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PIECEWISE LINEAR FUNCTIONS IN R?
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Abstract. Tn this paper an expression of piecewise linear continuous
function of three variables using the zero-one variables subject to addi-
tional constraints is given.

1. Introduction. Because of the fast development of the integer
proggramming and the corresponding computational technics [1] the
Piecewise linear funetions of one [2], [3] and more variables can be useful
in mathematical programming [4] and in statistics. By the piecewise
linear functions approximation and the linear interpolation for functions
of more variables are postible

Let  f(z, ) be a continuous function of two variables and let the
values

Jfio=flzyy,), t=0,1,...,m, j=0,1,...,m
Ty=0g + + ... +a;, i=0,1,...,m a,> 0, t=1,....m
Yi=by+b + ... +0b;,j=0,1,...,%, b;>0,j=1,...,n

be known. It can be shown [4] that the funetion

9z, y) = Yy Y vy —vimyy) Jiciion + (fiia —Jic1i-1) @iy +
i=1j=1
+ (fis =fecrg) 5+ (Fimyy— Feoisoa) 94
subject to

m—1 n n

=% au; + Y Y adz + 2y
i=0 i=1j=1
m—1n—1 m n

y=13% 3 bw,+ 3 Y by
=0 j=0 i=1 j=1

Uy — Uiy = Vi 1 =0, 1,...,m —1u, =1, u, — 0
Vi — V54120, Vi =0,; =0, i =0,1,...,m -1, j=0,1,...,n —1
By + By + Yu S 20y —viiy)y 1= 1,...,m, J=LL..,n
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where w;,v,5, t are O —1 vaviables and w,,, «};, ¥, are Non-tegative, is
piecewise linear and satbisfies the condition

g(ay ) = oy, y),i=0,1,...,m, j=0,1,...,7

Continuous funetion of three variables can similarly be expressed.

2. The approximation of the continuous funetions in R®. Let fla, v, 2)
be a continuous function of three variables subject to
(1) Lo S @ = Byy Yo S Y= Yy 80 TES 8
and the values

fose = J(@0 435 20)

@ =Gy + @+ ..+ ay T =0,1,..., 0 a; >0, P St )

Y= by 4 by .o by = 0,1,.0.,m, b;>0,45=1...,m

—cy o+ . Fom k=01, 0 >0, E=1,..,n

he given.

C'ongider the substitution

h—1 J'ﬂ m

(2) T = y @t Z Z (WUI % a"wL “I_ "U’L]I) g
i 1—1 j=1k=1
h—1m—1 2 m n

(3) Yy = 5‘ Z b”t] I_ E }A }ﬁ, (71171\ + le) j
=0 j=0 i=17=1 k=1
h—1m—1n—-1 oom p

(4) T = } y Z CrWi T y Z >J ("/Hk Ik 26]‘!;) Cp
i=0 §==0 k=0 1_1]=1

subject to

(5) vy = Vi =0 1 = {),],..., L, 1 =0,4,...,m

(6) Wy = Winpe = Wiz — Oy =0,%,...,h j=01,..
(T) Uy — Uy = iy + = 0, 1,005 0 — 1, uy =1, u, =0

(8) 15 — Vij41 = Wiy ¢ = 0,1 yh—1, 5 =0,4,...,m —1

(9) ooy — W20, =0,1,...,h—1,j=0, ,...,m —1, k=1,...,n
(10) @, ;. 4 @i -+ Tijr & Yo + Yisw + Fopin S B(Wioysper — Wimzjo1n)-

i=1 ..,hji=21...,m Ek=1...,n

oy B=0,1,...m
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hoom n I m "
11 ‘I” < < Y w b
(11) A k}j} Xip S = PP kL (i o+ Yimr + 200) S 1
=1 j=1 k= i=147=1 k=1
oo " 13 nt n
]2 - Al " - Al
(12) 1)31 Y VJ Ty S 1, = E L }. (r,,k 4 2+ i) S 1
=1j=1k=1 i=14=1hk= '
Eoom n 1A n n
1- — N
(13) Z >;,' S Y Sty = 2 Z (W + 2i1)
1=1 j=1k=1 i=1j=1k=1
(14 hoom " L ” 7
) Y Yy 2 G S 1y S x Ly (@i 4 @iy - Yin) =1
iZ1 je=1 k) i=15=1 k=1 '
15 mon
(15) Z 2 Z Teje = Wi 4 @) £ 1
=1 j=1k=1
16} I o
( 6) Z] Z]?:‘ (7/111 +Jul.) =1
fi= _1=1 =1
1 I i n
(17) pIaps }E (2o + i) 1
(=1 j=—1h=1

