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Abstract. We e for pori-ers of polynomials inseveral metrics _by rnstdin's t ype ìhebrems. The
results are extended t lar functions'which (from J¿lck-
son's theorem) are n'ell approximatecl b¡' pol¡'nemials.

Introtluctioü. L,et I be a rea,l-valuecl function in Cp(l-l, 1l) ancl
m(p) : f[ lu * a,1", l'here (cr,r, ar,. . .¡ at,) is a sequence of (not necessa,_

tí:1
rily distincl,) p:llls in [-1, 1] ancl o1r_..,2 o.7ç ârê real positive exponents.
ahe pru'pose of this p¿ùper is to prove that one can gir.ó a lori'er böuncl for

flr-P. ll(ø),(ø) | tlepencling only oL .1, Íþr ,r.A f o.¿ bul, not on the positions
lll <I r:l
of the øi s in 

l_ -1, I l.
We use here cory: in i,hefirst par1,, \\'c pro of 1\[a.hov,s

r^_nequa,Irty ; rn f he {uuctions irr0oll-t,11)_rvhich ated up to z-r,well-conl,rollecl error, by polyno'mials.
ìTotutiott'. \Ye clenote by H* the sei, of porynomials of clegree n or.

less. tr'or...any continuous function f on t-r, fl, rve set ttitøil= fyl:: Sup lÍþ:)1.
l"l <1

î. The airn of this first part is to establish flre two follorving theo-
rems :

Trrnonnu 7. .Torüt¡,. , ørl,eu,l, ot'ct7,..,¡ &rrt 0r,,.., gn, à real salisJy_
ingA 4 ø¿ ( 9¿r þ¿*A(i:1,,...,1¡),8Þ0, ønd,Jornny p.H,uehaie

ll.-."11
ll ll'(ø)lo ¡¡ l, - ø,1"' ll (ll -1 ll
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rvil,h the
Ritz glob
Iution U
of the form

ti(n, y) : cn?l(n - o')(!l - rr,)' 0 < ll' .q < t¿

$,here the constant c is cleterminecl b¡' means of the rninirrrrLm conclii'ion

of the funcl,ional, inferrecl from (3)'

F(tr,): Ç[lto,r,l' - ZJott'filutlv, ll¡r tt':['I
ìJ

In tlre centre of the square rve obtain the value u 
" 

:.5a2Jo164 :- 0,0?81-2rl :

.',,t;r;in;h t- i" ;ü'[!*."i *itt, t'he value u'r', given bv scheme (14)'

Remut'\,). The value U, is also obi'ained' -in t2.l hy means of the Galer-

irin methocl and may be Îóunc1 in the scheines in [1]'
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'I'ltLit.ltllilt 2. Itt:t I' be stLcl¿ tlt'a't 0 < ¿ < 1'

'i. .É'or, &r,...t qt¿ renl, søtisJyítto ln,, l ( ¿ (t : 1," ', /';)t

* Jor u,rr...i u.r:)9r,...,9r, à rectl' sati'sJuirr'r7 0 { ø'¿{ 9" þ'*0(i:1r"'r

,. . .rlx), .\ 2 0t

':r Jor ctnlt P e IInl me hat:e

il llt,',rs i1 lø -,,,1', ll "ll ",, 
ll

zx¡3,-"r1 ,h

", [:tr - 
¿)-, (,,.' + 

É, 
,,)] 

ir' '"'- ' 
1l 

t, ','' ú tr - "' 
r''ll'

Retnark. We noi;e' tlle frct that the resuli' is c1ui1'e incìepencì'ant of

the (rroi, necessaril¡".ìiü;tìãt:l 1'ó'*itiu"* ofìltn ø"s in cither R (first t'heorern)

ol in [ -¿, tl (secontì 1'lreolcm)'
IlefoÏe pro.,ríi'riilìr.ìii,( I fl,ILrl 2 $'e csta,blish so[re lemmas.

IrEllltÄ I. 'þ'or cr'rt'y pol'y n¡'núul P e I'I 
" 

cmtl u'lltt p e l:l ue hatse

lll,ør ¡¡ 4 n,zu(Il1t !) ll/'ll.

