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SÂDDT,D POINT DLL\LITY TI{EOREMS T,OR
PA RIìTO OPTII\IIZATION

PAUL IACO]]
(Blaçor)

LeL X¡ Y <- R" ancl let
(r)

tr' 1 ¡¿" ---> ll,t
rÞ;-Ixy->¡¡,t'

be tri'o zipplications.

Defin'ition' I. a ltoirt r0 i* ø sult,sel, D of R, is cctllecl ct pareto mini_mttrn ltoittt Jor tlt'e Juitction ir"åir*n-ìi¡ thri, is^îro'îå*Ë" ,rr"n ilro¿(2)
-Ú'(n) 4 Bç*o¡

is no c:. b sttcii tttat 't17arrn1''tt")lv '¡toittt Jor fi' on, Ð iJ there
(3) r(n) ) p¡"o¡

'l'llc sc{, of aJl pal,elo rninir¡11¡¡aoints fol, lt, on l) is r.lerrs¿1,¿ ¡y'ttP(,tlb) and lJrat ot ait 
-*;;'ir:;;;;;;' 

parcto ltoirtts uy-írl1rr7l).Tn Definition-r the o.cler < r'-I?, is,icrer.i;ä iorn"sensethat:æ{,!t if| r, { !,, l;: I ,...:i, *-nj',, t1¡ tor;-:"ö,'.'.., to) anù u _ì,Å"'i.,f *:^{;,,iiiï::*:;;*f"'i: l,:li;,'Q';, ,;, ï,:ï: .: ,;,
, .tr¡ the foilorving flrn .turnáì, ã-.lestrictilnsi i.;.'"'""'* urrc cl'ornarn -11 will J:e c'lefinecl by sorne inecluality

(4) D:{uerl":c(r)(o}
\'hcre
(5) 

G: R,.-, n,,,.

I
I

ii

ÐcÍiuttiott 2. A point (f , tf) e XJor <It iiii,";r:;;'t"r,,à 1,o,r,t, ne,l n,rn tlol 
is cetlLcr'l tt Pat'eto .satttttc ltoirtt

lr

I

(6) þ@,llt) { Ø(no, yr¡
ancl there is no poin t y e y such that
(7) 

@(no, go) ( e(øo, y)



The set of ¿r,11Parel,o saclclkr poinl,s fol' tl> is tlotlotcd by sA(<Þ7x x Y)

Let us mention iirat this dcitinition cliffers Tlout thc definition girrell
'by l)rir,gu¡in in t1l'

TunonElr 1. A poitr,t (,r0,3/o) e -L x Y is q, Pu'reto sct'tfulle poirt't J'or

<Þ if un'd on:t1¡ iJ the I'ittr¡toittg crtntlitòott's hold':

1) rioe rnP(<Þ(., uo)lX) und

2) yo. n[P(o(øo'.)/Y)

ProoJ' Follol's b)' Definitions 1 tt'ncl 2'

Put
(q) {(n,y) e -L x Y : ne pP (ilr(.¡ø)/I)}' arxl

,4f := U {(r',lt)e 'll>< \'"rye inP(O('r',')/Y)}'

!'he print,ct,l pr.oblent, (ploÌrlern (I'j)) consists -irL fincling' l'he ]?zrrcto

miniri'.r poi'ts of t¡" t*nötion O oìr ff, i.c. of tlto so¡ IrrP(O¡it4¡'

,l,ltc cLuul pt.olt[,en't, (p|oblern (DD_consisi,s in fintlilìg thc Pa'r'c'to lDlìxr-

*o- irui,ri* of trr"'iü"äi;ó" .n ,ì" 'iit, i.". ot r¡e sei ,\'tP(<Þi [n,).

fn the tluali;¡'theolems pl'oved L¡ollos'l'c slt¿'ll use thc follox'ing

conclit'ion :

Cottiliticttt, (-a)' \ae sa¡r tr]t^' on the poiuts (n1'!l\') l'L'ncl (n2' U') ín
.T x ]' is satisfied conclition ('\) if

(9) 4.t(t:2, yt){ Õ(r', 3/') or' (Þ(1:1) !lr) S O(r', yt)

lrmonrllt 2. Let (tr, ¡f)e fir' ct'tlcl (t:2' yt)e lll'. u;l¿ere m'' M ?re
¿eJ¡nul,'l¡ltisl ¡l rtri'àorilnt'¡ril -+ ¿t suti.tJieìt ,'r,'itl'cse ltoitr,ts tltctt' the relct'tit¡tt

rÞ(t:2, !12) 5 (l(rr1, yl)

does ¡trtt lt'ol'cl'

