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l. l'he airn of this papel is to givc r rnctirocl fol thc t:stìnia,tc of
;'bhe clegree oj the comonõtone interpòlating' porynorììials, basc¡d on the
use of an arbitrar-y sequencc of aplxoxirnal,ion ôpor,atorj tol s,irich thc
order of a_ppr:oximalion is knos'n. Thè papcl is an ¿rrltlitiori à1 ouÌ lllo\Ìiorlripaper l5l, to u'hicìr rve shall refer.

Let there be given 7/? e E\, m Þ 7, thc points

,(r) O:s:o<r-1 <...-<
ancl 1,hc real nnmllcls

(y) 0 : !lo, '!lt

satisfying the conclil;ion y, - U¡_t # 0, i - 7,2,...,,Ð¿.
rt is rvcll knou'n [8], Ig] that, rLntlcr' 1,his (lolrlitiou, tiri:r'r, is at

least one polynomial P satisf¡'ing thó follorvin¡¡ ts'o c,onclitiorrs :

(l) P(æ,): !/,, 'i.:.0,7,...,ttr,;

(2) P'(n)(y, - t/¡,) Þ 0, n€ lt',,,,:u,_1, ,i == l, 2,...,tn.

such a pol¡rpo-irr1 is n¿l,merl comonoi,onc irrtclpolz--rt,in¡4 pol¡rrorniiil.
Iìstimates of the_ d._eg1ee of 1,hc coilonobonc ol),no_

nrials h¿r,yc been csüabtisherl in i{ l, [õ | ,rnll fol, stlr *,,*, ir,
l7l, l2l, [3]. fn l'hat follol's rve shall <li¡scr.ibe I u4íicÌr
permits us to obtain such estimates. 'llhis nrcl,hocl points out :r, rclzrl,iot
læúween thc^degree of the cornonotorLo interjrolatiirg pol¡nrorlial* n,o¿
the orcler of approximation by polynomials ofi the còlrti¡uoris rt¡¿rl fu¡c-
tions.

2. we denotc b.l! [0, 1], _the spu,ce o[ rr,l1 trrc roal fLrncl,io¡s, sorrti-
nuous on the interval _[0, 1], enclo_rvcd *-ith tht¡ unilorrn r{r,rì; h¡:,1 ,,, itssubspace of all the polynomials of deglr¡c ¿lt lnost, equal t9 r¿ rirrl J.lv.ff;' ), the rnoclulus of corrtinuii;y oÌ tho functiorr /ie Clff), 11.
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6.1

tlais l,iriés.ur,ru (À, l-.1)(r¿ f l¡ * Å f .i -l 1) ;' , est cirluir.:r,_' (À --lt 1j)@+b !nt +À + j l-1)
lente ar.ec e,+ l) + 1 + l¿ ;> 0 cc clui est vlai pottl rz)1.

ì{ous plouvons maintenant l¿r, conclition 5'. Oollsitlér'ons la fonct,ion
gr(n) : 11'f lr, |¡t e [rl. On a toui cl'nbot'cl pour' 0<q < Àr çrr,, nnalogue
(ronìme ci-clessus :

I)'r¡ullc côté on il
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kn
lim (Jllib g,, l)o'(()) :. . ),'l;ti,,tt,, -= \ m¡, u,,,
þ-r@ ut:O ,,¡:0

Ur$
o ,/

(M'i,ujt,,-))@)(0) : I B-L(a'l- j 11,ä f t; -i + 1) f \j=o \J
X

x¿ø+i(1 - 1¡o+r irlt)'p,,t(rl(0)

on :r 1,,j1,)(0): (':l'i:lÀ-il(-r)"''' l'' -.'t", 
, r'|' ' ",,:o:\i/'î,\ ; ) (/,'-i qt

(rt\(r; j\,_,,,
f;J l'; 'o)(-t)'*"qt'

Donc pfj)(0) : 0 Po¡r i > q.fl sient :

