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1. Introduction. a) 7'lt'e Heltn'lt'olte llrltrution. fret us consic-lel l,hc l1eim-holl,z ecluai,ion ri-itir the Dir.ichle,o coirãitiorr :

(1) Att:- u.L(,O#)-+(,
0tt,

1- ru(a', y) : l@, y), (t,, y) e A
ô'u

(1a) tt, : g(t, tì, (n, !/) e I'
n'here ø is the Lrnkno$'n fLrnc.r,ion insicle tire conye-r clornr,in o of _Bz

and p, 
.r1, r,l nnù ú/ âre pre-

to plovicle a unic¡ne solution
1ø) is to be solr.crl. D(A) rvill
opclabor.-4.

Rentaflts. It mir,¡' prcsumecl Lhat it1tl|n, ôglôy, 1., l, l1e C(O) r,nc1
(n, y) e e; then, ilrele exists thc

' 

J, lÍ .*, li'ä)'ii,i ;:''Ë J?öYÌ+,iî

- \ye consicre. D(a) Lo rr" .,Ìt11Ï^^irL-,'ilT:f1ì1"r, oi rilrc,icn¡

lrl(o) - I*1,u, U,'t'u ..r,"(o)i
| ùn o'y 'l

in r¡'-jrich the scalzi,r'.procluct (.r.)r. the norrn Il.ll as rvell as i;be s-i.mmetri-
cal bilinear fo'-xt a(u, o) ar.e definecl ì:y the eilualities 

"

(tr,,u)a,:55,', -l- yø'yo) d'ntty,llr.ll'.: ÇÇt,,, t lyu,lz)d,ncty*ìJ
a(u, r) - if i ^ 

ôu tn: , otr' ôr \':Ðtn * ôn + o U -- )-rua)d'*tlu

The follorving liear spa,ces are also introducoll-

-FIð(f)) : {tuþ.0 e .E1(f)), L0¡ :0}, HL: {wlw e I{r(f,)), ,u)y: gt ge grrz(l)
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lle¡n,ut'k,. fl1(f)) is a Ililbert space (the cnergy space of the opelatol
-,1, tvhelc Ð(:f) is tlcnse).

We shall consicle.r the problenr in tvctr,li (gcnera,lizecl) formulal,ion iÌt
the spz'rce ll¿(O) (n,nd not in D(J )).

PnoposrrroN 1. 'I'ltc IIcl,nú¿oltz equrl'l'iot¿ is tutittett in, th,e i,nle¡¡xt|
f ornt, (uealt: J'ot:nt,nla,lirs n,)

(2) u,(u,u) - (J' ù)'V'ue I/|(Q), ue IIlr(A)

Prot[. We perform a scalal rnultiplical,ion of Llne I', t-r'po of equrì-
tion (1) by an albiirar:y futrction'ue llol(Q) ; tltc Green formula ancl tìre
conclil,ioir r)r : 0 alcr lppliecl, subsequentl¡'. 

t

I)or¡rr.qrtron . I'ha u'ru'iqu,e solnlictn' u, e IIþ({)) oJ equ'cttiott, (2) rs
cctll,ecl o, gen,era,Li,zed, sohtli,ott, of l;lte prottlent, (l)- (1c,r).

Pr¿orrosrrrog 2. The qenera,liztd, solt+lion, oJ the problnnt (1)-(1ø) il'
p, Ç, r' cûe llot?'-nega,li,ue ntitti,tn,i,zes the encrgu ftt,rtcli,ottul

(3) X-(tt') : rt(rt,, rr') - 2(1, zt), u, e /11(O)

Proof . Let us consiclel u, e Ìli(O) the ¡lcncralized solution ancl the
frrnction ru : y, -l- ø..u n'ith ,ue -FI|(O) ancl øe ,lÌ1 a,n albitralv pala,rneter
({,ìrus, tu e ll}(O)). We have

T(t.u) : F(u, -1- u.t:) : a,(u,, tl) ! ø.2a(t:, o) )7 2o'u(u, D) - 2(f ,tr') - Za(f , t).
(4)

