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This Pappr de-als wilh some Vorono.vskaj.a-typc theolerns for a celtain non-positive lincar
operator in two variablcs, rvhiclr is a pseudopolynomial opetator in thc sense of l\{àrehnud,
,considered by I. Badea in [2].

l. Introduetion. There is a 'wide vâriety o¡ þgth positirre a,nd non-
positive linear methods in the approximation of multivariate functions.

One of these methods yields the so-ca,l.led pseudopol]'nomial ope,l¿ùtors.
Their construction is also basecl on univariate, r¡an¡itrgs, but tùe resul-
ting opera{,or is not uecessar:ily positive, even if tho unrler:l¡ring univariato
ones are so.

fn this pâ,per rve shall consider an example of a pseuclo-polynomial
operator, which i's basetl upon the Jernstein operator. I¡or each natural
ø (here a natrrral nurnl:er is a positive integer)' and real-valued funcl,ion
Í,(n,U)_ elefinecl o,n [0,1]2: [0,1-l x [0,1], the sequenoe {P,,j} is defined
by the sum

(r.1) p*\Í; n, ù : +,ä {r( 
., +) *,(+, y)-,(t_, +)l

{P,,,(m) I p*,rkt)},
where

(1.2 ) ?'o,r(n) :
n nt(l - fi)-', O.< i < ?2, 0 ( r < 1
1,

Irol every f , C([0,1]') (the lineal space of real-valucd conti,uuous
functions clefined on [0,1]2), the sequeuce {P,l\, n 2J , converges uni-
formly to / on 10,112 (see Ra,tlea f2l ancl Badea u,ntl Oprea [3]).

Quantitative rnersions fol tÌùese tlaeorems rvcle given by I3adea [2]
(involving the first mod.ulus of continuitv) ancl reccntly by Gonska [7]
(involving the least conczùve majorant of the lirst rnodulus of coutinuity).

If.H. Gorrslca [7], also sho'wed that P; is not a positive opel'a,tor.
fnd.eed, for thrl function Ío ,- O given for' 0 < ø, y ç 1 by
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Ío@, y): I

I
(1 - ") if rf tl : f2n, 0 -< a ( 1

0 elsorvhcrc in [0,1]2

we have P"(J; tl1n, 7l2n) : -(1 - 7l2n)" < O
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" 'Thë'aim of tlie present paper
theolems fol the operator P,,, We
rems rvith traclitional flavoul ancl,
also a \roionor.shaja typc theorem fo
clelir.able, a ciass of functions fir.r;il-r'
16] for' â rnol'e reccnt rcferenoc).

2. somo voronovskaja-l5rpo theorerns. rn the lcnraincler , of trris
pâper, -ñe'clenote by cii0,1l) the linear space of leal-valuecl functions
l(r)_t1ef]nccl on [0,1], rt-tln ol'cler clerivahle,-such t|nal,Jrn(n¡ is continuous
on f0,11. Aìso C"([0,1]r) is tlre Unear spaoe ons ..f(n,y)
definecl on [0,1'12 rvith all partial lerival,i í,, lt, 2 O,

i -t lp ( ø continuous on 1.0,11r.

- ,, fll. oul theorems frorn this pzr,t'aglaph ell-klrowfi :

ülleol'erns slrlerl ns

Lnmu¡ I (lrrn'r,tnoaskø.ja)s thtorent). l.f fl, O, ([0,1]) ztc ltcr,tc:

(2.7) lirn talB,,(ç1 ;t) - gØ): (1lz) t(I - t)g"(t)
,¡ ).æ

Lnuu¡t 2 (Bilthem,ø]s tlteure,m). IJ g. C4 (i0,41) me ltuue:

(2.2) lirrr n,{tt,l t3,,(o; t) - (tØl ¿ (l - ¿) 
u"([)I :r+æ I ' tr\;'1-t i/\"/I 

2 " '" I
/(l -¿xt -2t) (t,,,(L\ t2(t -t)r 

'rr¡¡,1,(ì"¡i"