ProoJ. \\'c lttlr'cr [1, P' 141] :

J

r'vhencc thc lemura follos'l¡ imtnediir'1'c1¡r'

IrB llrA 2. .Tt'or ctrtr¡ 1.tctl'4ntnt'ial Pe II ,,, uny r¿e [R ctn'cl ct'n't¡ p € [N'

*' n,l,l llfil * (" + p);'" (i lp t)" ll('' - o)' P(n) ll'

Proo,f . First rn'e assurìle løl < 1,ttd Y-3:tt /?('r) : (u - a')2 P(er)'

r\ppþing 'Taylor's formula up to olcler 2 grves :

(n - a)' P(n) : /l(ø) : (1'l1tl)(n - t)n ll'tt)(þ)

for some b betrvecn r ancl r¿. Thercforc, -P(r) : (1lp l)lì(Þ)(¿r) ancl, usittg

Iremma 1:

llPll < Glttt)ll-nør1¡ < (1/p !)'z(ra a Ð'nll&ll'

Now let tls zlssumc løl > 1' Clearly tt'e have:

ProoJ.Ilrorn 12, p' 2271, foL tr"t-Lv p e II, ancl auy intelt'¿ll ['' -'iJ 
tl^

Ir¿-lr,<r lnrriççt 1- tt¡izil'< QniQt -,))";tïi]r,lP(r)1. Lct, ,rn I-1, 1l-' 1Î

n 2 0 thc inl,erval l2,r - 1, 1l is incl¡tler1-i¡ l_-1, 1l :¡ntl has his ccnt¡e
at ar. Ilence
l&nt(n)l < (r¿l(1 -"':))',.1;ll!,,,, 1P(lr) < (rr'l(l - løl))r llPll'

\Irc har.e an ilnalogous proof x'lten ø ( 0.

Lnlma 4. Let I be sttclt, tl¿u,t 0 < ¿< 1. 7-or cnty Pe IL,rtttr1 cr" sct't'ís'

yitrg løl < ¿ cmtl tttttl Pe tY ue lt'at:e

lll'll < (Jlttt) (2lQ -t))"(n, I It)" ll(r - u)1'P(n)ll'

e set 1l(ø) : (n - il)I'P(ü)' APPlYing
Icls
(r - a¡, 7i'1¡1 for sorle Zr l¡etr'een
).

J;.t(i -I) 2, (n' j 1)12), åbeìongs

l"(r)l < $lrt I) l(ø + Ð10 - (rl -l- 1)/2)l"lll?ll

: (Ilp!) l2(n, + p)lÍ - o,)11'lla'll.

11 rflQt, -l_)l2r kt, +1)121, ln -*l > (1 -ra)/2 ancl

ll'(e,)l < l2l(1 -&,)l'i* -nl?'lP(r)l < l2l(1 -rú)l'llæll'
Clearl¡', lzilr - n.)12 ( (tl'p!)li2(tt, t I))IQ - ø)l?' thcrefore

lll'll < Qlttl)12(tt' ! p)lQ - ø)l"ll(ø -a)1'P(n)ll'
Tocomplctctheploof ri'eobselvetha1, 1/(1 -ø) ( 1/(1 -l).WehAtcân
analogous ploof rvhcn r¿ ( 0'

Procf oJ 'L'lteorant, 1. Filst tl'e rctn¿lll<that fol tl,n¡'given ütr" '7 (r¡1 Pt
the function

(-(r,..., y¡, 8) --+ ll ll'(ø)l l" - (ql" ... I'r - o,il'ill

is conl,inuous flom (10, + ool)i+t to -Il+' rt is then sufficient to plove
1,he theolem when irr..., et,, þt,..., 9r, ò are rational, Frrlm llow on lYe

lill suppose 1,his to be the case.
One can fintl tr,n integer J such that lò, ta.¡, tþ, (d : 1' . . ", h) are inte-

gers. IMe ptt
/Y, : ll ll'(ø)lô ft l" - u,,l'il1 : ll(P(r))'u fu t, - o,¡¡oi¡¡ttt

o:,rt no:t

ffz - tt lp(u)ìu X1 l, - a,,ln' ll- ll(P(ø))'u F[ (, - u',)tet¡¡r¡t.

'-Ilren applyirìg lemnì i1 n-rr^"s gives , 
o:'

?¿à J- )i P

13,

¡¡z(yz .-7\ (n2 -(p -1)') IIPììllPt,ttl¡ " 1.3.5...(2P-7)

ll(ø - a)"P(u)llV

rvhich leacls us to the case løl < 1'

lrnt{}[À 3. lor un,y prtll¡no¡niat Pe H,,', utt',y p€ [N and' an't¡

ne f -r¡7lwe lt'ct'oe lPrt't(r)l < ("/(1 - løl))'llPll'

ll(r - 7)eP(n) ll if ø > 0

ll(¡r-|L)eP(n)ll ifø<0J

t

:

I

llt

)1"
-o¿\

L

m
t

-¡rìI¿l',1\ 2tø., - tþ¡)(
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Or, setting ¿(Pr -- u.¡) : d¡t

z !. p,_o,t
¡ k \ i:l t, ,

,\', < f rrò { [ p, I' ff((L')",lUl, !)2/(¿l¡ !)r)ri1iY2.
\ t:l J t:t

ÎÌrerefole to prole 'Iheorem I it, is sufficient to observo th¿r't

((t")u,l@,,!)z¡r7r - (þ,,ul,t,l)(firldt !))r/,< (st. ¿t¡rtt - .2.