ProoJ. Florn (nr, yt¡ e ;lm it follorvs

{10) Ú(n2, !Jr) { (Þ(æ1, Y1)

and flour (tz, r,', e Il[ it follos's

( 11) Ô(n', Y\ 4 <Þ1r:, Er)

SuPPoso 1,ìrat

(12) Q(r',Y') ( O(a1, y1)

\4¡rite ]. : yr g i-:, rvhcle f'1 is the set of ¿¡'ll lglntl.ye I'¡vhul'e

Q(r',1Ð is 
"otttp"i',lr,i" "i'iiü^-õt 'i,v'j 

ancl Y2 : Y\vt' TTryze Yl t'hcn

(13) qt(nz) !lt) S O(r" Y')

ßut, lt"v (12) ancl (13)r O(ø-2, r71) ( Õ(11' ¿/1) in cou{'r'tr'clictiort tvith

(10). llhcleforc Y: e Y2, so thal'

(14) 4>(n', !J\* @(r" Yt)'

3 s^DDLE porNT DUALrrr' l,rtEoRENs FoR pARETo oprrMIzATroN :lg

Simil¿rh,. 1,hg set -:lJ can be rvlittcn as _Il : _11 U _.I12, n.here l1r is]i;-li qll"l; j;:l-g |liil ifiì, ,,', i; ;;,;';p.;úin ï i,,, rÞ(r2, vl) aic)

(15) Þ@\, !J\S <tl(øz, 
.71)

äi,tl-tii,J';l:tji.i"T3"f,,fl("', ?') < <tr(t"'2, li), irr conr'rtricriorr *i1h (JJ).

(16) 
Q)(æ1, yr) f,ie(nr, y1).

But, r,elal,jons (14) ancl (16) contr,adict conclition (:l).
(i..e. in the c¿-¡se of 1,he optirnization
clition (l ) is futfiliect ana"ãrrc;üilJc.s. 14l).

i]."i,ï ;ry'',#'#ïi î'):: r:l:ftcon 
cÌi-

Ts¡.on,nrr B. IJ' cotr,cldt,iott (A) ttotrls then

Q(n", !Jr) ç rÞ1ø1, 
371)

l,n' ,ùl (rt, !11) e lI"(O/lr\ tuttl ,tlL (az1 ¡z) e :t¡1(<Þltû).Tllcorern I gcts '

I:'rìt\rìr,,ll l. (r,0, 
370¡ e S:\(<Þ/_l x ),¡ .iJ. rLtttl urttt¡ i.l, (,u0, .u0) e ll= n tn,"\4/r, nc.tl ¿t*o' ùtró rnuo\;iiig. .ìirlri"ìr'i' tr;;;ií*'1 \

LDìlrr-.t 2. fJ ;r:o e Ì{p(F/A(ø")) thett, ,r0 e ìIp(!,/ I)),, rulte.rc
À(:ro) : {n e D, 7(,r) S ¡r,(r:o)}.

NO\\'r \\'c ctn l)Ìove :

{fnnonnrt 'r' r[ (ro, y0) € sA ((Þ/--[ x y) ott4 cr¡crt¿r,it,iott, (,{) Ircr<!,s.f or et:err1 pai.r oJ ltoitrtì lir,",,'t¡. n Lrrl¿ (,r2, !J2) e il, tÌte*
(r0, lt0) e rìrp(<ÞlIi¡ ¡ \tll(it¡7y¿¡

sc th¿r,t (*0, yo) É

i'i,y"? ñJlik,{?;
g again'Ihcolem 2.

Tnnonur 5. fl (n1, t)e lt,, (nr,,!t\e ilT anrl
<Þ(nt, yt) : <Ít(nz, y2) - þ(.rr, ,!lt)

tlLen (t:2, y1) e SÄ(<Ir/ X x y).

. -. PruoJ. SrrpPosc Ltt:\L (rz,,yt)ÉS.\(.!.t-¡i l,), i.c. (,t2¡ .ttt É nt,n It,¡,hic¡
Ïitl,gi -lilTl J;i.ir') É ln or (:''3"0'¡ ç,tr.r' Lúl'ii':'ð'"1*., tr,,,,,* c.risrs

þ(r, !Jr) ( (Þ(ø2r yt) - <Þ(u1, !tr)
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SOlUtr P¡\R,TICULAIì CASES OF DUAL ITROBLEMS
IN PÄP,ETO OPIIMIZATIO}ü

PAUL I^COB
(Bra,sor)

This prrper is concernecr rvil,h the problem orì rincring the ser1, of anPirreto mirrirrn..rn points of ¿r, function In', ßi; : ñ;af;i;;ä o' ir clorna,in .lJgiven b.y