, F9r a ploof of LenIrrà 1, see Yor,onor.slcàja t11] ancl fol' I-.lernrna'2'
see Sihliema [10].

ll'hert l;e have

Tn¡onnlr 7. Let J be cnt, elemer¿t oJ the space Czfl:0,,i lz). ?hinr,
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+(112)1P,,,(l(.,t/);n) - J(æ, y)l- 112) \IJ,,(J(.,.); ø) - Í(n,n)l*
+ll2) 11t,,(Í(n . ,) ; y) - J@, y)l+Q 12) l: 13 

"(Í( 
.,y) ; y) - f (y, y)l -

-Qlz) lB,,(J(",-); y) - f(y, y)):
_ n(1 - r\ ¿21 u(l - tt\ '.tzl

r, ';n,@, u) lf ñ rn, Y) I uu@, Y),

wlrere l,itltt tt,e,,(fr, y):0 unifolmlv in lespect f ith ø ancl t/.

llence tìre proof of l'heolem 1 is complete.
Another lcsult is l,hc f ollou'ing
Tnnonnlr 2. I'et J be øn element oJ the spu,ce Ca ([0,1]r). Tlten we

, o,1

|,,¡r,t¡) 
n, !) - .l@, ùl - n(' 

¡ 
n' 

#r*, ,, -!tG - u)

lÍ(n, y\ - J(n, t) -.f(n, t¡) |.f(s, t\ t,, r\

I @ - s[r/ - ¿) -J 1r'r t'l

{P,,l @)ïp,.r@)}, \t'e can \rryite

P,(Í; n, y) : (Llz)[t,,(fin,.); ffi) + (rl2)It"(Í(.,y); æ)-
(tl2)8,,(J(. ,.); n) + (1lz)8,,(J@,.);y)_F

+(712)8,,(J( . , y) ; y) - Qlz)13"(Í( ., .) ; y)
1t

rvhere B (J; n) : E"lQlnW,,,(n) is the Jlelnstejn oper,:ltor,.

Using nou' the ecluaiit¡. (2.1) from Lemrna 1 rve have
P,(J ) æ, y) - f(n, ù : $12)lB,(Í(n,.); æ) - Í(n, n)Jl

l* "lP"(Í

Proo.f

ii

) n, !J) - Í(æ, !t)l n''t - n) !! (*, tt)I l¡2" "'

,l¡at:e lim. n
t1+Ø

" ü,*. utl _ n(1 - n)\r - 2n) ò!1, 
¡*^ u, _" a(t - y)(r - 2y)

,)yt " I 12 0n3 Lz

ttlt an.f , , yz(l _ !ù, a4.[

^-t 
(r,tt) I " 

'" (r, u) f _ . (n, y).
û !J" ít tq 16 0 lln

ProoJ. Using the clecomposition of P,(Ji n¡ t/) ryith the he\r of
l3elnstein polvnomials flom the proof of Theorèm 1 and the equality (2.2)
of lemma 1\ie can 'lvrite the clesilecl r'elation.

Ifcnce the proof of Theorem 2 is complete.

3. A Voronovskaja4ypc theorem lor bidirncnsionally dcrir'¿rble
IuncXions. In 1934 l{arl Bösel [4.], 15l, f6l introduced the notions of bidi-
mensionally continuous ant.[ clerivablo funcl,ions, AS natut'al generaliza-
tions of the usual notions from the univalial,e casc. Wo recall here these
tlcfinitions.

We sav that the real-valuetl function J@, ,y) clcfinccl on [0,1]2 is
l¡'i,clintensictncr,lly contiu,uous (B-continrrous briefl¡') in 1,he point (s, t) e
e [0,1]2 n f'ï ll@, y) - Í(n, t) - f(s, y) I JG, ¿)l - 0

1t+t
ancl B-continuous aL A c [0,1], iÎ ib is Jg-continuous inevely point of ,4.

