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Alts'Lt'ctct. hr tjris p¿ì,per'.r\'(, gi\ rr a srrolt p¡oof of trre Trreorer' tro'rl12l' solre geneÌtllizrr,tioÑ or tttii ilìeo.eur in iroi,n .,.t, ã.-,,r.,"* rnetlic ¿,'rltopological r.cctor sprùcerj rvill be olrt*ri,roì.- 
-'v¡'r\'1" Lr'

I. Tlie follon'ing' I'esnlt,r pr.oved b.l. I("r. ììan, is ri,ell hno¡,1 lB].
lr'r'rlr'{ 1' rtet c \. n contpuct (t.o,Lt)cLü su,rtseü rtf cc not,nt,e¿ s1trrce il,

í:i,;:rt:t 
L': C -.It) bc cottti*ro,u,s. i,hen ttt*e ee,isti-øt"írrìst or, ltoe C sttcit,

llyu - 1,'(y,) tt : lËl lla; - z'(y,) li.

Tìrc p.oof of this lernr'r is gi'en b.v trrc metìr'cl of r(ri.\r r'apping l2l.DCf in'ttitttt l. L('l I1)..he rt, t'ealot' s¡trrt't, tLltrl -\- lte tnt tn.ltilttrr.r¡ stt.btrt o.f {1.
'l Ju,trL'liott, G:.1' - 2, ¡o t,,trIt,,tr 't,t ]{nttsrt,r-J(,t,r,,ttÅìurt¡¿ IIt,ztn,riiatuitzttt r.r,¡t (or sintgtlu ¿¿ I(Kj\I-ri¿ ct,p) ltroúcletl :

co {r.,, fi2,. . ., n,} = l) *(*,,)

jor cu,tih, .litti.te stt.ltsel, {,r, rr:,r, . . ., ru} (,J ,y.
'I'ilt¿ follolirrg theorern is usecl in the pr,oof of LÊrìtlìl[ù 1.
îrruonnlr 1. (K¡' Fun) Let Il t¡e ctl rectrn, spucel X=ørtnrl G: X+)tt¿ KKI\I ,r,1,1,1ry,,í1r¡1..1J thr: set closed,, .¡.:.¿ì,ryy-;;X,and ,íf th,t:,re e,rists ¿'o e _.\l 

-sírclt,"theit 
G(t,,,) "ií,rì,'"'¡G(t) 

+Ø.

. [. is ¡rloi'c,t ,' ,,,t','ti u birr, 1rroul,,intstixed point ilrcor,,,rr, fuì, *.,t.
KI(,\'I mzrpping rve shall gencla,lize

cìr spacc, /1 l, conyex su'Írset, oT l/
rid 1,o l¡e ctltt¿r¡st aJJinc i1i I t2l :

l)g1) - ylf < ),lls(t,)- 3/ll + (1 - x)llsft,) _ ylt
îor'-rll t,, tre llf ¿lnc1 .¿llr ), e (0, 1) rvrro.e r7 is :¡n a.bitr,¿r,r.¡. elor'ent of Eantlf : ).¿1 , (1 - ì)lr.
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(1)

Lnmlr.,t 2. IJ ll j M a,t¿cl !! a,re a,s abouc ancl g is alntost aJJine th,en:

llr f x ,.¿,) -rll " É À,tty(r,) -yttll \¿=, t ll ¡7t

Sittce I ancl g are continuous it follows ttrat G(ø) is closecl in Jl ancl from
the compactness of l4is follorvs the compa,ctness of G(r), for every *¿- M.
!q!_9. prove that G is a KKII 

'rappinþ. 
rf r¡'e suppoiã that Gis rot aKI(II mapping then thele exists a finii;ã set {a,-r, *r; , n,t\Çll[ anã ni

elcnenl, ø frorn co {nr, nzt. . ., r,,} so fnat 31+ ¡ C1r,1. From (B) ive obt¿-¡in

that:
(4) lls(v) -,1(u)ll > lls(,,',) -f (y)ll, te {1, 2,..,,n}.

Snppose Lha,t U: Ë )r;r.., )r¡ 2 0(ie {7,2,...,n}) É 7',: t.
i:t

Thcn (4) irnplies that :

iln@) -.f(y)ll >,r À,lls(ø,) -Í@ll
¿tnt1 front Leutn¿l 2 l-o obtain 1,hat :

ttu(tù t(,t\l,llt (É 
^,",I ;rrt ll- ltrrø - J(y)l¡¡ ti_i r""ll

rvhich is a conlr'ldiction._So, Gis a Kr(Ir rnapping and 1,his implies 1,hat
l,lrerc exists 'u,.e ,1[ such that lto. O_](ø), Fr.orà13)-it foilorvs trl¿i ltíi;|":
- J'fun)ll : '4- llt¡Ql - Í(yòll. siti"I' sQD :11, ï,c obtain úhat :

. -!€l{

t.t¡t(.y,) 
-.f(yo)ll : clist (.f(y,); M).