I{ence, sinct¡ tt'e hi;ve rc(tl, n) - (1, 'u), Vt'e /I[('f)), rve get

L'(tu) - þ'(u') : u-zce(r, a)> 0 if ?t Q¡ t' 2 0

ços', let us considcr' (reciprocalll) u'e 71å(O) the fuuction.that rninimizcs
the clergy functiolnl ae .Iìr aclmissiì:|e tunctions
lfrom ãJ(O) ; thns u I"(u I aa) for fixecl u, an.rd'

õ @ - eïtlernrl ancl es a, function of ø rvhich is
to be rrrinim¿r,I for ø ssa"rilv hnve 0Il0ø : 0 for
ø : 0 rvhich leacls to (see (a)) the ecluality a'þr,, 't) - (1, o) : 0, V'u e Ill(O)
whioh pro\res that the extrelnal u of. f is a generalizecl solution of 1,he pro-
blem (1)-(1a).

2. T'he rlpproxirnation af the trlehnholf,z Equafiou. a] I'lte I:?'itø

aa,rio,tionul ltrlcid"zu'e oll recl.unEtlur .firtite clem,cnls. The 0 domain is
cliscretizccl þy 1,he sltraight lines ø - o¡ =': ilt,t¡ : yt: jlt' into ¡ectan-
gulzlr. fiirite oìenreni,s rvhose verticcs form the node gricl {),,: {(ni,!l i),

constant). 1{'c consider a rec
'anre C[r¡ (fig. 1), u'ith the
ivdy O3¡ ¿ncl- the origin in the
P(:r,'¡¡) e (er) .vo Itavc n : r"

We, jntloclucc 1,he loc:,Ì clirnensionless ccolclin¿ltes in (er)

?_2ß-fr,.^n_2!l -y"
Jr"' h
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ìlig. 1¡iho*s thc coo_rrlinates of tile'cr,l,ices or (rrr) i, c_å¡. r;ct rLs frr)p.o-sir¡irLo tlrr. eracb solutiorr. rr e -I1i(O)(A ¡.'froi,nj"líf,.l: ;,.ilclrr,rrgi.,¡ t.¡f tlrcvrt'ial,i.onzr,I 1rt'oblcuL for l"(ø), u'iih iirrrctini'* rì"ììi 
"ii',,'r¡,ìire 

rlimcnsirrr:r,lspâce (florn ã1(O)) :

2

f[trt - {UlU e 111(f)), U -- o.5it ¡
rvhete r\r is the n'"rmbel of bhe
elernents in Q zr,nd o.t]) e ilr

on (a,) itr theloc:ùl
s)'s rvill Jtc zl,ppt,o_ri_
ln¿ù thc bilinear inter-
po1 rnial (for I/)

1

U(1, ',) . lt.t - EXl - t,)rr¡,¡1
+

+ (1 + () (1 - .n)It¿+i,¡ -i (1 +
(5) + €)(1 -l-1)r.,*,,,*, 1-

-l-(1 - E)(1+ .4) tt,,,i*.,7)

(7)

,.\t)n * a|)yI a.$¿):tr¡ on (c,), ii : ! rìÌ),

,l

'J+ t

,)

Y .,.t

(-1 ,1 i 1,1)
t-s

|,1)
I

Ilk
i-1, -i )

{e,, ) (

t-tt

) ie, )

jtl
+il

i*1
0 Xi_r xt=ih x;*r

l,'ig- 1

X

(¿:,1-1,j:.L,J_l
lr'here, ls ø ¿lnrl (I ate continuous fnnct,ions on f), r[; ¡ : U(n.,, t1 ) :- tt(c'¡t ll¡); tt,,, r¡r'c finite liiiucs on f),, t.r-rlf ì: n",i';."''
unlo,,t)tr 

(r') 1!le rlrinilnizr'tio¡r furrcr,ionil,r r,,, ror ¿rra frrlLclion ,i- il:rs ilre

