
l\,IA'rIIEÌ\,IATICA _ tìEvUìl D,;\NAI_ySE NUIIÉRI eUEIì1' DE TIIÉOR]E DE L'¡\PPÌìOXIùIA1'ION
L'ANALYSB NUIIERIQUE BT LA TITÉORIE DE L'APPIìOXIùIATION

Torne 15, l¡'o?, lÐ86, pp. l5g_t62

A tr-}IONOTONIì BESî ÄPPIìOXIryIATION OPER,Ä'TGR,ït/HrcH rs NETTHER, nroNoroÀrE AND (ESSErvrrAI,L]f)
NOtì (O)-i\{oNoTONE

IìADU PIìECUP
(Cluj-Napoca)

--+lR a, bilinear func_
aK c 1{ for any

T;(n,y)>-Otor
otune if

(1) (n - n', An - A*,) > 0 for all u, n, e X
ancl is saicl to be (0) - tnonotone if
{Z) An - An,e I{* for all fi, n,e.y such that n _ fr,e K.

rT o_* lllevious p*per l3l rve har.e definecr ancr stuclied the rargerclass of the /l-nonotone opèr,ãtors.
DeJinit'íon (13)). Trte operator A: x-y is said, to be r{-m,onotone if

(3) (u - fr', Afi -A*') 2 0 Jor a,ll, u, ü'e X suclr iltat u _ n,e K.
The monotoniciN¡r, (o)-rnonotonicil,¡- ancl rf-rionotonicity properties

can l¡e extenclecl to multivalued mapliings.
OJ¡vio_usly, any rnonotonc is a /f-mono_

tone one. therefore, the study o s is importantfol a synthesis of some results in one maþpings.
plovecl that if the convex cone Il

eve.ry u e x and. *._1j tte 
'^ap 

tr.>A(rtf-#f;?il;ä:å"pr#Ji*Sii"3J,å'";.with respect to o(åx, Ì)-tofology'of ,y*¡.'
'rhe aim of this pâper is to gÌve an exarnple of /l-rnonotone operatol

cvhich is neither monotone ancl (õssentially) nór 1o)-rnonãtone.
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2. rn r,r'hat follos's -T is a real rlilbert space, y : x ancl the bilinear
rllnctional ( .,.) is the scalar ploduct on x. Denote ¡v ll. ll the norm in
{ induc_ed by the qcalq procluct,_by ll. ll' an arbitra,ry norm in -X, ecluiva-
Ient lvith lj. ll and by C a nonvoicl closecl convex subset of X.
_ Themapping B:B(ll.ll'; C), B:X--r2x assigning to each neX

the subsel, {y. C; lln - Ull' : inf ljø - rll'\ is callec-l the best approxima-
tion mappin€ by elemenl,s ot ó 

^{odwith 
respect to the norrn ll. ll,.

Since the space (-{, ll. ll') is reflexive, r¡'e have Bn + Ø 1loi aII ne
e X. Iforeo"l",+ the_norrn li.ll' or the subset C is stricUy convex, then
for each n e x the subset Bn contains a unique element denotecl by u* z.in this case the mapping B is an operator from X into -I.rt is well known that_the operator B(ll. ll; c) is monotone for every
nonvoid closecl convex su'bset C.

tr'or other norms ll. ll'the opera,tors B(ll. ll,; C)can be not rnonotone..
but in some additional geometrical cond.itions imposed to the norms andto the subsets c, the¡' can be (o)-monotone o only /l-monotone with
respect to certain cones Il.

fn what follorvs let us consid.er the strictly convex set C : {n e X;,
lløll < 1),-a fixecl element ue X, lløll :1 ancl the norm jj. ll, assòciatecÍ
to ø as follows :

(4) llnll": llnll, if l(.u, u,)l> llnlll|z
:lln,llf2, it l(u, a)l < llnl|V1,

rvhere fru:fr-(aru,)u.
ff ¡ve put o : nolllu,,ll, then rl'e remark that:

(5) llnll": llø jl, if (o,o) :< llulll|1
:{m, a)1¡12, it (r, o)> llnlll|l.