(1) D:{e;e Il|,:G(a,) < 0}
rvhere

(2) G:R,+R1,.
Tlre I'elation_-,rS.7 l¡ctu,een trvri elcrncnt"s ,1J-: (;t)1, ...t ü,,)t !/ :: (th,.. ", !1,,) jr-r I',' rnea,ns thuT, u¡ <_ iln ioi, i :'1, .,.'"., ,, ancl ø ç y. ) ,nL ,ùnC- .t * .U.

suppose.th¿it thc cornporrcnts of the f unc_
atnd G¿, i.: 1,-. . ., ,nùj ir'.'coovex functions

i:i í,i:i' î:í1,Ìå Í*1.1î,ïïlIñ,il";¡ f ïi
(3) mP(F/D) :{øe D:JyeD,I.(y) (lr.(r)},
and, respe.tivel"y, thc set of a[ pareto maximum points of _Ér o' Ð, i.e.
(4) NIP(F/D) : {ue D:1ye þ,I1(n) < t,(y)}

Put also
(5) ll[ : titl ir, ..., i"] - {I,2, ...,1t}
(6) t-{r,2,...,p}\lr
(7) g : (grr ...,'gu), tuh"re g¡: I'r. fot ,í,e ),1 , anù
(8) Ð@a):{reD:l.¿(m) (Zo(ø0), lerV}, Tor tf eÐ.

N6u', rvg can prove :

lnnonnrvr 7. I,he Jottouinç¡ assertior¿s a,re eclu,i,aaleni

(i.) no e mP(F/D)
tû l.g, er'('t'y trcn-I'oid,su.bser' II. o.f {l,2,..., ¡t} it louotos !,hur, *ot ,tp(,i
lD(*o)), urtcre g nn'eL D(no) are ar!íràù,' respectiícLr¡,"nu ùi à,¡i rä¡.' 

r'!rr \1il/

so tlrat, (t¡I,yt)t' 2r,, \-hicl-L iS a contr¿lcliction' In the seconcl- case, i'e' it
(*r,,llt) 6'n7,'tírér'e exists ll t Y such 1'hat

<ir(..¡,., /2) - tlr(,r2, yt¡ ç 4t(,r-, y)r

tlrnt is (:,t, lJ") f rU, *'hiclt .is ,itlrstll'tl'
Cotìsiclel lìofY lt, pzr'lticullll ca'se' Lct

(17) X: IJ'rY:{Ye Il"':u)0}: lì'!
G : fl," _-+ J?,,t, altcl

(1S) (Þ: JJ" X -¿?î + l:l'i 4): (q)i'"', Or) be giYen by

<Þ,(;rr, 37) : Il,(t::) * Y''G(n)

Wc l,ill shol'tha1, irr l,1tis tlit'sc conclit'ion (-4) holcls Tol c\-clJ'pa'il ot

lioin Us (,,'t , llL ) e m zttrtl ('''2. y2) e -il[ '' llrrl, le{ tts l)l'o\'(' be{ut't' :

Tirnonnu 6. lf-¿ hurc M -: {), uhere O ù tleJ'ined bt¡

O:{("',y)e-f x\':tt,' G(r) :0 et¡¿tl G(e')S0}'ye fr}'

Pt'oof . Sttllllose l,hat' l'here erisl's zr' point (f ' U') e iØ:..el' 'Ihcn
('i) tírele "ii.t* 

j suc¡ 1'hat G,(ø2) > 0' or

i¡î,) u'e@)+o tlntl G(r)So -tn the tirst, o¿se, ììi,u"'"iùr" tt ¡> lJ'î ililciug U : Q¡i, " ','!t,, ' ; '' tlL)
tt.,ítiictittc 1lìe 

'frcb thir'l' (rr2'..r72\ e^.M'
Pl'C( t'2) 7ìt, it [ollorvs,Lllrr,L'lr'lC('r9) <
,.,i¡r tlr( .¡:2, !12) < <Þ(;'¿' l/). ln ('onll'lÙ-

tntl (;'!, !1")É[Í' Then' thcle c'rists

t,'üï, I il'i^-":'"' iî';iñ' ii "Íl L'Í
Tnnonrrmî.rlatr'f.ctlltl4)¡tlegiøe.tt,by(1a),a,nd(]lj)'res,pecli-

aclu. 7'lt'en conrli,ti,ott (A) ltuttls ¡u' 'o):"'1¡'pi't'' '¡' )'oiit'Is ( ¿t' '¿l') 
e 'L x )'

,rt,íIç,r",yz)eM:Q.
Prorl. Ìt'or (rrr:,37r¡e--0 ü J'tttittws-G(rt)S0 and yzt'gç*t) :0' so t'hat

ylrG(ntz)<i"6l("r), fôr' alt yt¿ ß'i. Ilut then

Q(n', !JL) < <Þ(r', Y2)'
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