R(a t- j f- f,-l- 1, ö f /i:-j f 1)

TJI]sLIOGI'ìAPIIII]

(M'iuIg,l),",(o):= I
;-l

1)1,'l(0)

-ì[¿-r,is

B(tL ¡.i j'p II, ò f /r;f 1 .j) (a, IpI t) . . . (ø +p )-.i)r(b +tt-.i tl)
B(t, -t7 p -l- 1, ¿r + 1) (a-l-b-r, 1t+2).. .(alb{pflt+1)1.(¿,+1)

(ir + oo) puisquoj={11 <L'.
I-)c.rrc lim (Uí::'(gr))(u(0) :0 ce clui ncstÌle la relrltion 5o. En appl-

h+Ø
qu:lni, mairil.ctta,nb le lremme 2 lc !t'hóoròme est clélnonflti.

ß(a 1 j + r, 1.r f ir - j t \)I](n, ïlt|-l' 0+1)

-, ()
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and those of flre matrix A_t : (o,i)r.¿, i<,u¡ àre

I{ence, we decluce tlnaL the elements
( 9t¡)r.,, icn,t àtE:

(11) g,, : ,,Ï L,,si e)lqe)idt,
J

x ¿_r

(72) lÊ,n - 1l : lc, [r,"r;ir¡ leþ)lttt - c,
J

0, if ò + j,,i +.i _f L

or, íf i: j

-o,,ifi:j+l
of 1,he rrratrix I + A-rÃ :

1(r,,i<m.

lQØldtl < ll/,,,si - s;ll <

rj1-6
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I

we shall give esti'rates for ure elements of the rnatrir a-ltr. we have

r¿-! x¡-L

( Ifto(s;;rz-,) ( K(lf e)n-,,i:1,2,...,rlr
ff?<j-Loriljfl,then:

(13) 9i¡ : c, L,,sj(t)l QØ l¿t ( (c,ic,) K(1 I u)n-,,

r,i

I
wlrile for i : i + 1, .we have :

+6

lr,,r,

rt
(14) þl+t,.i : c¡

ï1 1't

t).^Øtat +',\ r,,,sj(t)ieØtctt <

ì¿-t

ìr

( c¡(1 f K(rl e)n-r)llell, _l (c,lc,*r)t\r I e)n_,..

Similarly

(15) Ê¡-r,r ( c¡(1 {- K(rle)n-,)llQll" * (c,lc,_r)K(rf e)n_,.,

Now if we puú e : /n-rtz and. rve consicler the constant
c' : max {K, (c,lc,)K , zckilell { (cr.lc^.*r)K, zcr*rllQll +_ @,.*rlc)ri ;

ù+i,i*i + I,i,*j - L,t,i :I,2,...,rn, h:7,2,...,rn _ L\,,
depending only on I( and. on úhe poinl,,r,(ø), then by using (12), (18), (14),(15), wc see that flre condition ¡'s, (r'alL í* -oi¡stiË¿-iï'tìro ineclualfties :

,(16) I(n-,'tz { .t 
i

(17) C'n+n-,tz < þlk * ()),

l;cl, us consirlcr a _sequcnce (_Lr,) of operal,ors L,,: C[0, 1] --+ Øt,s.
n : 1, 2,. . ., satisf¡'ing thc following conditions :

(3) l',,Í 2 o, for any t à o;

(4) 1,,,(),T):'Ì, Lul, for cvery f e Cl\,ll antl À )0;
(5) lll,,,l -./ll ç /fco(/)'il-,),for any f e Cl\,L-),
-'t'lrere /f ¿r,lrd r âLe tlvo positir.e constants not clepending on .f and" ,n,.