{Jsirrg fl'ircotcln 2 u'c c¿^rr plove thc follol'ing gcneraliza,tion of I(yl-¿ur Íi-xcxl poiut l,lrcolern (f2],*lheorem 2.2).
-lÌtruirl,:.l1; is obvious that'rheorem 2 holc-ls if thc mapping y sl,tis-fies the condition :

ilr íçl r,,,',) 3/ll < -r"{lt.q(,r,) -ull,ie {1,2, ...,11}}ll Irl'i

for eve.l-v ü¡€ JIt^tÞaØe {r,2,...,1r}),y. nE7,¡:1. A siniilarcou-
;1

elition is introducecl by Yiorcl Saclove¿nu in ¡ffj.
Trrnonnu 3. Let M lte a contpa,ct ancl conaea non-cmlttE set oJ a

ú aJJine nta4ryting oJ JI inlo M ând
øch m e It witl¡ g(,nt,) *;f (nt,) th,e lina

!rli'I,*:,,;rà: t) contain^ at teost

g@o) : l@,).

,. !r.oo,Í. tr^r.om Theorern 2 it Tollori.s that there exists go€ M suchthal lls(y,) -Í(yùll : dist (Jfuò; M\

IT

Jor erery ?ie ly' a,nd eoery i¿ 2 0(i e {1,,2,...,n}),.8 ^,:t 
eøert1 treM

(ie {1r2,...,n}) u,ncl eaeml ye Jtr.

ProoJ.l'or r¿ : 2 (1) is satistiecl b)' the clefirrition of an ¿r,hnost affine
mapping. Suppose that for errer)r À, ) 0 (r,e {1, 2) ...,u'-1}) such that

I f, : 1 r¡'e ltât'e :

,i:1(2) 
ll'(¡, ,.,,,) ,ll.5 r,rs(¿,) -yri

for ever¡' tte lI (tie {1, 2) ..., ri- 1}) ancl ovcLJ' ll, D;,Let us prove that,

(1) lrolc-ts. Lct r¿ e Ì[, ¡t"¡ >- 0 (ie {7,2,...,n}) ancl )ì 9.¡ :1. Then n:
n-l /¡-l t,.: I ; *' a'¡e l[ sincc | -L.: I ulrtl ]l is colr\:cN. Sincc A is
i;l-V., ;Îil -p,ahnost affine l'e have i;hat (2) irnplics :

llr (¿ v.,*,)-r,ll : rrøtr - v.)n ! '¿,,n.) -vrt <

< (1- p,)¡s(,,)-yti + v*tts@,)-utt: (1- p,)lir E,:-rr')-rll *
t v,ltg.,,) -vll < (1 -p,) [5a*.-,-lis(,,) -ørr]r v',lls-,,) - vll:

1': I r,' lls@) - yll.

2. illre foilon'ing theolern is plovecl in [12] ancl tye shall give a new
proof of it using 'l'heorem I.

Trrponn l 2. Let M be ct, cotnpn,ct att,cl cott'tter tt'un subset'

oJ a, normed, sltace D anrl tet g be a' cott'tittuotts ct'ltnost uJJirye ti 4
önto M. tr'or ârtch continu,orts"n't'a1t1tin,g J: l[ -, D, th,ere'enisl' ot M
suclt, tlt,ut:

llg(yò - f (yo)ll : clist (J@ò; M)

where clist (/(7u) ; t[) : j,tl_llm -J@òll'
Proof . The proof is sirnilar to the proof of L,cmmzt 1-, given in [2]"

Define the rnapping G: M --> 2D itt the follos'ing lYtùy:

(3) G(n) : {yly . tr, lls\) - Í(tt) ll < ll.q(r) - J@)ll}'





so, usingProposition.l it follorys 1,ira,t ñG(;¿)lØ. The lcs1, oll the pr.oof is
ls in Thcoie'r 2. 're r'¿

conolr-.tnv. Let- 7) be a strottgly co,)1,1)_efr tnetríc spa,cc to,íth, a, strong
co'tlaefr structure 4, M tt,.cottt7.tttcl,, co11,Deï antl non-enryttrJ sttbset oJ D, g ä
contittuous lV,r-almost a.fJine nt,appìtt,g o.f Jlt onto lI a.jtti.f : l[ ---"D *'íon_
titt,tt,otts ntappittg. 'Ilten, tl¿ere eri,sts 