Furrction I @, ll) is biclimensionølly d,eyi,uuble (B-clerivable briefly)
in the point (s, t) € 10,112 if there is a re¿r,l nurnbel denotecl as f '(s, t), rvhich
has the follox'ing propelt¡r

Since ?,,(f , u, U) : +å {,(.,î)

, !l(L - !l) ,)'.:f ,t . 
-\û¡!l)".'J, ù!t'

+r(:;, i)-
-r 7ù IL )Ì

Iim
f+s
))+t

(r-s) (y-t) + 0

:0

fn the proof of oru rnain lesult of this palaglaph rve necrl the follon'-
ing

Lnrrrra 3. IT tlt,e real-au,lued Ju,tt,ctiott, J@, u) tleJined on, 10,1)2 is
-ß-rler'iunble in (rc,, ?Jò Llttn tltere is it real-aalitetl Junctiòn, 9(n, t1), deJined,
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<p(n, y) :
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0r

54

"# Iillhconti'nu,'¿rs 
in' the'poi'tt't (nu,y) anct uhictt.t,cLy..ishes i.¡t, tt¿e points

(u, !)': rit['"r'u!);r,[2't]" (n - uù(E - vo) :0] su,crt' that Jor
(3.0) J(n, y) - J(no, l) - J@, yo) _f Í(no, yo) :

: {J,@o, !ò * ç(s, y)}(m _ nò(y _ uo).
Proo.f . \ye talre

and

(3.2)

these eclualities after the variable i rve gel,, ìreepine in mind lJrat

: 1r the follou'ing lclation

tt,hele

(3.4)

ancl

(3.5 ) orr(tt, ø) :
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lim g(æ, !ì - 0.
y+a

lVlultiplying equality (8.1) rvith (J lZ) {p,,,(u) I p,,,,kt)} anct aclding
7t

all

\ l,,,,o\):
¡:0

I:;J,{u, u){u(r _ ù + r(1 _ u)} *" 
Gi;)* " (h) + o(n)

"t ""åå#i."ar' 

i'tre abo'c equarity o and o are tre *,e'-r'ro,wn syrnbors
- T'c appeir'Ír,.ec, of J¡arrtr¿ur's syrnbor o_in Thco.crn J is .iusLfietr bvure frllorvins cxarrrrrr" "f ;;-'.J;-ìr"r,iTrrrrt, ,.",,r_ir*i,i"ï'f-,',',',.tin,, 

J@, y) atii ;t ]í 'o,' ïäïT, 
tt' "ïp"';atài' 

p 
)i ¡:i'.,, t dù ;i'ä,,ïL.g" unirormr¡. rs

,", ,lii,?,!!rå; TrIî"'ltî.'*ï*Pï,,f";,tåî"rtntra.v or the *nir sq.a,re t0,112'

Ío(n, y) - 10 
if (n, !t)' Is

[øy clsel,hclc in fO,I J2

,ir,¿ble at.lO,Jl2 a,nd Jó@, y):1 for
"\Jo.t.0, 9), n, : t,2,..".i'oónír'rrot*"åä_
P,(f u i o,o) : -1',i ¡'y1ùr, îiilaä,

î{...,j111,,?:urrt 
(}¡rlca fl}l who give1Ìlutor.llrl)' a¡r¡rr,oxirrrll.erl b¡, "thé

,, ,r,"P!-lr! ,?!,rTJ""""z 
3' Appl¡ri¡g the abo'e equalftl' (3.0) from l;€rlrrâ

Í(u,a) - , (",

þ'k','u¡ 1-

.Í(n, yò - (no, :U) I J@u, !to)(n-uò(y-yn)
reacly to prove the follo.wing
IJ the real-aahtetl, Ju,nctiott, ;l@, lt) cteJínect ott, l0,Il2tl¿e ul¿otc wñt squarö on¿ t¡_úì:ii,o,íírî), (rr,,o) t.tten we

