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PIIìCE\VISE LI\TDAR FUI{CII]IONS IN R3

r\/.,tN r'IEstio
(N,Iali bor')

Altstract. rn this plper Íìn explession of piecervise rinea,r continlousfunction of thrce r.ariar¡rôs using t-he ,ero-one valiables subject 1,o adcli_tioira,l constraints is given.

1. rnt'od.ction. Because of tÌre fast cì.er.elopment of the integer
ing¡_ computationa,l technics ¡f I íhc

13l ancl more variables can Ì¡e üseful

åå',, ii: -ì: ?lï:'öii 
""q 

h'iàî +î î""",ì:'å:

, Let J(n', .,/) be a continuous function of two variabres ancr ret theva,Iucs

iÍ t¡ : f (a¡, 
?l ), r : ç, 1,..., ,ut,, j - 0,I,...,,m

ï¿:úoiql...+ a¡ i,:0, 1,...1tn.) a,.,)t, i:Ir...,,px
ll ¡:bo + ó1 + ... + b,, j:0, 1,.. .,n,, b¡)> 0, j:7,...,fr

be l<norvn. ft can be shown f4] that the function
,,

g(u, E) : I. I ((au-r¡-r- a¿-r¡) J,-r,-r l U,¡-r-Í,_r¡_1) u,¡ ¡i:l j:I

I (J,i -Í,-r) n'o¡ t ffo-r,-Ju-r¡-) yo¡

subject to
u-l 1tu ,t

fr : \', a¿u¡ -l \ \ cr,¿(r* I si¡)
i:0 i:l j:r

1n.-1tt-1 nt ,,

s: I X b¡u,¡l\\b,yo,
¡:u J:u i:l j:l

'li¿ -'\tr¡+t: 'D¿o¡ i : 0tIr.. ., nt, -IrUo : I, U* : 0

D¿i -Dtj+t20, a¡n:D¡rj:0, i:0, 1,...)tn _- 1, j:0, 1,..,rn _I
nit I ni t tl,¡!2(ou-tt-, -rt_t), i, : 7,...¡ffit j : 1,...) n
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so tlr:r,t (n, !l), -nt, ì ll[ f helefolc

À, y?,(r) * y' VG(u):0E
(33)

G(ø) < 0

y1' G(n) : a

onc can see t'h¿t'l' the s¡rslsn (33) has ¿u1 as solution for À' : It
i:2¡...,p. Cons"li*"tiv, iiaè mÈ(¡'lD) then ? it,qsoluf ion of (33)

ivhic,fr 
^."'..,h* 

that ii is alió a sol¡tion of the plobìem (P,.). \rorv suppose

that n is solution of (33).

Iìy Theorems 6 ancl 4 in [6], D rvill be au element of the set rnP(lrr/n)'
The theorem is Provecl.

ilhistheorc,,rnisirnporl,antbecauseitmakespossiìrletofinclall
uoirts of Lhc set rnili¡'-/ölulì"tt Ì'f is quar¡'a¡ic :i'nc[ posif ivcì¡' clef irrccl

ä,rrtl rtll oI tlrc otllel fúnclions al'c affinc'
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J PIECEWISE LI,NEAR FUNCTIONS IN RJ

\,) a:i',,, < 12 < (,r,;, -l- c:'¡¡t, I a¿¡r) S 1

(u',¡,; 1- u'ulr * lJi¡r) s J
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(11)
ltu¡Dht,t¡t

I I I r.rí¡¡, S 1, 
= L, ¡ ! (.rr:r * !t,,of ø,¡¡,) < 1

i-r ;-1 r-1,_¡ r:¡ ^:r i:tJ:t À:l

(13) I. ), .\_,y!,,^ 
<¿s< E E X (!/,,,,*2,,,,)

i:\ j:r t¡:t r:r ¡Zr nlr

(14)

(12)

(15)

(16)

(17)

),ì E
l¿

Jt ¡¡t

h¡nn

ÐÐ),
l:l r:l ,{:l

)¡tnilhnj)

I n I øi,t,{ ¿r= E I y,
t:l j:l À:l rJr 1:1 ¡_

IÐT
,:l j:1 

^:1

(,rr,.,,, * e;,lit, ï ai'¡,,) S 1

1t.

