }a;n'

v (U — e%trenml and v arbitrary fixed) becomes & function O.f, o« whic f1§
to be minimal for o« = 0. Therefore, we necessarily have 0F/0« —= 01 81
« == 0 which leads to (see (4)) the equality «(u, v) — (f, v) = 0, V/U,E H0(1 )
which proves that the extremal « of F'is'a generalized solution of the pro-

blem (1)—(1a).

2. The Approximation o¢f the Helmholiz Equ_gtim‘l. 28 dThe RIE
variattonal proccdure on  reclangular f-amte. elem(r.n{s. lh;a ot 0111@1‘10; ks
diseretized by the straight lines « — », = ih, y =y, = Jjk_into rec
gular finite clements whose vertices form th(.a node grid €2, = {(x; y].)t
i = 0 f, = {),_ff; h, k = constant}. We conm@er % I'ectgl?}g‘.ulﬁhl- .@}Pr;ll lL?‘:.'l.
[rel) thl,ltl a loeal cartesian frame CEq (fig. 1), 1-“11th‘ til}tla a,:m{ . ( (%( ,;m : ) u!L]
parallel to Oz and respeetively Oy am} the origin in the centre O ,2, yf]- :
the element. For the point P(x, y) € (&) we hgwe » =, --\|— E, = Yo+
We introduce the local dimensionless ccordinates in (e)

©— %,

) :2.1/_1:‘/0

=2
Y h K
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Tig. 1 shows the coordinates of the vertices of (

15

¢) in CEy. Liet us appro-

ximate the exact solution u e H(Q)(Q is bounded by a rectangle) of the
variational problem for /(w), with functions from the finite dimensional

space (from H'Y(Q)) .

HI* = {U]U e BHYQ), U= of? + o + afily L oy on (o), § — 1, N,

where N is the number of the

elements in Q and o e B2 y 7
Therefore, on (e,) in theloeal yril, b g, o (‘__1_:_“ 1,1)
system CEw, w will be approxi- ekl ey llegdp _.,,..é
mated through the bilinear inter- ik =y __l TII e (1)
polation polynomial (for ) ¥ B (1‘1‘“2}“ ) (
e e,
, i Sr e G L/ (AR
U(E ) =— [ —ENT — ), ;+ i TF % , _+
4 ! * -1 Lo i -
+ @+ B — gy, (L + 0 Xy xp=ihox, X
(5)  + B gy, 00 + Fig. 1

(1 —8) (1 + ) Wi, 5410 5

(di=115 T =1 il o] =01

where, a5 % and U are continuous lunctions on . Q, »
= u(@y y;); u,,; ave finite values on Q, for all 4 and j.

i = U(m,, Y;) =

On (¢;) the minimization functional i, for the function ¥ has the

value

50 \2 7\?
() T () = gg [P(Oabm ) T q (i%) Lol — QfU} dx dy
| !

where (F(U) = 7' 4 To+ Ty + Ty; (0U/02) = UZete) :

)

T

-

g

( 9
Wyq e — ¥y i) +

— ”z‘,;‘+.1)J?~’i+1/2._~;+1/rz ’

| Ve
b (2,50 — Uiy,

bigl, 741 ’”‘i.j+1)fz‘+1/2.j+1/2§

1 ;. ko
T =W\oplUkdx dy — — [(t;q,; — Uy ;)2
3h
(ea)
A (Wigg; — Ug,s) (Weq,541)
" ) h’ vo
Ty =W\ qUsdwdy — o [0 — 2 )2 -
3k
{e1)
+- (ui+1,j+1 — Urgr,g) (U 54 — %;,5)] Qiv1o, 541723
() hk
(2 .
Ty = —gngdm ay = — o (%45 4 141,
{e1)