Jþt, 'u) - p,,(Í) u, D)

,,,)+f

Fir'stly, *'e shall calc'late thc sum BnQt, t:) given by (8.4);we have

,Ð,(+ - ") (+ - t;) tt" '(u):
:l+izn- L 

'1

1Û ¡l-o' ' 
*l\u) - ;{" + '),}i iP"''(tt') | u'u

From the theory of the llernstein polynomials it is h'ou,n that
iD

\ iþt",,(t) : nt, Ð ir?,,,(t) : nt I n(n, - I)tz
i:0 i:o

Thus we have

i
n P,,,('t't) : -L u(l - tt)

,IL

rn a similar, .r\¡âi-\¡r rve rleclucerl that

(3.7) i__ _1)
,IL

'l

l?n,¡U') - -o(l -t;)IL

Adding the last t.u'o equalities, l'e get

(3.8) S,(u, u) :'= t*t, - u) I o(1 - o))
't?,

n, !l) -
iÎ (u, u) e Co

- J' (no, yo, elsewhere.

in [0,1]2i\ol \re are
lrrnonn¡r B.

is 
oÌ3 

- continu,otts u,t

1r¡/
Sn(z, u) :1 ç I.) .*"- I! t:ll \

i
'lù

L----un

{p",,(tt') + p,,,,(D)}
1,_ _11
n

i

'L

-(1nçoÁ)2 i:O IL

'1,

n X
't,

- -u,IL

i
n {p,,,,(tt') I p,,,r(t)}

(3.1 )

tl

Ð
d:o

(3.6)

7t

I .((+

(+
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log- **T.o]\' 
I'e csi'imatc thc explession ct,,(u, c). Let us consicler the follorv- Rut the following. successive inequalitìcs ale true:

f l" íl "t il l
,?nl - nl?",{") " À l" - *-1n". {,,) " *V- .

l'lrc l¿st,incqrralii¡'wrs ploveil þy T.polrovicirr in lg43 (ib rlso followsflorn.a stliking lesult clue to schurer ancl sj,eut:l tgl). rlence, for every.
sufficienl,ly lz"rge n,, ll.e have

(3.16) loll,(u,, ?r)l < +=
2Vn

ì{o¡,1' we evaluate the sun of) given þy (3.11). l
T'ronr thc equalilJ' (3.1), l'c gei,

lr(* ,+)(* - ")(-'-,)l .

VORONOVSKAJA-TYPE :CIIEOREMS ú0t

ì

I
ì

I

1

.1- n- t

't,

{0,

1)

":lo
n:{n

,(*
"o(
(+

it¿L__

7t,

't1,

{tt, 4

C \r. . .r tt'j

c{0, 1,...,jx}

Using these notations, n,c can l,rite :

(3.9) on(tr,, u): f., o;¡,1u, ,¡
j:l

u,ltere the sums op(u, ,u) at,e gi-r,en br_

(3.10) o|Ð(u, r) :1 \.O .4.:4ieAn )(
i

1L )(
L_ _1)
1L

{p,,,(tt)l p*,r(o)},
't, T

't1, ,tL

ol,'t(u, ,):,;
(3.11)

Ð
't

,IL

a
rÉtsê

, +)(+ - ù(+ - o) {r',,,,{,,,) ï 1,,,,,(,,)}, ,) - r (,', ;)r rþ,,, ø, (*t

,Ê, ") -, (", ;) * r(u,,,) 4 M,

I ?".0@) 4
Å€ A(r)

I lJ'(u, u)l

,1s;rz¡ 
oÍl,(u,' o : * ,_F,."r (+ , +) (

't,

n )(+ - ') ?,,';(u),'

? u,o(u),

Re.tuse Ihe funr,l iorr./ is Jl-con1:inrrorrs at, f0,1 ]2, there is nn tlr, )0 such
tha,t

(see Bailea [1, Lenuna)]. Ilence thele is an ll[: Mt l l|,(u, o)l such

(3.17)
lr (; , *')(: - ")(: ,)/= ,,0

o!!(u,, g:! S'
2 ¡.íl¡¿

ot')(,,,,:) :+,rr'i[!,1# )#-']
,(;

L

n(3.13)

(3.14)
(a),?"