IITi:1 ì:r k:\
hutttIi"lx

i:l j-1 h:l

Q1,,,, I'!ti¡r,) 3 7

(s, ¡,, ì eí;,,) s 1

\/hcl'c ,U,¡1 t)¡¡1u{r,j/.. lì,nd l.¡ zr,r,e 0 or 1 ¿ìrìCl fr¡j¡,.,, fr,¡l*, c:|,¡r¡ !/ ijt, yi,r, :,,, ittt(ls;i/,. :rlc n0rì-ìt('g'aûivo.

Trrronr,:lr.'Ihe Junctiort,
hn. l

l'(x;t lJt ø) : :l )r- ,\.] (1,-1 i-1t,-1(r,0¡-r,j-rI-1- L0¡_t¡_u,)
d:l j:l À:1

Í18) i (Ío¡-r,,- t.-J,-r,-r,,-t)t)¡¡t * (f,,.,,,-t -iÍo_r,r_r) *,, ,r
t (f ,¡-tr - J,-r¡-r,,) æ!i'¡r t (Í,-r,r-, - (J,-r¡*rr-r) ll ,¡^.

* (Í'-ur -' Í, -r¡-'òUi¡,, t (J,-u-ut - !, -r,-rt;-1)2r,,.
I (J,t, - lrit,-1)ø'i,r

subjec{, fo (2) -(17) is unique {cnd sa,tisÍies tlle cond,itio,n.

(19) r7(er,, !/¡tzt): f ,j,,,i:0,I,...,h, j :0, 1,.. .)m,j l():0, 1, ,..t11.
Ì?rooJ. Il.rom (T) -(9) it foltor,r,s

u¿ -1. if ,¿, < p, rLi:0 otherrvise,0 <p3lr,
Dp-tj:1 if j { e, a,t:0 otherrvisc, 0 { qSm
1'0p-ut-11 : 1 if k { r¡xl¿jt, : 0 othcrr¡'ise, 0 { rSn.

Xf i+f) or .i +q oy k¡r frorn (10) it follows

aijr: n'¿¡r: nij,,: !,/ ¡¡t,: !Jl,¡,, : ?¡jt : ø'¿¡t,:0.

I. M'ESKO
'.a0

t)t ,l 1)l t1

II"í s¿5EI
i: I .r: I t:1 J:

(n,¡l l/,¡) I1

(r,¡,, -l ri¡t, I ul'¡,') n,

fl(r,¡fri') <1,
i:t j :1

\yhcre 't;¿.r¡¡1 f arc 0 -1 r'itlirtbles tìnt1 øijr ri¡, y¡1 tte non-lìcgati\¡er is

piece\\'ise line¿lr ânc1 siìl,isfics thc conclil,ion

g@¿y) -Jlr,,y¡),i:0, 1,.. .,n1', i:0r 1r...,¡11'.

Cloni;inuous function of 1,hlec Yâl'iables cân Sirnilâl'l)' be expl'cssed.

2. Thc rìpproxirnåìtiolr o[ tltc continuous f unctíons irr [Rrì. I'et.f (u,1¡, ø)

be a continu-oirs function oT 1,hree Yâl'i:ùbles subicct to

(1) r04fr3frn,ll o<y=!J,,,tìo{zSz,,
ancl tho \¡alucs

Í,,,, : .f (fi,, U ¡, 2,,)

fi¡: ([oI ql." + cli) 'i :0, 1," ',lt', cr', ] 0, r -I," ',lt'
U¡: lto * b, -i- ... + b¡, j :0, 1," ',n7, bj ) 0t i :1," ',m'

2t,:cof cr* "'+ c¡,,k:0, 1,.' '7'tt1 c¡, ¡0, /l -11"',1't'
bc given.

Clonsicler thc sul¡stitul,ion

(2) nt:X(rJLi+>4,
i:0 i:l

(4) "- Ð I \iaà c¡.,lt)¡¡7; + I X )ì (ør,,, t- z',¡,,) c,,
i:1 j:1 k:1

rìu'bjeci, to

(5) cr¡ -:'t)tnr: 0 i - 0, l r"'rl', i : Ð,7,''',tt"t'

,6) 
zu,,¡r -20¿ntt;:xltju:t), i.:0, 1,..'rlr, i:0,1,.. 'rlm, la:Û,I,' "rtt

(7) u, -'tti+t:r,ot i:A¡1,..',h' -7,'t'Lç:tr, un:0
(8) ,-,¡ -'t)¿i+t:1þiiot t,:6, 1,'.',lt' - 1', i:0,7r"'rnt''-l
(9) tt,¡,,-r-'tþ.iit>0ii:0, 1,.' .rl¿- 7,i :0, 1," '1 'n1' -L, l¡:7t"'¡lx