7.
Ty = Sg rU%de dy == %‘ [2(uf; + %‘2+1,y‘ + Uiin e U3, 741)

(e1)

e 2ui+1,fui.j + Uy Y11, 500 1 20, 540 F 20 41, M40 541
+ Wiy, 541 21"'@'+1.j+1u1,j+1]7'i+1/2,i+1/2
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On the whcle domain the minimal value F(U ) of the functional will be

N
(8) R(U) =y, BT
i=1
3 i A% ey}
where N is the number of the rectangular elements in Q. Thﬁc) ('L‘hl(i) tl«_(e
is obtained form Ft« Dy the index substitution ¢ — 7 18 (e]’) . 15& izlblmi
ed from Ftal with the change i =1, j—>j —1; F 4 13 (1) & ecg
from £ with the change j — j — 1 (the 1}01;.‘50121 1)eft corner is chosen as
101 3 oy R N Q@ T 'hf'b-‘;re dUne 1n 61 X
an origin in each rectangle as we ave (o) o ool ey
’Jb?he necessary minimum condition (stationarity) d.llv(Ul)l/% oy, 1_fo
requires that the terms containing the nodal value U, ; should be po Ln 3
ed out. They originate in the four rectangles hzwmg a commonUver %h
(4,), fig. 1. 8W is the sum of the terms in Fie) which contain U, ,. In
SO’liZl(: \V;V we note with §@, §® and S® the sum of the terms contain-
ing ¥, , from Itead, Fes) and Fled, _
We write the functional (8) in the form

Iﬂ( BT) — i S(m) + Ec
m=1 '
where X, stands for the sum of the terms which do nofl ccf)n“nam U, s
The necessary minimum condition is written in the form
‘m
(10) ﬁ 95-204¢:1+uj:LJ)
n=1 OLTi,j ' *h N
We calculate the derivatives in (10) by using Fln), with m = 1,4, in
which only §" is taken into consideration :
o =i M* i [—2(% 41,5 — %3 5) — Wigps41 + Ui j41] X
oU,, dU,; 3h
h

3k

X Pityz,is12 -+ [ =20t 550 — Weg) = Uiiryan + Yirrsisare sy —
[ » s d

_%ft#l/?..f«?l/z ok ;L—]g 4y, 4 2000 + Upye1 + 2/Ll’i,j+1]ri+1/2,f+1/2 5
88(2)_: ih [2(,; — wim1,;) + Uigpy — ’“’4-1:“1..] Picapprenge F
ou,, 3 ¥

-;73] (=20t 541 — Uy ;) — Wiy ga1 + ui—l’j;l‘v’j'(li_uz'j-kl/z T

f .
_% [fic1se.9412 — % (415 + 20 9,5 + 2% 500 A %1500 1050 12] 3
l hy —% 20,5 — Wioq,55 + Uiy — Ui1,3-11 Pijz.i-1y +
A1 e u3

U "r’

£l - I_;L (2005 == Wes,s) — Wern,g-18 1] Piysa, im72 +

U, 3

U, , il
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By asing these derivatives, condition (10)
nine unknown nodal values, the value U,
the nodes neighbouring the node
as & [inite difference equation.

The Helmholtz equation may be approximated
by the nine-node finite-difference equation ;

tarns into an equation that hag
g W well as eight values from
(i, 7). This equation may be interpreted

at the point {4y )

r .
Aslui,f} =
i+1/2,541/0
i-1/2 412Uy 4y bi~l/2,j+1//2u’f,j+1 - itiso, 5410
t—1/2 jt+1/2 4) i+1/2,i4+1/2
-+ 6@'—1;2:;'~152 Uiy, - dz(,j Uy, 5 CZ’+];2.}—1_//2 Uivq1, +
i+1/2 ji—1/2
T i1 Wig,i-1 -+ biﬂ/z‘:j—l/z“r.f—l + a;