Let us consicler the follou'ilg conr'ex cone :

(6) I{,, : {ø e .\ ; 1u, u) > ll*lll|r}.
rf we assume that clim x> 2 and rl'e x'rite á in short instead. of'

B(ll '11,, ; C), then we can get the follor,i'ing main result.
Trrponnrvr. f . The oltet.cctors :l ancl - A a,re not nt,onotone.

_ 2". For o,ntJ co,nuen cone I(,, X tu'ítlt d,iml{>- 2, the operators A.
and - A are u,ot, (o)-nzono[,one.

3'. The operettot' A is I{,, - nrcnototte.

3. I.or proof rve neecl some lemmas :

I-,nuu¿ 1. lor &,ny n e X, tlte best ctgtpt,on,intatiott, element fr*.
of ub'¡1 elentents of û, r,oi,lh respec[ [o th,e ,]øorn?, ll.ll,,, betongs to span {n,tt}.

Proof . Suppose that for sorlre ,r e X, the best approximation ele-
men_t g* of ø by elements of C ancl with respect to the norm ll .11,, does
not_bel_ong to span {u, u} : X,.Then rve may fincl r** e span {r, u, n*}
such that r88 f a*¡ 1u, J"* - u'F*) : (u, *x - ,,x*t, : g and d¡r*-,
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X") : cl(u**r,Ç), 'u'here fol some:yll; y e X,j. ft follou's that llr*
ancl (u, n - r**) : {u,, t: - a*-rvhich contradicts the uniclrLeness
by elements of the strictl¡- conve

LnrvruÀ 2. Let neX, lllrll>1.
1". IÍ n eI{u U (- K,,), tltett, a}'. : ulllall.
,?,". ! n ÈKu U (- I{") ctnil u - r,llln,llÉIL, U (r It,), ttten r+ :: n"llln"ll.

. _ 3o. Il , ÉIÇ u (- Iç) anit r - *,lllø*ll e K*u (- K,,), th,en n4ís the unique element satisfSying thc Jollozuing conilttions ,

a* : (altf lln"lD n" + (1 - æ)n for certain a, À € [0, 1],

(7) l(u, a-r,*)l :llr-**lll|r,
lln* ll : 1.

. __ Proof. !". let f e I(, ,l] (- !), llnll > 1. tr(ut)(-K,,) ancl therefore llØ-,- nl_llnllll,,:llu-nlllrll flll-<
lln - y ll fol every lJ e C with llyll:l, as rve c since
llæ -.! ll < llæ - yll,, one obtains lln - nllln| every

U e C tvith lly ll : r.
, 2." In n'hat follorvs r't'e denote by o the elemenî n,,f llm,,ll. From æ_

- Q)ÉN, U (-11,,) rn,e clecluce tltat n - 1) - Àø, wherö,"L"> O, llzll i f
ancl (o, ø) : tll[í. ]Ye ìrar.e ltølk:1 anct llc) - rll,, : l. loiii wtj*fffi
any a € span. {æ, u} ¡ C. If l'c clenote À: llr - 611,,, then we have

it{T>l<r', n - a)l : l(¿,, r -a * r,ø)l:
:11 +^lvt-e;,,u)l > 11 +),lllr-lþ,u)l l>^l\t

bee,ause )(2, o) lg 1. Thus À) ). ancl since ø l'as a,rbit-rat,)'in span {n,u} n| û, it foilorvs by Lemma 1 that û* - ø.
3". Applying Lemma 1 ''ve rvill looh for r* in the trvo-climensional

subspace x-: span {ø, u} e.quippecl.l'ith the olthonorma,l basis (r, ø},
Using coolclinates r\¡e rna)/.rvrite n: |lnllcos0, llarllsin0), lløll > \'ln1(0:íz¡.
since '¿; : fr,llln,,ll u'e can see that l0l { nl2 ancl tahinE into account the
incqualit¡' l(u, n)l < llnllV1 \\,e
fndeecl, otherwise (i.e. 0 : 0) u.e sh
tt*D:(llmll -1)ot',Y,,Replacing, iÎ necessary,
ou.t loss of genera,Iity,
fi-Del(uU (-K,,) \r7