(10) r,¡¡ i n'n¡,, * nii,, -l tJ,¡, t llii,, * z¡¡t,Ili¡t,3 3(u¡-7¡-1"-t- u¿-Lj-ü')'

i : I, ...rlt'. j : 7,...t ffi, l¡ : 1¡"', n'

h-1

h-1 u-l

lL-7 ttt-7 tt -1

i:0 j==0

k/,¡,. I tli¡,,) b¡

1t

à
1n

E
h

(3) ll -ZID¡0,¡-FXi:o j:o i:r
), ):

hnt



fn six cases b¡, (2) -(4) ancl (21) _(28) the r.ariables n,,t,,
!:t, !lLq,,.àr",, zncl ø!n,,._arc unique tieteìrninecl and (15) -(íij¿ùre o. Sincc p, q nncL r'â,r'e unicprc cleterminccl, ì(*itt,ri iiuni to (20).-
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//(x;-,, u, 21, )

r(x,y.z,)

G ¡\,, ;rr,z*)

, 2k-t

È (xi-t, y.-,,2 (¡ )',' /, tt

z ù'k

D /, /1,

ð (x,, .vj-t , zx-r)

C

A(,,-1t YJ-/,2k-t)

No'lv u'e t¿l,lce insteacl of (20)

'(29) ry - fri¡ !/ ¡-r .i ,!l { lJ ¡, zt,-t { ? { pt;.

Tlre irnptications (27)-(28) horcl aiso in ilris case. rf i <lù from (2)-(4)
and (15)-(17) it follows -g=i or ? + I, e:j r-r,nct r: í.- Íit*.'tJti
þ : i,, I'e get LL, : 0 and from (2) it, fo[óws "

(30) oro,i fií,,*rï0,.:) +clr>rùncl d">I.
It dz< 1 from (2) -(+), (22)t (2+) anù (27) it follol,s

llLqi : ?'oq¡:0, at,rjr:, - clz, nio, : llyrlr :

^tt ^, 2 -- ?;"-t
ùþqr 

- 
;p41r :

Ct

ff rve put these results àrrd. w¿_7j-1ru_1 - Ll¿_tj_t :1 into (18), rve get

,(31) g(n¿t A, ø) : Í,¡-tr , (1 - dr) t j,r 
'?4a * J,¡_r,," - st 

-_L

o¡ ch
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lhcretore florn (2) -(4) ancl (15) -(17) sr.Lbjcct to

(20) fr¡-t{n{ri,¡ !J¡-t{ll {!l¡, zr-t{2{2r
it follos,s P :,i, rtr - j and r : l;.
Consiclcling (2) -(4) rve clcÏjnc the parzlmeters

., fi 
-l¡-t , T - !/ .i -t , â 

-î1.-l I r,/ _L mt, I(lt'- 

- 

-l- - , t 

- 

: ;IDtn -f ;'Irqr -T *pq, T(1,¡ U¡ Cr

1- !/r,,, 1- YLo, -l àro, t ø'oo,

' ll -!l ¡¿ f; - it-t
uz: ---------- * " ""-t : lJps, 1- yir, -f 'tr,,,, r ?'ro,

bj ct

d 

-dtL,:-!_-_!-:-t-r3:x,,',,,ix'i,o,-''r,i,,I?n,,,|2,,,,'
cc¡ cL

From (11)-(14) ¿ùnd (20) it follol's

(27) dr31+n'r0,. : fi'lo, - Il'uo, : à'tq, : 0

(22) d,r21 +nro,. I lloo, * øp,,, :1
(23\ d.12=>z'-,,,. : 0

(2+) d,r3I=,yi,;,,. : 0 ancl zio, -- 0

(25) d"27=,rro,. : 0 antl !lr,,t, * ?,.1,,t, : I
(26) c1"31=,r'ir, : 0 ancl zLo, : O

(27) il"2i_+nrr,.* Ueq, t ãror: 1 and frno, t fr'p,', * 2p,1,: I
(28) dr22+d'2l, d")1 and nLo, )- niu, -l Uío,:7.
I1 ù:1 (21) 

^rrd(22) 
are ecluivalenl,, if ü:2 (23)_and (28) are_e-qu_I.

vâle-nt, iÎ cl": I (24) ânct (25) âre eqnivâlent and í1tl":1 (26) zt"nd' (2'l)
aïe equivalent. lhelcfore ß¡¡¡, ï'¡¡,,, fi'l¡r, A¿jt,¡. U'¡it¿ .Ø¡ir ânq ø't¡t al'c
inc-lependent frorn the c]roice of the conclii,ions (21) -(28) if there mole
feasible clloices exist.
lYe have six cliferent c¿lstìs (scc figure) :

9íAt Il, D, û) : cltt't

Sz(8, C, D, 1l) : d,t>__7, dz<I ancl dr S 1

BB(-ts, C, E, F) : drlt antl dr>1

S4(C, D, D, H) : d'r)-.I and d' l1
Sb(C, -4, !, H): dr32, drll ancl c7r)1

B6(C' -27, G, E) : drà2.