We shall usc'. the, notations:

e:ut¿ì-x lll - y,_rj,9:urin ly,-y,_rl¡^(:min(ø, - tti_t).' l<i<rr t<i<r¿ l(i<u

Otrr ma,irt result is the follou'ing :

llllruclriri¡'r . 'r'het'e 'i.s u,t leq,st otte polynomiat p srrclt, tlt,ct,t cr¡ncli,liols(I), (2) be luiffillctl, un,d Lh,u,t. cleç¡ree P in I m, w'here n, is tlte smctll,est ittte-
u rt' s cL,t Ì s.l' t ¡ í n,¡¡ t h t,l' ol l,olo í n o i n, c qual:iti e s .

(6) n. ) (1ly)2/r

(7) n>C((a+8,)lÐ,/,
(Û beinr¡ u''¡tositi re ¡:ttt¿s|t¿,tt,t, tl,epctnil,irur¡ on,l,.r¡ ora r(, r and on, the Ttoi,tuts (n))

Pt'oo.f . lllhc svllrllols gr 
-lt_, 

Ar,lrì,1rcj) 6j)(r,!to,j (.i :712,...,m)
tha,t rvill lter usr,d irr 1,he s.r1u.l, h:l,ve ilre rneaning fróm [S1.
. !ll9' ea,ch posil,ive nurnbir i a y we associate tÏc functions qe ClO, 11,j . l,'^1.. . ., ttr :

0 t;flr¡_l - er r¡ ! el

(,r' ir;,_ r -1 e)(f /e), u e lc)i_t - e, frt_t)

1 , nefn,_rrn,f

(.i,-. ,r'¡ - e )( - li e), re lu¡t n¡ t .)
For thcrso l'unctions oric ha,s o(s!; ò) < (1/e)à, j :1r2,...,tn. With
their airl \\ro ilppro-\ilri¡1,e th,.' r.oc1,ors À¡, j : I,2i.... rír,1seo [S1¡ ny tne
vectors :

(9) ),i : Ir'(c¡(I',sj)Q), j :I,2,...,1n,
rvhore, Ç e Ø is ¿r, fixed polyrromia,l of a clcgree at rnost equal to m - I.

We shall rlctcrmine r¿ a,nrl e : e(,t1,) such that for these vectors
\,, j - 7r 2,. . . , nt,, condition [5, (13)] be fulfilted.

'l'he elenlelll,s of the mal,rix A I A: (o.oùr*u, jcnnt ùte
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,,sj(t)Qþ)dt, 1(i,j<m

z

(8) sj(,') -=

ta¡¡ : cJ

ï,
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'Ihc pol,errtials 2, dcf.ilrccr on a harnronic space ,L, rvith ilre pr.oper,y :

iÏ u. a,tc[ y, Í:ì,t,o tùtoâsrtr,ois On ,l such i,hat pdv: ?¿lv {oo anrl d,p,

sdv fot any norttlcgatit-c, lwpcrharmonic funcl,ion s, i,hen p : v

s

alc irrvcsLig.ll,.:cl_iu. l¡l(seo al,so L/? p. l66lurrrl LE, p..tB¿\l).' |rìrs l)ar){'1' }ls: cgllco'rrerI u'ir,h lunctions travinþ sirlilírp'ope'Lit,s.
l. stricrl¡' srrperriirrnrnrriô funerio's. Let -D ì¡e a,n opon subset oft-|"(tr, à z)- hg,1ins á Grcc* i""ãtiò. ä. Ì,et tt, be a s*perh:r,rrnonic f'nc-tion orr -1). 'Jìhe¡1 

:;i
(1.1) ..,, .i tt(.a) Þ L(u,: t, õ)

fcrl t'¿ch "¡:e D and S > 0 such ûhat 8.,¡ ---D. Hore //.,u is thc opcn baltrvi l;h corrter' ,¿ a,nd .r'rr,riius ò;/,1¿: r, à) 
'is lìre avoragc o't" r¿ on ilre boun_rlarv of 3.,.u (relatir,c' to *ul.l'àc." íroã¡. 'ö'

l'c say that u, is. n slt.,it,tl, t,rrrí.l,u,,rotr,ic J.ttttcl,ir.,t¿ o, D (sce [],p. 721) it (1.1) holrli 11,if,þ rr >';.' '
l'l¿otosrr:roN 1.1 . f,et 0 be ct, nreu,sul,e ort, D 1 suppose th,al u,: G0

Then. u, is strictty'su,perlrcn.tnonic on

open, set U c- D,
open sct, 0( ¿7) : 0. Thel r¿ is [a,r,_

holcls. [-,et ,i,e 1), I ) 0, B.,.,ucD.
!11(ri,..Suppose 1,(t , r', á¡ :"tt(n).