(8) cosO - sinO q tlllnll.
since each element øe x,¡ llall :1 can l¡e uniquely r¡,ri1,ten in the

form z-: ü -.lrU, where À ) 0, ll e X, ancl lly ll : 1, ìve ivill look for r*jn the forrn ø* : fr - ),(y+)y,F, uúele l,(y*) J0, !f* ¿ X,, lly* jl : l. Thõn
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.f (t) : (a cos(ú - 0) -rlre see that fot -nl4
$7)
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cos l. Accor.ding to (13)
4 inequality (14) is equivalent to

l(t)>l@14)

4

IIn -.nä' 11,,: À(y*)fly*ll, ancl so it remains to solve trre foilol,ing probrem.of nrinimizntion it X. of the function
(9) x@)llallu, !/ e ,y,
rvith tÌre consúraints

(10) lln - t(a)s ll : 1, À(y)> 0, fly Il : r.
Let us remarh that constraints (10) ar.e equivalent to
(11) 

^r@) -z(n, y)),(y) f lfllll'- 1 :0, À(y)>0, |ull:t.
Pio"u- llnlli - 1> 0 it follows that the necessaly ancl sufficient conditionsin o.cle. that ttre equation in À(y) from (11) rü* ;il.iliìà sol'tio', âro,
(I2) (n, a), - llnll, + 1 > 0, (n, u) > o.

In these conclitions the minimum value of À(y) is
(13) x(U): (n, y) - [<n, yr, _ lløll, f L: Ilnllcos (t _ 0) _

- h@- |lnll' - 1)/|lrll cos(r_ 0)a

+yl -ilr ll2sin,(f - 0)),

x'hele (cos ü, sin l), -æ ( ú ( ær are the coorclinates of ø.
we rvill prove ilrat the-unique solution of the problLm (9)-(10) is

obt¿rinecl for yx : (U[2, tll[2), thai; is
(14) t(y)llAlf">?,(rl*)lly*ll, for e\'erJr te (_n, Tl, t * nl4.

r,et'us cle'ote fo'siurplicit¡'ø: lløll. .rhen the system of inecluaii_ties (12) is equir.alent to

(15) cos(r- o)>\tæ-t¡a
whicìt gives

(16) 0 - ar.ccos

' 
'Io- plove (17) rve l,ill considel trvo subca,¡ies :

,subcase '2a. Let -"r4 < ¿ < 0. we l,ilr 
-'r"or.u 

thc inecluzllity(18) Í(t) > lrc),
or eqriivalentl¡' ¿hu liollorving one

(19) ø sjn I sin (0 - r) + cos O)cos úl/
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r-0)- +1

a2 - If a4 ¿< 0 + ârccos llc* - t¡a

{or' .irl1-<¿<0.
ï¡irsl we nol,c ühat thc lcf blta

sbanclal'd 
. 
techniclue ol clirrrirnûing

an be retlucccl 1;o

, asin2 (0-,) fsin(g-ú) sin (0_l_r)>0
n,lriclr is fulfillecl lor ^-n¡4 t.{ 0, ¿ì,s rve ca¡ easil}¡ see.Subcase Zb. T,eL 0 <' t rla. We wili prãì:å ;#'/,¡ò { 0 fol ever,.y
¿ e [0; ,æ/4), that is

' ø3Sip (¿- 0) cos (2t- 0)f sin l( øsin (2¿ _ 0) h-_;Ein, (¿l9¡
After some sirnpre transfor.rlations this inecluarity can be ledr.Lct,d to

, ¡, cojs 0 _ ctg ü sin g <\lo
rvlrich acco'cling to (g) is satisfiec'r because ctg r) ctg ,,l4:1. Thus,J'U) < 0 for. 0 -i I <'ri4 and in consequ"nce
(2o) JØ>Í(rcl4) for every te 10, nl4).