(12) e

Uitriyg -

+1/20-172Wigy,; =

3
- T(.fi.]'+1 + fi'+1,f+1 +ff—1.f + .fl'+1.,7' +fi-1.7'—1 + fi,j‘l + in,j)

uijllgng_n

where
3 1 L ' 1
a= —h-2p — 75‘2(]_+?7‘, b="h-2p — 2k-2q 4- =k 7}
>}
i
c=—aM%+wﬂq+§43d:2@%p+kﬂm+3qu
& i) = QiR iy

w(@,, Y;) = 924, Y (@ ye I,
here, a convention has been used in WIiting : several nodes attached to
one letter (a, b, ¢, d) note the summation of the letter at thoge nodes ;

e.g. the symbol in ( *) stands for the sum of the values of d (g funetion)
at the four fractionary nodes.

b). The Helmholts equation with

constant coefficients. Let ug assume
that the functions P, q and r get red

uced to real constants. We note -

1
B = ?21 (29752 — pk?— DY 1'h2k2), Y =— i (ghz — 2pk? 4 % 7'7&2702)
(13)

H

From (12) we obtain the nine node finite difference
holtz equation with constant coefficients -

(14) Ag{“i.]‘} SUigg41 + Uigg,4q Yi—aipm1 + Ugyy 5, +
T+ Blugymy + g 0) +y(uy,; + Uiyy,g) — 8hu, ; =

1 1 2k2 '
e E (q.hz + pkz -+ ?ﬂbzkz)’ K — hi_’ H — th -+ pk2 =1 % rh2j2

equation for the Helm-.

3
5 I‘If(fi,,iﬂ +f'i+1.,1‘+1 T ji—],i + 2f1’,j +fi+1.j +fz‘—1.i—1 +jz',j—1) 5.
w( @, Yi) = 9w, Yi)s (Cvn Y;) € Ph

2—c, 2176
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The equation (14) can be written in the form of the stencil :

HEAE s TN S
(15) =8| v | utin, ji) = —%K 12| 1] fean, ik
T et B L I & )

: ; sh in which. —82 i a.bec r ds to
where, for example, the mesh in which —8x 18 located corresponds
the pc;int (i, 1) while’ the mesh with v (on the left) corresponds to the point
(i — 1, 7), that is, to the point of coordinates ((i — 1)h, jk). el
c). The truncation ervor of equation (14). Let us rewrite (14) in the

form

3
£
Agfu, ) = ——1IC i
4
e grid function, whereas A represents the finite

where {-} represents th :
b spectively seven node sten-

difference operator on the nine node and re
cils, shown in (15). . g

, Returning to the differential equation (1) we let w(a, #) b‘e the value
of the exact solution at the point (@, y) and (@, ¥;) = Wi, _flhc trunca-
tion error =(a,,y,) of the scheme (14) ab (;y ;) 18 by definition

3
(g, y;) = Ag{“(‘r’i, ?/J‘)}(i,i) -+ Z H A?{ji,j}('z,j)

with Aw(w, y;) — f@, y5) =0

In order to express the nodal values from the operators Ay and A; with

the help of the values at (w;, v,) the Taylor series expansion of‘two Vmi;y-
bles is IlJISed, in the neighbourﬂood of node (x;,7,). The following evaiua-

tion is obtained

4 P 2
6h2k? (_ a2y, 0% n o'u) +

X )= — N . q 9
(@5 15) T O oy*® (4,4)

+ 7% [BA( D — 2rD2u) + k2(qDyu—2rDju)+ 2HD, 0 )

i.hzg [8f -t 2(heD2f - BRDAf + hkD2,fli. + o(hS -+ 1)
2

(D2 = 0%uj0w?, D2, f = 0%f[dwdy, ete.)
Subsequently, the formula

h .
fis (e,h? 4= a,k% + ayhk)e,n -+ o(R® + %)

(@ Y5) =

is inferred (e, being read from the previous formula) which leads to:
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Hthe coefficients ¢, o i :
y / : ; N ( \ g R o E i
tives of w and f) are b o Ko (Whieh contain f as well as the deriva.
blves ~and f) are bounded funetions (w and f are sufficiently s i
functions) we have : Ay smooth
Im «(a..9y,) — 0 - i
I35 (1 iy !/_,) = 0 and 2y, ‘;/_].) = f()(hzz + 704)