Whel‘(‘ Wiy Vygy W and ¢, ar : 2
g s Wijg < ;are 0 or 1 and z Liiky Xhrmy UYis Y7 & and
°1 g are nol- llon(‘lmv X213 ik Xigry Yiser Yijns Sige AN

TuroreM. Lhe function

koom "

o, y, 2) 2;1 53, ¥ ) (femrimar (W1, sogpn — Wiy 1x)
i=1j=1% :
4
¥ ] . g '
118) + (fif—lk—l._jf»lj—llx—l)a’ijk e (S m o= emiin_1) Zhin

(Fermr —Fimrson) @5 + Filamees — Ficircines) Yo
+ Fioie —Siamain + (Ficisoge —Fiotsmaper)eim
(fise — Jime1)?inm
subject lo (2) —(17) is unique and satisfies the condition
(L9) gl@sy 45 2) = fis 1 =0,1,..., b, i=0,1,...,m, k=0,1
Proof. From (7) —(9) it follows

A

w, = 1if @ <p, u; = 0 otherwise, 0 < p<h

Vp_yy =1 1 j < g, v; = 0 otherwise, 0 < ¢=<m

Wp_ygqx = LI & <7, 2,5, = 0 otherwise, 0 < r<n.
Iti#p or ¢ or k#r from (10) it follows

e = [l | BN IPUC L S LF W
Ziin Bojr = Byr = Yiu = Yiu = Zigp = z;].k = 0.
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Therefore from (2) —(4) and (15) —(17) subject to
(20) B <& < Ty Yiog <Y <Yy 2oy <2< &

it follows p =4, ¢ =j and r = £.
Considering (2) —(4) we detine the parameters

! T — X + Y 7?/.1‘—1 e & *OZA-—1 — Tpor + Thar + Thar +
a; ? k
ﬁ!‘ Ypar _*‘ ?/1,)11:' 'I— Cpar + z;ﬂll'
dz - et + o = Ypar + .?/1,7!11' + Zpar + Z;fl"
b, Gy
CZ3 == = -+ i/ = Tpqr o5 -T';;qr =+ m/p’qr it Rpn Hg Z;,q,--
a; Gy

From (11) —(14) and (20) it follows

d, 1= = Tor = Ypar = Zper = 0
A z2l=0 + Ypor + Zper = 1

d, S 2=2,, =0

__1_7 :1

< par

dyz1=x,, = 0 and yy,

d; £l=27,, =0 and 2, =0

Cpqr

)
)
)
(24) dy=l=y,, =0 and 25, =0
)
)
)

Ay 2 1= Tpar + Ypur + Zpgr = 1 ANA Tpgp + Dy + 2y = 1

(28) d,=2=d,=1, d;=21 and @y, + Ty + Ypor = 1.

If @, = 1 (21) and (22) are equivalent, if &, = 2 (23) and (28) are equi-
valent, if d, — 1 (24) and (25) are equivalent and if d, = 1 (26) and (27)
are equivalent. Therefore @ @iy @i Yims Yo P 204 2y are
independent from the choice of the conditions (21) —(28) if there move
feasible choices exist. _

We have six diferent cases (see figure) :

S,(4, B, D, E):d, =1

8B, C, D, B):d, =21, dy=1 and dy =1

S4B, C, B, Iy :d, =1 and d,=1

8,(C,D, I, H) :dy =1 and d;<1

S0, B, F,H): ;22 d,=1 and dy=1

840, F, G, H) : dy=2.