,'No1tr ft,om r:elatìons (18) and (20 ) rve rnzl¡. infel that inecluality(17) is tr,ue for, er/ely t e (-nl 4, nl4)
Case 3. Let ,rl4<¿< 0-l-âÌccosTo pror.e (14) u'e l'jll consicleÌ rrtot,e ca,scs :

Cctse I.Let 0-arccos Væ_Uø<t{_n14. Since 0<0<
,< ".lj rve have lcos ú l,< UVVt flrat is l(y, ø)l < Ultr. So, accorclingto (5), llyll,: llyll : r: iljr*i1,,.
On tlre other tranrl,0_S g.gs (0- _ ¿).< c9î @la _ fi anct using (18)\r¡e see t.hat À(y) > À(y*). 'r'herefo'e,'in ilris 'câse, r"lrüo" (14)"hoids:

Cctse2.Lelr -nl4 <t_< æ/4. Then cos Í: (y, a) >IIV, and con_
sequently, by (5), llyll,,:l[2 cos ú, s,hite lly*ll*: I -[2 co,s æ/4. Norv,Ict us denote

o,2 -I f a.Fron¡'0
cos(ü-0)<
On the oi,hel
< u[,tion (14) holcts

0<¿-0çarccos
14-s)

ct' { æf2¡ it Tollows tliat
yielcls À(y) > À(:7*).
lve havel(y, o)l: cos I

since æ/
ll'hich, lrJ'

r"l4

<nl4- a"-rl
cos (æ

hancl, 4<t<
t,

(13),
I 

"12llrus, b¡' (5), one has ljrT llv : 1 : llll* ll,. lher,êfole, r,ela_

ct, t
<t<nl - 0)- cÊ +7)

Firrull¡', iL is cas¡' to scc tltt¡L n*: fi _ ),(ux\u*is f.hc uniqLre soluLion oI s¡,srcrrr (Z). Tire*p'oofät láììi"f 2 i* r.,o,u corrrl_rtcLe.

..'tr-roo¡ of Ilwctrent 1". Le1, ,r e X such ilrat llnll :1 ¿r,ncl (r, tt) _.

= 
+1V2. We scl ãt¡. : a -l- ì,r, rvhc.e À > 0.rL rs easy to scc LhaI, n¡.É lÇ u (_ I(,,) and c,¡ _ t)el(,, l) (_ K,,).According to Lernma 2.Bo we have Au1,: ,r.r. On the other ltnnd. An : n.Therelorc,

(u¡- a, Aa¡- An): (,u* (À -- l-) n, r) _ c)>: (1 _ tllll¡p _ À).
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this number is positive for 0 < ). ( 2 and negative for À ) 2. Ilence,
the operatols á and --4 are not rnonotone.

2". Let,Il be a convex cone of ,Y with dirnlf Þ 2,We rvill consider
the follorving cases :

Ûase L. Assume that ri { n (inb K,u (-irttlt,))l Ø, wher.e by
int' Ku and ri K 'we have denoterl tho interior of Ku, r.edþôctivóly ilre rela-
tive interior of 11.
Then there 

^!9 
û, ge I{ with æ + U, llnll: llyll :1, such that u, ye Kn,

-or n, u . (-K). rt fotlo'ws, that q r g. r{, u (-K*) and. llø + yÍl >t,
hence, .applying_ Lemma 2.f, A(n * U) : @ + y)lliln f ø ii.
Also, áø - 0. Now, it is easy to seo that
!*, .@ *'y)llln f all _ø) < 0 atù (y,, - (n -lu)lllt:*yll) < 0, that
is /.(ø * E) - A_q ê-* anct - A(n i U) - { Anj É K*; árïrrougÉ 1æ+-*E) -.fr_: y e 11. Ilence, the operators -4 und. -A are not (o) j mòno-
tone with respect to 1( ancl 1(*.

aase 2. assume that there exists æ e K¡ with llø ll : 1, such that
0(l@, u>l <tl[í. fhen,'we may fincl ¡,)1 in ordor that the element
æx : \m, satisfies n¡ - u É K, U (-K"). Ib follows that Aü¡: o. Since

frx -n: (À - L)ne I{ and. Au¡ - Aa: t) - uf I{*
because (m, ,u - n): (n, a) -L ( 0, we conclude that A is not (o)-
monotone.

I1 in aclclition (r, u,)>0, then we may fincl ¡r.)0 such that the
element !! : tt f ¡r.r satisfies (y, u) : ¡¡ylll[2. We have Ay : ElllUll
anù Au:u. Since y -rtr:p"neIl anù -Ay -(-Au): -Ulllyll +*uÉ 1l* because as '!ve can easily see (r, -ylllyll f ø) < 0o wo may
conclude tlaat -A is not (o)-monotone.