ProoJ oJ Th'eorettt 2. \Ye carrJr 6¡N 1'he same proof as in Theorem 1

but using lremrn¿r, 4 instead of Lemma, 2.

2. I'et (rtt. . .,, arbe (not necessalily clistincl,) points ir-r Iu-1r 1] ancl

õ1r. . ., o¡ 
-be real and positive. \Ye pu1, ": å 

o, Ítrrcl rn(n) : ff lr -uS"t'
We are going to use theoretns 1 ¿¡nrf 2 to prove 1,he following result :

Trrnonnrvr 3. For eaclt' 1't e -N* tltere euist ttuo Ttositir;e cott'stants A
and, l] (d,eltencting in, ¡s attd, tti suctr' I'ltcr't, Jor any Ju'n,ction J e Cn([ - 1' 1])
ue haue

eíther llJnr,ll > Aillll
tt' lll'nl4l> Bllfll+tz"ttt-'?o))llf (1)ll-2ot\þ-26).

Furtltermore tJ there enists t satisJyittg 0 (l<1 sttr.!t' tltaf lu,l 4L
(i:7r...,hi thett' o ccttt, be replaced by ol2 Ìn the secottcL ittcrytaltty'

Ilentctrk,. The constants :l ancl -IJ depencl rleither on thc inrlividual
ou,s (but only on their sum a,ncl nurnbcì') nor on the cl,'s positions in
f -1, 1l antl L-l,Ll.

ProoJ. From Jacksonts theor,crn (see [1, 7t. 128)) there erists 2ì cons-
tant C, such 1,hat, for any ri satisfying 1L> þ, one can Tincl 7:e ã, such

T1nat ll,l - Pll { C,n-þ lll(',)ll. Thelefore

(1) lllll < lll - Pll + IlPll 4 c,tt'-o lll(P)lr + llPll'

But applying fheorem 1 with o' :1, d¿:0t -915 9r (i:I," '',lc)
yelds ilPli <ì,0 (n I o)'"llPrnll < ezhnza(7 I "ltt)'"llPmll
(2) i.e. llPll < Crn2'llPntll.

On the other hand, llPrn,il < llPn't, Jnzll -l llJrnll

< lløøll llP -lll -t llÍmll
Therefore, since llnzll < 2"

(3) llPmll { C"n-tllJtøll ¡llJntll
tr'rom (1), (2) and (3) we rleduce the existence of a constant dn such that'
for any integer rz strictily grater t'han p,

(4) lllll < cnn2"(tr'-t'lll(Þ)ll + llJml\'

We rviil norv consider tlvo c:ìses separately'

5 A.PPLICé''IION OI' SOME METHODS OF APPROXIMATION THDOR1 2á

,tr'irstl¡., lu! Ìs llsum_e thai, (.lllrt|lltJnt ll)'//' < p. Then, lllØ)li <
_< pollÍmll wtric]' iTpli"lr þy (+) rviih r¿ : p + r: liJntll2 a'¡lyiil Nb..,,iet us assume that (llÍ@llllJmll)trt s ,.I:eL ra an integer satisfying"

|¡¡JtttlllllJnt ll)'/Þ < n, { (ilJtnillllJtnll)ut ¡ 1.

îhen we have r¿ < 2(llLtþ)lllll|mll)'/,, and ntþll.ltþ)ll < lllmli. Substit,r.Ltingin (4) ¡'elcls

Ill ll < C "lll 
Ø) 

¡zat 
t llJm llt - tzot Þ), 1herefort,

llf m li > llÍ lll 
+ t2a t t Þ - 20) ) 

I ll (Þ) 
ll-2a t 

( þ -2a) .

rf .tlre ø_,'s belongs.to [ -l,tl, the proof is c¿rlriecl out in the sa,nre r-r.ay,
using Theolen 2 insteacl of Theoi'ern 1.

fJentarh. Let ltr - 9,(f -1, 1l) rvith the norm llllf,: llfu,tll -l llfntll
?.".1 r_:.C'[( .1,1]) rvith tle.norm. lllll": ll/ll. rne[üáiity (+¡ ür.ur, SryJtlrat the inclusion rnil,p of ll in trt is còitinu"ous.
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