((j) n)k)(L) :fi,Lr(X)' . o (U#)'-F ,,{-,, - ruld::, cty

rvlrele (Fþ'I({I) .- ?', f ?, j_ I," | ?,t) @UlAgr_ ü-., etc) :

i5l"l
i''(iltlut't = ! l(u,¿*t,¡ '11,,¡)2 -l- (?¿,*,,,¡*, - 1/¡,,,nr):r t

¡ (u,*,.,¡ - 
,¿r,¡,) (ø,.',,,¡*r) 

- nt,,1*)'l1ti+ttz,itt/zi
h,quídÆ(Ì'U : 

ã, l(u,¡*, - u,r,¡)" I (t¿,*,, ,i+r -. ?/,*i,¡)2 l_

-t, (uu*t,¡*, 
- x[¡+t,¡) (t¿,,¡_r, _ zú¿,r)] tf¡+ttt,i+:/:, t

r!
1l

', -- 
55
\ct

T3
\\r"u.d,t¡ 

: - LL |u,,, i-,tL¿+t,¡ l-,rú,+r,j.,.r )- u,,¡*)1,+il2,i+rz)
etl

!4:
55"0t, 

clr tty :4, Lz?*?,, 1- u? *t,¡ -f Lt,*t,i*, ,¡ ,¿t|,i,r) 
1-

"ì
'f- 2uo*r,¡uu,i I tr"r,,U,r*r,¡*r * 2LL¡,turo,t+t | 2u,*r,,rtr*r,l*t *

i r[¿ + t, ¡LI ¿, ¡ *, )- 2tt 
o *r, i + tu ¿, J +tf|', * tl z, i + Ll z
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On tbe l'I:cle clontjn the rninirnal value F(Li) of tlie furrctionai will be

(8) F(u):inrrg¡
u'herc -v is tire nurnbtl' of the 

"n.ro"*:'rlrn" 
elcrnents in o. The 1r211¿s 7,(z:)is obtainetl form -Fl(,') b¡' the itrdcrr sù olr ,j * i - I; /(¿3) is o51,ain_ecl f'rr'r _l'( j- j_J_; nvs n o¡i,h"å¿from ¡(,,) ', 

.ütouitett 
"ô"r"" is cliosen ásan orig-in in in (ar).¡llhe n tition (stzr,tionärity) At.(U\la¿l, , : orequilt'* llra'ü tllc Lt'rurs corrtaining the nodil r-a,lue u,,, snriuli l_,"']í6[11

9$ .g"l: ilhe¡r s¡igina,te in 1,he four rcctlngles ha,ving'ä comrnon vertex(i'j)' fig. 1. S(1) is the sum of the t¡rms 1ä ¡rl,') rvhich contain U,.. i;
sorne__\yay n'e note rvith B@)r isr(3) a,nd s(4) the sum of 1,1-re terrns coiìiaio_ing ð/,,¡ f¡6¡¡ llr(e:),/(ao) ¿¡¡l p(er).

!\'e rvrite the functiona,l (8) in the forrn

I(a):Éu,', Ur"
¡n:1

w1rere-), stancls for the surn of the ter,ms l'hich rlo not contaín [],,r.
'rhe necessa'y 

'rinimu'r conclition is written in the fo'rn

(ro) É -g'- :0, (i - t,r )i-tJ)
t¡:t0U ¡,J

IÀ'c cnlcula,te the rlcl'ivalivcs in (10) t-ry. u,iins ¿r'(.d,), \\itrì tn - . ¡ 4, irr
rvhich only rS(,') is lithen into consiáe"n1,iorr, 

-

AB(r) 07tt(e) k _

tr* auu: ¡ l-Z\ttt+t'¡ - 'L[¿'¡) - ll¡+t'¡+t f tr't''*'] x

h
X 1)¡+ttz,¡+ttz -l-: l-2(tt,,¡*1 - xt¿,i) -'tt¡+,t-,J+t -i- ttn*r,¡fe,.t1/2,i+t/z --

hk hl¡
--;Ít+ttz,.¡+stz * 

- 
[4it,,,, l- 2u,*t,¡ -]- ?r¡+r,r+r .f 2u,0,,*r]rì+.tlz,i+j/z;