11 ne f,I sttch, that (i\"i,s sntisJi,ed,.
Tunonw 3'. rtet x[ bc a, cont,Ttøct, (to]1l)en cnttl nott-etnpty subset

ol__a-conaer m.etria spage (8, d,) tt:ith cònte,t: stntc[u,t.e llrt (/ ct ôoîú,ùttuots
Il'-almost, alfi,ne m,aTtping o:f lI rmLo .llI, l: lI - ll rt, cont,i,ìí,u,ous ntappi,tt,g
utrl,.for eaclt, nt,e l[ sttclt, tha,t Q(tn)*JØi):

caril ({lI'(g(nt),.l(n"r,), ),) ll, e ¡0, 1-l} n M) 7 2.

1¡'coru(,{) is com,pact lor euarq .fin,ite subset a o.f u thett,Íhere e;uists rloe M
sttcl¿, that g(yo) : JWù.

,PyooJ'. I.'et _yçe 71 be such tb¿'¡t i[(g(yo),føo)) ùrst(J@o); M).I1 t@,) +!(a,o) then there exists r " ltt (q(i¡oi,"Jút"\,"' x) ¡¿Xià(yrÍt tciL
sotne ?, e (0, 1). Then l.e h¿ìr'e ;

cl(g(yò,/(yo)) < d(tÍ,(ttfuo)¡ J(yo), x),I@ò)
{ tt(s(yo¡, J(yò) 1- } - x)d(Jlyo), J(yo)) - xrt(s(y), J@,))

rvlriclr irnplies ttn1" g(t¡n) : J@o).

- Rentr.tflt,. Let (8, cl) l.le Ír, convcx tiretlic spit,ce \-i1,h convex structul.r-,
rI-, M a closecl ancl convex subset oT D,J: ll[ 1' E a conl,inuous rna,pÞing
ancl .q a contiriuous ntr,pping oT rl1 olri,o ,4I such 1,hat :

¡1(Ilr(t' 12, ),)) : 1I-(g(tr), tj(tr), \), for er.elf t'tre M
lu'tcl cverJ- l. [0: 1]. llsing the same rnetirocl ¿ls in prollas pa,peÌ l12l rve
g-.ìl tirovc the existengg ot.¿4te -1tl such tI*tT, d(u(yo),.f (yo)): ôtni ç@rli tf lit rl1 is such that Fix (/"¡ tØ, (the s¡t "'"?) for evòijíiíít6-
r.¿¡luetl rna,pping F : M - 2't'\O l. e iJense of the closecl
graph) ¿lnd such that -tl](..,-) is clòsetl r.e this let us clefinc,tlrc rtr:lpping l'¡ : M -- 2M in thc.

f¡(n): int,lnt,e nt,it(sþtt),.1(,¡)) < !.¡rtçsç*¡,f(r)) + rtisrff(r) ) M)lj
2

lor evcry ne I'[.
. -4.s in [12] it follol's LhaL tr,, is a closed. rnapping such that F¡(r) is

closecl ¿ncl non-eppt)-, for evcr¡.",n1,e l/r. The coñiexlty of rr(ø) fóÌlórvs
frour the inequalities :

tl(g(w(t, tzt ),)), j(tù) - ct(t!.(g(tr), g(tr), ù, J(n))
( Àd(a(r,¡, Í(w)) ï (1 - 7,)d(.q(t,),J@))

1<;- lrl(g(rc),,f(rl) f ctist (,1@); rif)1, fol er.eÌ')' tt,tze tr'¡(n), ¡e [0, 1].
z

fl'lten for' .?o€ lrix (n'i) ii Tollorvs 1;ha,t tl(g(yu),J@oD: ctist (Í(llo); M)
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^ *",J";-T;'jiî"Î'îf"i,?,äi,;_""îïlt 
p,'ovecl by atlen in l1l r\¡e ciìrì pro\.1ì

Pnopos'uoN 2' Let' x r¡e q, no,empty, tol'L*eï se! ,i, ct roporogicurtectot. .s?ct!e ancl _J.: ,\ x ,T _ Iì suct¿ tlt,¿í,t ,, 
' - " -. '. i

"¡ , [íi) -{or 
ectclt' Jíuecl ne'u,jd)v¡ is u iotoer sem,icontinttou,s Jr,rcriors

\ 'is u quctsi,-concüre Jtt,ncl,irttt, rtJ r on, X,
t'ut¿.Ler subxcÌ _l',, s.zt./r lltu.t llte set
Ì i s.. corttptttL. ,J, ltett lhera enisls øot' ull fie X.