If. ('n, u) 10, then one proceed.s in the same rsay tatring !! : u -
- [;fr¡ with ¡r > O.

Case !. Suppo¡e t]nat (2, u) : O for every ø e K. Since dim K Þ 2,
lryemayfind r, lte I(, suchthat n # A, llnll: llyll :1and lln -]-yll>1.
Applying l,emrna 2.2" \\¡e (nly)llln |yll. Also,
Am: r. Noy','we easil¡' obse )llla lyll - æ) t o anci
Qtt -@-lu)llln!yll.]_n) 'y)-æ:ye llrvemay
infer thal, A and. -A a,-e

Thus the second part of Theorem is proved..
3'. I-,¡et ffi¡ Ue *ï, such thnt nf U¡ fr -ye IÇ U (-I{,t) atd" An#

+ AU. We will prove that
(27) (n- y, An- Ay)> o.

Assume for the beginning tlaat, llull> 1 and llyll> t. We wilt con-
sider more cases :

Oase l. I-¡et ût lJe K*u (-IL,). Then An: mlllrll, Ay:ylllAll
ancl we immediately s<:e that relation (21) is fulfitled.

Oase 2. Suppose tlnat n, y É IL U (-If,) and ff - %llln"ll y -
-U"llly"llÉ I{,U (-Iq). lhen, b)' I-.¡emrna 2, An: ø*: n,lllø,,11 anct
Ay : y* : u,llly"ll.

rn the 3-dimensional subspace span {ø*, u*, rL} we rnay use the follorving
coorclinatizations : fi* : (1, 0, 0) ;u: (0, 0, 1); y{< : (cos f, sin tj 0), tr e 10,2æ);
Y:(a,-O,a(a--1)), a2 1, l"l<1; U:(bcosú,Dsin t, þ(b -1)),.bÞ1, IP_l < 1.then, rveobtain (* -U, An - Ay):(a*b)(L -cos ¿)i'
2 O, which provcs (2I).

suclr that n - û, lllæ,,11. I{, and, y -
U* : Uullly"ll and An : r*, where
subspace span{æ*, UE, u} we may

cos l, 0, sin l), 0 ( r,4 æ14;

?x : (cos g, sin e, 0), 0 ( ç ( æ;

ø-:(cos lta,0, sin_l t'a),-aÞo; u:($ f b)cos q, (t+b) sin q,
ub), b ) 0, lø.1 < 1. AIso wo denote ,¡ : (cos q, 0, 0).
We have (u - A, r* - A*'): 2(I - cos J cos 9)f ø(coÁ ta sin f - cos 9) -f

+ b(l - cosÍ cos g - ø sinú).
since cosf f sinf -cosg)coslf sinf -1)0 we observe that if-1 

- cos f cos g - c¿ sin tÞ 0, th.en (21) is satisfied.
Next we rvill suppose t}rat 1-cosf cosg-o¿sinr<0.Then,

ø)0 and

(22) 0 < 1-cosúcos9 <sinú.
\4Ie have (r - U, n* - yi> + (1 -F b)sin 29.
Therefore,. (ø - ,.t1, n* - tif> and. so, to prôvc (21)
it is sufficient , n* - Uf> > 0. For this, we-wiltprove
first that ø* after, thai, n - y e Ku.

T,ndeed, using' (22), \yc cletluce that sinz¿> L - 2 cos¿ cos I +f cos2f cos2g ) cos2f f cos2<g - 2 cos ú cos g.
'Therefore, 

_sin ú)((cosf -ôosq)¿+ sin2t)1t211[], that is n* -yf eI(u,
where we ha,ve taken into account, that r:* - g\: (cos I - cix g, 0,
sin ú).

Next, lve have to sho.lv that n - A ê (- K,,). Suppose that this is
not the case, i.e. n - ll e (- K*1. thcn,

øb - sin t - aÞlln - yll/l/2, which is equivalent to the system
consisting of the following inequality

'(23) b>(sint!a)la
and of the inequality obtained after. the elimination of radicals
(24) l(b):b'(L-a2){2b(L-cosf cos I - a,cosq *øsinú * a"\*

f 2 coszt !Za(cosú - sin t) - 2cos g (cosf f ø) ( 0.

