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1. The aim of this paper is to give a method for the estimate of
the degree of the comonotone interpolating polynomials, based on the
use of an arbitrary sequence of approximation operators for which the
order of approximation is known. The paper is an addition at our previous
paper [5], to which we shall refer.

Let there be given me [N, m > 1, the points
(@) 07 =g e e Iy, Tt
and the real numbers
(%) 0 = Yo» Y1r- -+ W

satisfying the condition y, — y,_; #£ 0, i —=1,2,..., m.
It is well known [8], [9] that, under this condition, there is at
least one polynomial P satistying the following two conditions :

(1) Plo) =y, 1=01,...,m;
(2) P'(»”U)(?/z — Y1) 2 0, ze (2w ], =1, 2y, m.

Such a polynomial is named comonotone interpolating pelynomial.

Iistimates of the degree of the comonotone interpolating polyno-
mials have been established in [4], [5] and for xome partieular eases, in
[1], [2], [3]. In what follows we shall describe a simple method which
permits us to obtain such estimates. This method points out a relation
between the degree of the comonotone interpolating polynomials and
the order of approximation by polynomialy of the continuons real func-
tions.

2. We denote by C [0, 1], the space of all the real funetions, conti-
nuous on the interval [0, 1], endowed with the uniform norm; by 2, its
subspace of all the polynomials of degrce at most equal to n and by
o(f; -), the modulus of continuity of the function Je C[0o, 1.
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Let us consider a sequence (L,) of operators I, : Cro,1] — 2,,
n=1,2,. .., satisfying the following conditions :

(3) L,f 2 0, for any f = 0;
(4) L,(Nf) = n L,f, for cvery fe C[0,1] and A >0;
() It — Il < Kelf; n7), for any fe 0[0, 1],

where I and r are two positive constants not depending on [ and .
We shall use the notations :

% = max {y. —y, |, & = min |y, — Yi-1l, v = min (@, — L q).
: 1<i<m 1<igsm 1€i<m

Our main result is the following :
Tnwonesm. There is at least one polynomial P such that conditions

(1), (2) be fulfilled and that degree P < n 4 m, where n is the smallest inte-
ger satisfying the following inequalities

(6) w > (1)
(7) n > O((a -+ BB

(¢ being a positive conslant depending only on I, » and on the points (x))
Proof. The symbols @, P, 4, 4, N, ¢y 05,05, a; (f = 1,2,...,m)
that will be used in the sequel, have the meaning from [5].
To cach positive number ¢ < v we associate the functions s5e 010,11,
d=1,2,0. ., m: '

0 [, — € + €]
‘ (= Ty o 2L )y W8 E (@ — & Tyiq)
(8) $5(ar) =
1 ) A [xj“l, x]]
(,1,’ — ,,("_; — E)(»*‘l/'&), xre [wj, -/Bj + 8]

For these functions one hax o(s2;8) < (1/¢)8,5 = 1,2,...,m. With
their aid we approximate the veetors 2,7 =1,2,....m(see [5]) by the
veetors :

9) N o= Fle(l,s)Q), §=1,2,...,m,

where @€ 9 is a fixed polynomial of a degree at most equal to m — 1.

We shall determine » and ¢ = ¢(n) such that for these vectors

A, J =1,2,...,m, condition [5, (13)] be fulfilled.
The elements of the matrix 4 4 4 = (%isdi s, jamr ATE
(10) andiny SL,,3§(5)Q(t)dt, 1<ij<m
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and those of the matrix A7 = (o), _, jemy ATE
0, if ¢ #4,¢£441
%is T o i i=j
~riady if Itfl= 4l 4- .1
Hence, we deduce that the elements of the matrix 7 -+ A-14 —
(Bisdici, jems aTE :
) a”=w8%$mWMML 1<i,j<m.
We shall give estimates for the elements of the matrix A4-14. We have
(12) By —'1]| = [e, SLﬂS?(t){ Q) |dt — C[S [Q@) dt| < |[L,s5 — s3] <

¥i— Xy

S Ko(si; n="y < K(1/e)n~", i = 1,2,..., m.
Hi<j—1ors >j + 1, then :
x§
(13) m:qgmwmmmm<wmmusz
X1

while for ¢ = j + 1, we have :

%j4-€ Ay4-1
(14) Prevs = 0;5 L) Q) 1dt -+ e\ L,s5(0) Q) 1t <
EZ] xj4e
<SG+ K1/ ey~ Qlle + (¢;/e;4,) K(1]e)n-".
Similarly
{15) Bi—rs < (1 4+ K(1/e)n ") || Qe + (esle;_ ) K(1/eyn",

Now if we put ¢ = n-"2 and we consider the constant
0" ='max (K, (¢)/e) K , 26, Q|| +- (er/0r41) K, 26,4, 11Q ] + (Crpfer) I ;
PEJ A A L] — 1,0, = 1,2, ..,m k=1,2,...,m — 1,

-depending only on K and on the points (z), then by usi
n : Y using (12), (13), (14)
(15), we see that the condition [5,(13)] is satistied if the in’equa,l’it(ies:’

(16) Kn~"2 < 1.

an C'mn=* < B/(a + B),
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are ftullilled. From (17) we infer that o > (C'm)¥"((« 4 B)/p)%". This
inequality is equivalent to relation (7), with € = (0"m)¥" and since O’ =
z I, we sec that (17) assures (16).

Now the proof is finished it we observe that a required comonofone
interpolating  polynomial ix the following :

M v
] . . oM ul '7 - ! 1
(18) P(z) =¥, (¢, + ((7-)0,.8 L,s0)Q@)dt (e = n"2).
=1
i 0
o Ly ~ . .

Remarks. I°0 IF we denote by L, the operator which assignes to:
each function fe C[0, 1], its best approximation polynomial I, fe 22,
then, according to a classical result of D. Jackson (see [71), we have
| Lof = [l < (I]2)o(f; n~1)  and _consequently, for ‘the” operator [,
[0, 1] - 2, defined by L,f = L,f + (K[2)o(f; n~Y) (fe OO0, 1]), condi-
tions (3)—(5) with »r = 1, are fulfilled.. Therefore, there is at least one
polynomial 7 satisfying (1), (2) and degree P < #n -+ m, where » is the
smallest integer such that 2 > (1/y)? and n > O((e + B)/8)?, € being a.
determined positive constant depending only on K and on the points (2)

29 If we are intevested in the effective construction, based on for-
mula (18), of a comonotone interpolating polynomial, we may use other
sequences (I,) of operators by which the images of the funetions s, can
be more ecasily determined. For instance, we may use the sequence (B,)
of the Berastein’s roperators; in this' ease K = 5/4 and » = 1/2.
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