'1

llg@) - t¿(a)ll < llsfu ) - h,(ù ll
tlten, tlt.erc enists y . lf ,so tlmt. :

(6) ils(y) - h(y)ll: min lls(r) _h(u)ti.

ProoJ' Irct J: M x M -*,€ l¡c crefi'ecl i' trrc folrori,irg *.il¡. ¡

J@, ù : llsø) - h(y)ll - Ils@) _ tt(y)ll (r, y e ltr).
Let us prove tjrat tbe set

{yly. 11,t, J(r,.t) { 0, for all e,e J,to}

jì":";it'ïb, lï'îå,åî*ulïr,ji v€ rlrv{ tlelc exi-qls .,. i),ro suctr rhat

A: {yly. ;fI,.l(r,tì ( 0, for.¿rll ;re Jtro}=It.
Tlr-e set,4 is.closetr:r'cr so frorn trre cornp:ict'ess of Jr it fo¡o*-s tr"*t ats corrrlr:rct. Lt't rn*,r'''c ,Lat 

'o,, 
éaóir,i¿:uli,;;i is r, c¡u.,si_concave

fiii":. ,:.,"t 
,, R)y.lf, ro;"i.i;.,ii,Í(ì,,ii\,,r,j,^ìe {1,2} u,o 2 0¡

"r,., 
.ï1'",. 

lls?'ù - tt(y)ll < Ils(y) - n@)lt _ t, i ei{t, 2} ;

ll¡¡(u,n, + Dnz) - h,(y)li < ¿¿ ll{/(r) _ tt(y)ll -. alls,l,r) _ h(y)ll
< Illl@) - lt(lt) ll - ¿., lrerrce, nil. ilrc corrtritiorrs (tt) - Qr) n'c sal,isfierl.Tt í¡ e 1l is suclr thnt 1:1e.,-¡¡ 

-<'0, 
{or, nll re lf, ilrerr (6) is slrtisficd.

topol ¿ùces.colrv and

..-TT onti-
) ;t' O Þ

p(g(urrl u,rz)-ø) ç up(g(at) _?) + ap(g(nr) _ø).
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(?) t¡(u!,) -t,(v,,)): i¿ìl 
p(s(n) -h({t,D'

11 H space i'hen l? has- sufÏicicntl--v man)¡

continuous "t'o'ji 
n*0, fre E lhcre exist's a cont'i-

nuous lineir tT' J@) *0'
Sirnilrr,l¡' ns in i8l rvc.slra,ll lröuó llre follorvittg tìteot'cttr rrsitrg thc

nbovc I'csulU otl l¡cst íìppl'orlll'l¿ìUlons'

Tnnonnlr 5' Lel, M be u' tt'ott

rector sltcrce E uhiclt' hus snfiJicien'tl11
'lt, : l,I ---+ D tt cottl,ittuous n1,a,PP't11'(J) 0

o.f Jl[ onlo ]l[i Mo
cotttptrct sttbsct oJ

('i) Ij 1t is
ze ß :i¿(Ii) -
lltot :

p(s(r,) -t¿(Y)) < tt(s(Y) -t'(ttÐ'
(ii) -lt'or ererll !/t M, g(tì ftt'(y) impties th'at th'erc enist's f e ( -1' 1)

sttclt that tg(y) -t $ -t)h'(y)e M'

L'lten, [ltere ec:isls yoe I( s'trclt' ttt'&t g(Yò : h(yo)'

Pt'r,, *lt'('¡17, fol every U 
=K''I'hetr 

0 { 13 atLcì- so

for. cver;, coùiíiuó..s linäai functio_nal f ,. such tha,1,

J".@)*0' s there "ti*t*'^,,on"tt 
neighbourhg3d U'' oÏ

u e Bso th¿-¡1, Í",(y) *¡for every U eU ".If B c 
lO,,,IeI 

p(u') : ) l/',(tr') I'

foÌ cver5,,tL e IX.Then 2(a) ¡_0, for eveïy ø e3. From (tl) ancl (?) il, follon's

1,lrat thei'e exists ûr,e I{ so i,hat' :

0 <t¡Ø(t,)-lr(fi,)) < p(rt(n)-t'(ûr)), fol ever'¡' ne M'

I'et t e (-1, 1) bc such l,hat' ü g(lr,) )- (1_ t)tt(fi)e M' Then 1\'e h¿lr'e:

t) <p^(tt,)- h('ít,)) <tt(Iuît,) + (1- t)h(ít?) - t'(û,)):tp(rt(û')-t'(ít'))

u'hich is a contracliction.
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