(3.15) olf,(rt, .u) -- | / ; ¿' \

* ,,F,r"r(* ,+N; ùG - a)t,,,(,c)

rf l'e de'ote ,)' gr trre 
'estriction of the function <o to the set

{;,*) 
:i e A n r}*" deduce r,trar, accorcling ro rhe equatt¡, (3.2), ror an

arbiLlelirv choseu e)0 ancr r¿ sutficientr¡, rtr.gc, n.e rravc lor(L,ll1...
rr'r'o'r rl¡is 

'erarion rrrur r.,rrr thc orrvious incr¡uariLv 'r* \"rrZ)rl ,o,n,u e l',rf \ye can estirnate ol')(u, rt'i" tti" iãriä,ör*i,r.

to!t\þ1,,)t < ;,.ä" I 
,, _ *ll, _ 

;l{r,,,,tu, r_ ¿.,¿(u)}<

e f_l it
" ; l,ä I" - ,tln"''(") +,ä I'- ;l ''''ot j '

I)sirrg the above, inequalitv (8.17) rve can l,rite
.1r

lotp(u, rll < # Ð {p,,,(u)+?,,,(1))}a4tl ?,,,.,(tr) ¡
(3.1 8) 

á i t ¡' i+ ¡1-¡

rt is trnorvn [8] {,hali if à > 0 anct a(r) - ltrl" -il, r} .

= 
{0, 1,...} Üìten for ever'.1' m - 0, [, 2,.,.tlrc.c i* ul,,nlo".r*ì constantI( r-> 0, srich üllrt

\r"l(a)Ì "

iÈ8.

Kr*
n1ru82nt

Using'this result n'ith ò - n-1t4 ancf m: B we fincl 1,hat

(3.1e ) T,p,.,(u) 
" 

JL
il¿ nUn
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(3.27)
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P",,(ø)

L03r

From (3.18) and (8.19), it follows that

(3.20) llñ¡og,¡u, a¡¡ a 4' ,
n

rvhe.te-.-ilf, )0 is a universal constant.fn a similar \l¡nJ,, we cleduce that

(3.21) Vn¡ø1¡,1u, ùl<YL, .i e {8, 4},
n

'rvhere_IIr, Mn ) 0_ are also universal constants.From .inug"rlilils (8.16), (s.tôt end (ã-zii, rve conctucte rhar for.evely sufficiently large ri .,"n'iruì-e

V"l ;, o!,i)(u, ø\1" : + 4'
lrli | 2 n

(Mr, ) 0 is a unir-ersal constant), i.e. rve get

(3.22) f o;¡,1rr,r¡ -^/1\i=r - " \V")
On the other hand, using inequality (B.I?), u,e can write

(3.28) lo[Í'(u, r) I * # E p,,¡(u). {o )ìr,,,,(r) "z¿ iÉA, ieB z ¡Tt

"ry,Ð,(

n'rom relations (B.BI (3.8) and, (8.27) we have the clesirecl result.
Now the proof of Theorem B is complete.
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using again the itlentities kno$,n fi,om trre thcoryof ilre Re.nsteinpolyrro-mials we get

(3.24) 
E þ -i;)" 0,,,,r7,¡: (u - a), ++

From (3.23) and (8.24) if follorvs thab

@.25) ol(u, Q)):o(#) . o(;ù.

In a similar \\¡ay, u,e conclude that

(3.26) otft(u,, n):o(#) . offn\.

å;ä,r""trrio.s 
(3.9), (9.22), (8.2Ít) and (8.26), we ger rhe foilowing osri_

o,r(tt,, a) : ç (fr) 
" "ffi)+offn)