;äï-lì,jiìll ,ïì, niiì:ï; 
,îî,íJ:

hþr) - L(rt:.t,,-ò),- z(r,): ' .'-"'ù
. ,.,1,t'L r,e B'r'lt(rr)'ì q rr.(øi)..Lcl,.c >*0, rre i,ß.,,". 

,Illclr L(lt,: t,,c) i1 L(u: ,r., c). C)n th; othcrl' trand, h(r)' :'J,(it, ,i,"l,l lì¿ ru(:r) _ L(tt,:

68 R. PRFJC{'tr

a,rt ftrif'illcrtl. r¡rour (t7) u'tr irrtel' t'ltal, tt ) (o'nt)zr' ((" * g)/F)'¡'. 'tnis
inoqua'litv is equivtlìernt to lol¿¡1,iotL (7), rvith d : (C'm)zt'a,nd since C' Þ
7 [i, \ve se(\ 1,h¿t,1, ([7) assur,cs ([6).

ì{ou'lJle ¡l'oof is fiuisirt'cl if tve ol¡selve that a lecluilccl comorrototre
iirlclllolll ing ltol¡'rrornia,l is t,ltc follorving^ :

,,, è(lS) P(t) - | (,ri | ,r ,),.,\ /,,,s:(¿)Ç(f)¿¿¿ (e - n,-r/z).
j:t 

,]

I?,etn,rtrl¡,s. /o. Ìl' wt¡ <lclrote lty E:,, 1,he o¡lelator n'hich irssignos to'
e?ì(11ì f unction ,l'e (110, 1 l, i1,s bcs1, approxirnation polynornial i,,,,f . 2,, ,,

tr;ht-rr, ¿rccoldirrg to :r classical lt'¡ir-rl1, of I). Jachson (see [? ]), rve ha,r'e

I L,,l - /'ll < ( I(12)<,'(,1'; tt-r) u,rrrI con¡ieclucìn1,1)r, for the operator' [,, :

010, 1 l--, ./, rli,fint,tl ttv [,,,,1' : i,,,1 + Q(12)d(l;y,-t) (J'e û10,.l]), co¡di-
tiorrs (lì)- (,r) rvith ¡'-: l, ir,rc frLlfilied. Therefore, therc is at lt¡ast orre.
1;<rl¡nrrlrriril /) s¿rtistt'ilrg'(l), (2) rr ncl clegrec, P < n, f øa, s''helc r¡, is 1,he
srrr¿¡llcs1 intogt,t' :'ìrLlh that. ii > (1/i,)2 ancl r¿ >C((o. + p)/p)', C beiirg :r,

ç1<'l,ctrni¡rt'tI positive c.onst:r,rrt rlt'ltcnding only on If ancl on 1,bo points (æ).

,?'. ll l'r'tt'c itrl'elcrsl;t'rl iir the cffectir.o construction, based on for-
nrttla, (18). o1 ¿ì ct.¡tttoirr)torrt'inlt,r'ltolatiug pol¡rnornial, \\¡c tììa,y use othcr'
s('(lrr('ìì(,('s (J',,,) ol'riptlutols llv which the irna,ges of 1,he functiolts s!, can'bc lnol'c etsil ,r'rlclclnrirrcrl .'li'ol irrsta,nc.e, \\'o tlra¡r 11¡* the socluenco (-B,,)
of tht¡ []cllisteirr's optlrì1ol's I in this casc l( - 5l+ ancl i' - 112,
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