3}(};; &s(,msc(l_lf;me_t(ll 4) is 1consis‘ccn‘o with the Helmholiz partial differential
cquat WIL constant coefficients, and ¢ e
E lentys, and approx Tes 1hie o134
with a fourth order error. ’ bproximates this equation

\ d). Laample. Liquation (14) test. Let us consider the laminar moti
of @ viscous Icompressible fluid inside an Q rectangular a'eci'iu; i -ﬂ -IL‘.'.l]I_
(placed in Oxy). This section is bounded by the I 6311t011'1- "1.'1] 1 in 1_&911}0
velocity w(a, y) of the flow verifies the equation and the ])’i1:iclcllem i

tion : t condi-

0% a2

(a) =i {x, y)e Q = (0, @) x (0, b)

Ga?  oy®

() W@, y) = O, (a, y)e I

L

Ap .

Jo= i const> 0, Ap = p, — p,; I> 0, u> 0)
where Ap > 0 is the pressure difference or

_ , pres; rence on th sha sneth whil

v 18 the dynamic viscosity coetficient. R e thbLh e

Let us use scheme (14) for two approximations of the prohlem (a)

1. We choose b = a/2, k — b/2. In this case we have
a?h?
. 4(a? 4 b2)
and using the condition (b) scheme is reduced to the equality
3 a?b? h
Uy = VRl a7, gy Jo and u; ; = 0,09375 @y if a= b
which represents the approximate valu i ity i
‘ aPPLox e of the velocit >
of the rectang;le and of tl_le square, respectively. For ¢ i ;)n:ﬂée fc ditre
e gob 1, = U, = 0,375 (in the units of o and f,; [f,] — 174"

2. We choose h =k = ajd and the squar i
: g quare secetion Q — ¢
,X (0, @), Then due to the symmeftry of the motion, only the ‘hEO, ¥
‘-.1.113 ;a;f_m v;l-lueg will be unknown on the grid Q,. We have B v o
an = h*2 = a*/32. Bquati » 0. the e aad 5o
o g / / quation (14) leads to the linear and syminetrieal

p:q:l, 'I“:O,If:

3
%2712,2 + Uy 5 - Ugy = — azjo
64
Uy, — 6 9 3
2,2 uz,a + u3‘3 = — __dzfo
16
U [y} 3
‘2,2 T “uz,g _ 8%3'3 = — ~a2j0
16
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which, uging the Gauss elimination method (m = 3a?f,/16) :

—2 1 1| —m/4 =
I ., |11‘ —5|9m/a] _
i —6 ol ptels |~ = [140/36m]
- 5
1 20 =8| —m 0 L5 9/
, has the solution
36m
4h=y : W o0 = — 0,04821¢3f, ;
i ‘ | I8 3,38 140 b jO ’
A £ o o 097 02 -«
e g a5 = 0,06027a%fy 5
yz — _*...?.._,_ 2 r
N _|f_~,2 }*__‘l Uy 5 = 0,077680a%f,
’ Ll i3 Tet us compare the central value wu,,
0 X*‘ X‘ o i with the one obtainable by applying the
s i Ritz global method with approximate so-

lution Ue D(A) = {U|Ue C(Q), Ulp = 0}
of the form

Ulw, y) = caylw — a)ly —a), 0 S &y < @

where the constant ¢ is determined by means of the minimum condition
of the functional, inferred from (3),

Flu) = gg[(vmg — 2fu]dx dy, for uw =U
Q

Tn the centre of the square we obtain the value U, = Ba’f,/64 = 0,078125 -
- a?f, which is in agreement with the value u,, given by scheme (14).

Remark. The value U, is also obtained in [2] by means of the Galer-
kin method and may be found in the schemes in [17].
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