4



PIDCEWISE LINEAR FUNCTION IN R3 55

conolr,Änr'-. rlte .t'tnt,cticttt, g(t, !/, p) ¿rs co,;tittttor,s sttltject, fo (r-)
ctttcl i,tt, I,lt,e tlo,nretins

B': a: ) tn¿-tt lJ Z yi_r, z 2 e,._r, d, 3 I
ót, : a à 2,,-r, cl, Z 1, d, < 1, dB < 1

B, : ø S frr, !/ 2 !J,,rt d.z S 1, cZ, à 1

S*:ø à h¡_r !/ I!¡, drà 1, d, I 1

:;, ;: '::,,u;:1,',')' j )',:,'::
i : 7j...,h, j : I,...1,tn, lc : 7,...t 1x

is li.tteq,r.

.. Ar.ailabitiiy of the corollarr. fo[ows from the theorern, fi.om thelinearity of _(2)-(4)^ nnd (1S)_.airct îron (21)-1ZSl .iión ,r,r,, a,re not
chang'ecl and each of the conditions is eitirer" availible ól not, all or.er.thc chosen domain.
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trÎ t1"21 it follor-s dr>2 ¡rncl frour (3)--(4), (28), (30) anrl (.18) i1; follon's.

&n,t, - !l'î,r, : 0, îLr, : 'lln,t, : '!/ - ]!j 1 
^'rr, ;l'1í¡t 

- 
î pr, -- 1 

-

(32) -A A¡-t -' -clz-\bi 
)'Pqt

I. MESKO ll

!(u,, lJ, z) : J,¡,,(d, - l) * l'','-, i J, ,-tu
U - ll¡-t

bj
1-

If r,vr: ta,ke p:t+lrve get

'l.Oi ¡-1tt. t - üi ¡-tt, : 7

!üO,,,:;l',,,, - tl,'Or' 0

If d, < tr frorn (22) it follol's

!/'po, : ?'ro, : 0¡ JJno, - -!l - !/ ¡-t-. È^... :'z - Øt-l 
'

hi 
) ^,'qt' ('¡'

Since p: t + 1 thereforc frorn (1E) it follorvs (31). If r/r>1 u'e get

Ipq, - 1 -z--:l:1, !J'¡,,,, - d, - 1, 2r.,,. ?-- 3!1, 
zj,o, . 0.c^' c,,,

If we put tltcse rcsults into (18) rve ge1, (lì2). 'llhercforc g(n,lJ, a) is unique,
sut¡iect to (29).

Sinrilarly it can be provetl thai, the functiori (13) is unique in other"
cases. fnthe caseâj:fi¿¡ll:!/t?:ztrt <rl </r,0{ j{*r0<fu<
q ø u'e get,

1t : í or t. -l- 1., e: j ot j f 1, ?' - /,; or k, f-7.
ff we T,ake p:i+l,e:jl-l and1' :hl l,rveget

üpor: nlor: nIrr,.: Ut¡,tr: UL,rr: ?n,tr: ø'ror:0
Ui jt, -L0¿¡¡q1 

:7,

Therefore from (18) it follo'ws

9(fr¡, ll ¡t øà : f ,¡,
and o(e:, y, ø) satisfies conclition (19) subject t'o i.<.h,, j { m, h < ø, Fnn'
n: ün¡ y : !/ntt ? - 2,, consiclering (2) -(9) rve get

1l :1t,,8 : rmt T - 'tL,t dt - 3, U)¡-yp-1¡-1 : 7.

From (28) ancl (18) if follou's

ü'nrrn: At¿n¿¡t: Èlr,rrr:1, firrr,, - uürro: !l'tr*r:7hnrr:A

{/(rn¡ ll ,,¡ ãn) : Í,,,,u.

Tlrerefore g(n, y, ø) satisfies conclition (19).