(j9rzt k,n

- 
t 2(u0,, - 1L¡,-t,:) I 'trt,¡ +t - xti-t,¡+tf P¡-ttz,¡+ttz -f7uo,¡ 3h'

h_ Î+ 
Blt l-2(tt,.t*t - ui,) -'t|i-t,i+t i u,-,,¡l'lrlo-1tz,i+ttz -

hk ^ r t
- z LJ¡-ttz,i*ttz - -(4tti,i )- 2tt ,-,,¡ ¡ 2tt,,,*, =!r- ,r,-r,,*r)rr-rtr,¡*rtr];

#3 : JL ¡z1rr,,j - ,ttr¡-t,jj I u,,¡-t - Lr¿-t¡-tl?¿-ttz,i-uz *0 IJ r,¡ 3lL '
+. ;

,Br4) h ,
,rr-, 

: 
fi lzl't"¡ -- 'ILi*t'') - Itr:+t'i-trti'i-'f ?'*'t''¡-'t' l

I t.
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]J'J' tl'ilrs'tllest'rlt't'i t'ALitt's, cotLrliliorr (10) r,l,lrs inro;1,, o(ìuiì,Liolr 
'rrut 

Jr:¡,sr(\s. r lì(, \.iìlu(, _¿ri,,,r* 11.¡,¡i, .,' 
"iJiii 

".;.ir;_,"i,.,;,i

;l]:;ri:ï1" 
1r' j¡' 1'lrìs .',¡,irììn',"ì,*ï o" i'r,cr1,r,ered

'-æ¿ru tå,îl"t¡i;::itnzr'tecl ¿¡t tlie poi't (f, i)
Lo{ur,,} =(r2)

wheLe

(*)

&t-t12,¡¡1¡2't(i_1, i+r i o-|!\t,î,,i,¡1t,rr*,,¡*, I ctr*r/r,¡*t-/z u +t,¡+t *-L nt-U2,i+7la-r ui_jtr:j_iii rL ¡ _r., ¡ ct,[!l u,¡, ¡ I ",,#lì:j!l!| xr¿ +t¡ j_* &r-,r.¡-rlz'ttr¡- t,i-1 * bi1-:1/1!,ii-rrt,!u,,,,_, i ct,¡+t/2,¡_rizr[i+1,¡_, :
-- 3 ,.t ,

- l(/i,i+1 l-./¡+r, ,*, -f f ,_r,¡ ï J,*t.¡ * Jr_r,,_, t J,,¡_r -l 2f ,,¡)

(t:t¡_-1,j:7,J_r)
-r

a: -l¿-zp - h-ztll *r', b : lt-21t _ ,, l
6 1' 2A'-2(l ì ; r,

c : -)tu-zp i, t,,-rrr- *,., ct:2 (n-r\ i tr_rO a_"\
d,,:l : a i il3;j!\t,;i :,,! itf,:j lil\ ;

l;:1"i, "t'í,4;J,{iîî,¡!îi*,11;'?a, 
noc,es a*ac,red ro

e.g. ilre te the sunrmation 
"I lùä'iåä." at those nocres:at rtre t 'f*t" r.or the sum or ti,"-.åì".. 

"r i õä;;b;åj
b). The Eet,,rnhortz eqtrcttion, tui,t"cons_tartt coeJJíciet¿rs. ret us ¿¿ssumethat the functions p, g índ,: g"i""äao"erl to rei,.åiÅt""t.. We note:

P:+(rnrr-prx2-7 rttrr,r\. 2 ( -TT\(JB) ' ' 3 "o n- 
)t Y:- î¡0" - 2pttz+!'n't*)