(31) 9(w, 9, R) = fij—l.k—l (1 —d,) Jere1 it -+ jij~1k
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o
o

Il,l e&e}} of the six cases by (2) —(4) and (21)—(28) the variables Liss
Dpgry Tpars Ypary Ypars #psr AN 25, are unique determined and (15) —(17)
are satisfied too. Since p, ¢ and + are unigue determined, g¢(z,y,2) is
unigue subject to (20). o

Hxig, v, 2‘/1_) - mi G (%), w2 )
£ (X/'-1v )//11;2,.&]/;_ < 1| 1 A (z\','.\‘?h:"}, 2y}
.,\_. i —" —t,
N
N,
AN
I~ \

/ Ry R 2
o

o

Dy e 3 N -
(x,'_ Y 2 ‘L\““x C %y };f Zig)
/ S ST _HE_H“‘“E i <
B

AGiiigs Yyog, 2pe0)

Z L

X/ Vet Zaeqd

Now we take instead of (20)
(29) T=Ty Yy <Y <Yp %1 <2< 2
The implications (21) —(28) hold also in this case. If i
: S case. < h from (2) —(4
and (15) —(17) it follows p = ¢ or ¢ - 1, ¢ =j and ¢ = k, It we) tzh(k(z

» =1, we get w, =0 and from (2) it follows

(30) Lpgr + Bpar + Ty = 1 = d; > and d, > 1.
It d, <1 from (2) —(4), (22), (24) and (27) it follows

o e S il W —
Ypor == 2ppr =0, Xy, =1 —dy, w,, = Ypor = Yo Yary )
by
g2 — 2
r =1
Tpgr = Rpgy = — =kt
ok

If we put these results and Wimqjqp-1 — Wi—q1;_y = L into (18), we get

2 — %

bj. Cy
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If d,=1 it follows ¢, 22 and from (3) —(4), (28), (30) and (18) it follows.

"/ m ’? j— r? J

Zpgr = Ypor = 0, Tpgr = Ypor = ;—b'/'_] ! y Xpgh — Epapro—s 14l

j

Y — Y p
(32) 'y By = dy —1
b;
2'— @y Y—Yi—
oz Y, 2) :ji;ilc(dz —1) + .f-:_n.-,fl (] = %) + fiioan (1* ‘b— ;
O j

If we take p =141 we get
Wijqp-g — Wiy = 1
N Rl
Tpgr = Lpgr = Lpgr = 0

If d,<1 from (22) it follows

. A ) SR
A R _ ¥ Vi1 s Cr-1
Ypor = Rpgr = YUy Yoer b ) g i

i :

Since p = i -+ 1 therefore from (18) it follows (31). If d,=>1 we get

2 2 —2_y

M) l’/z’mr . dz —1, Lpar — —0—1‘1’ par = 0.
. .

i —

Yogr =
¢y,
If we put these results into (18) we get (32). Therefore g(x, v, 2) is unique:
subject to (29). : _ _ '
Similarly it can be proved that the function (18) is unique in other
cases. Inthe case & =, ¥y =¥, 2 = 2,0 <i<<h 0 <j<m0<k<
< nwe get

p=tori+4+ 1t ¢g=jorj+1, r=1Fkor k- L

If we take p=7¢+1, ¢=j+1and »r =% 4 1, we get
Lpgr = Ly = Ppar = Ypar = Ypar = Zpgr = Zpgr = 0
Wige — Wigp 41 = 1.
Therefore from (18) it follows

(@i Yiy 2) = fim

and ¢(x, y, ) satisfies condition (19) subject to ¢ << h, j < m, & < n. For

T = Ty Y = Ym, 2 = 2, conhsidering (2) —(9) we get
p=Ihqg=mr=mn,d =3, W_yy 1y = 1.
From (28) and (18) if follows
xl’bmn = Yumn — Z;mm = 17 Tpmn — a”‘;w’nn — y;zmn = Zpmn = 0
.(/(-Tm Yoms zn) c f/u;m'

Therefore g(w, y, 2) satisfies condition (19).

=1
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(7}
<t

COROLLARY. The function g(x,y,2) is continuous subject to (1)
and in the domains

Siiaza_,yz Yicp & 2 2 dy £ 1
Syrez2,d 21,d, 21, d, <1
Spio S a, yzy, dy <L, dy 21
Spimzwyy y =y, dy 21, d; =1
Sy:2<2,d £2,dy21,d, =21

S =Xy SYse S nd 22

t=1,. .,k j=1...,m k=1,...,n

28 linear.

Availability of the corollary follows from the theorem, from the
linearity of (2) —(4) and (18) and from (21) —(28) since w,; are not
changed and each of the conditions is either available or not all over
the chosen domain.
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