^ 7r. t \

;.ïli',,.::;,*';^;;.;),,,rrir;fi 
,",,",),,ï,,,".:^",::,^

lroltz cquarion r.i1h ¿;^;;;"äãå'iïå,.r,r. 
,

(74) Ao{u,,,r\ =%i t,J+t * %r*r,¡*, l rl¿_t,¡_t * u¿+u¡_t l-

, 
t 9þt,,t-, * u,,¡*r) I r(ur_r,¡ # u,*r,¡) _ B).,ur,, _

,ì: * 
T I{(1,,,*, I fu*r,t+t * Í,_r,¡ i 2.f0,¡ I f,*r,¡ * fo_r,¡_t t Ír,t_r) ;,

u(nu !/¡) : g(n¿t ll¡), (n,, Ut). Tn
2-c 2176



The eq[a1,ion (14) ctn l¡c NÌitten in the form of the stencil
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Il' rl¡t' t'orrf ficjt'nrs ,',, 
,,,rr. rr,, (tlrrit'ìr.c(rrrlairr ./' llr, *r,¡ *s rhc at,r,ir.l,-

lLi'ä,:l,Ji ';1'"u l],,:j',' 
nor¡iirtcÍí it,i'àuon* (, ,rrtr 7'rrr:t, suri'i<.i.,niiii -;;;;¿;,

liru t(r',, t/) : A ¿lnd : \,t,u !l¡) =:g(Ìra i ha)h ,h->o

that' is, schemc'(14) is consistcnt rvitb l,he r-lclmholtz paltial cliffere'ti¿rl
ä;ìirii"liln"iTå.i",.ììlîi., "".rricienrs, ,lrcr zrpp,,oìi-,,,ät", ,,ii ¡,¿ì;;ì;;

et us
¿-¡n (

dbv
equa

(a) Ï'i " i,':: : - Íu, (,', u) e t): (0, ø) X (r), ü)û tt:z it.,/"

(b) u,(u, q) : A, (n, y) € 1.

| Å'p
f Jo: ,'' : crtt.l ) 0, Ap:,1)o- Ft) l> 0. ir.>01\ r$ 

l
tr'-h ere '17r > 0 is the. pl'cssrtre cliffcrence on the z channel l.ngl,h rvhile.u- is the rlynamic viscosil,y coeffiàiànt.

r:et us use scrreme 1r4¡ for trvo apploxinrations of the lrroì:rem (rr)..1. I4rc choose tt : 0,12, l;:6¡2. fn tiris 
"^.n 1n"-1o.,"

p:q-7,t.:0, Ii: a2Ítz

4Qt2 ¡ ltz¡
ancl using trre condition (rr) schemc is red'ceil to t]re eQui.rit¡,

B a2b2ü7J : 
16 ,t't + brJo 

and ut't:0'09375 a2J, if a: b

rvhich rep.esents the approximate varue oi trre velociúy in trre centreof 1;lrc reci,angle ,uqd^g!^!Il" *qru,"ó, 
";*p;";i";i,; F;il'i tt : 2, .fu: Iwe get utt= a" : 0,875 (in ihã .roits oi ,i 

^orl" 
jo; ü"i: -L_tT_t).

the
of th

,ffiu,

-2ur," -l ttr," I u, 3 - ,'3: - al"'Jo
L[z,z - 6ur,, T 2u,",r: - !arf^

16

uz,z i 2ur," - 8ør,, : - * orr,
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1 p 1

(15) E)' tt(ih.it¡\:-3 f
4

JQh, jh)
Y

1 p

"(

1 1

l,helcr, for. ich -B), is locltetl corresll-ontls.to

tfr" pãi"t 1 ).c-ol.rersponds to the point
t; _ 1 d\ (Q - 7)h, jh:).
\! 'åi.", ret' us rel'rite (14) iri titc
j'ot'm

A"{,r,,,} : - !{JrÀ?[/¿,,]

l,hcre {.} rcpreseni,s the gritl function, rvhet'eilÌ,4-];:lt,"ltenls 1'he fjniie
¿ifi""""'.ó opã"ator;'ãrr the-nine nocle a'ù respecl,i'elJ¡ scven notlc -qt'en-

cils' 
e clifferent'ial ecluai'ion (1) *'e lel u(n',) b-e the 

'alue
of th át, 1lt" point, (rl t7) l'ncl u(t;¡,.y ) :-lti,¡'. 1.hc trunca-

bion ihe sclieme (1ai'at' (ru,, r7o) is b¡' tlefinition

r(ri, lt ¡): An{'u(,r0, t¡¡)}t,,i, + I O Â.l [1,.,],,.¡

s'itlL .4ø(r n U¡) - J@,, Y¡) : O

In order to exprcsis the nocl¿l values [ron the operators z\o z1ncl e\, rvith

t1* h;ìt oitir", "*ti."lìt io,, t/¡) 1'1"rc Taylor series expansion of tl'o 
'ati:'¡-

út"- l*-ir.éd., in tlc nelg'hbdiliÍiootl of rìode (m,,u¡). 'Ihe follo*'inp¡ er':rl'a-
tion is obl,ainecl

.c(r,,7t¡\ = -v!!(-r """ - r*1" -i '*) -F
' lI \ 0r2 - 0y' )¡,¡

+ !1ry I û(I)a,u, - 2r D.?u) | t Û (qD[u - 2r Dlt t')'!- 2H Ða-,,,"t t'] t,,,r' i'.

'2H'

,];'# tal + 2(i¿2Ð7.f i- h'ÐîÍ -l- tthD';,J1,¡'n t o(tt'6 * tc6)

(Ð7,n : 02u10n2, D""ri : 02Jlôn7y, et'c')

SubsequentlY, the formula

t(n,;, !J¡) : ':!!- @rtt' l- azk' )-"arrlth)ç,,¡ | o(lt's i- tuu)

2H

is inlerred (ø, treing read. from the previous formula) rvhich leacls to :

1

L

0

1

2

{

f)

1



rvlriclr, using the G¿iuss eliminal,ion me1,hocl (nt' : 3ø2JolI6)

- nt,l4 l'l t3 
¡t+o¡seur1

ÀI¡\TI]BN,I¡\1'ICA - IìE\/UE D,¿INALySE NUl,tÉRrçUn
ET DE ruÉonln DIi r.,r\ppIìOXIiVI¿\TIoN

L'ANALYSB NUMBIIIQUB Eî LA îHBORIE ÐE L'API'IIOXIÌI{ATIOi{
ilomc 15, N. \, 1986, pp. pI-25

APPLICATIOÌ{ Otr' SO1VIE METIIODS
OF APPIìOXIVIATTON TITtrORY

PIDRRE GOETGIIELUCK
(Pat'is)

Abstract. We e for pori-ers of polynomials inseveral metrics _by rnstdin's t ype ìhebrems. The
results are extended t lar functions'which (from J¿lck-
son's theorem) are n'ell approximatecl b¡' pol¡'nemials.

Introtluctioü. L,et I be a rea,l-valuecl function in Cp(l-l, 1l) ancl
m(p) : f[ lu * a,1", l'here (cr,r, ar,. . .¡ at,) is a sequence of (not necessa,_

tí:1
rily distincl,) p:llls in [-1, 1] ancl o1r_..,2 o.7ç ârê real positive exponents.
ahe pru'pose of this p¿ùper is to prove that one can gir.ó a lori'er böuncl for

flr-P. ll(ø),(ø) | tlepencling only oL .1, Íþr ,r.A f o.¿ bul, not on the positions
lll <I r:l
of the øi s in 

l_ -1, I l.
We use here cory: in i,hefirst par1,, \\'c pro of 1\[a.hov,s

r^_nequa,Irty ; rn f he {uuctions irr0oll-t,11)_rvhich ated up to z-r,well-conl,rollecl error, by polyno'mials.
ìTotutiott'. \Ye clenote by H* the sei, of porynomials of clegree n or.

less. tr'or...any continuous function f on t-r, fl, rve set ttitøil= fyl:: Sup lÍþ:)1.
l"l <1

î. The airn of this first part is to establish flre two follorving theo-
rems :

Trrnonnu 7. .Torüt¡,. , ørl,eu,l, ot'ct7,..,¡ &rrt 0r,,.., gn, à real salisJy_
ingA 4 ø¿ ( 9¿r þ¿*A(i:1,,...,1¡),8Þ0, ønd,Jornny p.H,uehaie

ll.-."11
ll ll'(ø)lo ¡¡ l, - ø,1"' ll (ll -1 ll
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(1)
+ -5 9nt,l4
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íh = v
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y2

y1
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ha,s the solution
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