To derive a contratliction .r,ve .will prove that this system in ð has no
solution.

ff ø:1, then since 1-cosücosg -r¿cos9f sinl|- a)0 and
"/(sin t i a) > 0, it is clear that, system (ZB)-(24) has no .qolution.

Next, Iet 0 ( ø ( 1. We hav /((sin t -l u,)la):az(L -2 q. cosg fI o..') l2a(a cosú(1 - cos q) * ("* sinf)(1- acos g)- o((1- ø) cosi¡f
* sin 2t ¡2u.sinú(1 - cosú cos g) f o,r(1 - 2 cosü cos q f cosrú).

:5-c.25?t
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Since -(ø f sin ¿Xl - c( cos ç)> a(1 - ø)2 cr(1 - ø) cos Í, r,e infer
that /((sin f f ø)/ø)> 0.
on the other hancl, the clemi-su.m of the loots of l(b) cloes not erccecl
(sin ú f ø)/ø., as we carn easily see.
Thelefore, ,f (b) > 0 for ever-\r D satisfJ'ing (28).
Conseclnently, system (23)-(24) has no solution. This contracliction shos's
that n-tl ë(-I(,,).

cuse 4. Lct us aÈsume t'lltfi n e Ku, lJ f K,u (-r{,) ancl y - y,llly,,llÈ
ë I(" u (-K,,).
Tlren, l'e have An: a¿' : alllrll ancl At¡ : !l,F : !/ullly,,ll. Passing to
coorclinates in a 3-climensjonal s,ultspacc of f containing' r*, ,y* :rtrcl tø,
\\¡e rn.aj)r w'ite :

t,t: (0,0, 1); ø'k - (cos f, 0, sin t), nl4:< I ( æ/9;

' l/'F : (cos g, sin g, 0), 0{g ( lr; fr - (ø cos t,0, a sin l), cr,>l;

,. y: ((1 + b) cos p, (1 * b) sin g, a,It), b20, l"l < 1

Also, corrsider t71* : (cos g, 0, 0). \Arc have

(n - Y, t;r' - !'t-) - ct(1 - cos f cos g)f
+ó(f - cos ú cos g- ø sin ¿)+1- cos , cos g"

If the cocffjcicnt of 0 in ihis expression is nonnegativc, then it is clear
tlrat relation (21)js satjsficcl. Next, let 1-cos f cos g-cL sin. l{0.
ft follorvs that 0 { ø: g 1 anci (22) holds. Since ( t: .- !/¡ o'+ - y"s) 2
) (n - !/, n* - 3/I), in older i,ha,i, (21) be tlue it is sufficient, to plove that,
(n - lt, n* - lll) ) 0. As a,t Case3, onesl¡orl'sthat r+ - yl e I{*:7ç¡.
Next, tlc l'elatiotl ü - y e (-I(,) is equivalenb to the s.\'stem:

b>a, sin t fa
,h'(1 - o.2)+2b(1- n cos f cos g)-au.sin ú) +1+2ct2 coszt-

,-(t2 - 2c," cas I cos g ç 0,

x'hiclr, as at Case 3, hr-ls no solution. therefor,e ) n - !/ e I(u.

_ Cr,se 5. S'p1,ost, that fre I{,,, lJ É I{,,U (-ILe) a'<1 y - y,,llly,oll.
e I(,,U (-I("). Then ;lru : rlllnll antl At¡ -.!J*¡ l'hcro y* is thc ¡¡olution
of (7). Nol-, rve txây use coolclinates; as folloq's : c)* : (cos f, 0, sin ú),
ñ14<t<nl2; u: (0,0, 1); s:(ct, cos ú, 0, n,sin ú), n)1;
yx:(cos Q cos g, cos tl, sin 9, sin g), -nf4<Q<n14,0( 9-(æ;
y: ((cos t| + D) cos g, (cos ,.1., * á) sin çr sirl ,l -F ub)) b >- 0, lel ;1,

rt| : l{1. f,et r7f :(cos ,.lr cosr g, 0, sìn ù).

We h¿r,rre

(25) (n - U, fr'ß - A>k> : (u | l)(1 - cos i coir {., cos rp - sin ú sin,f)-þ

f ä(cos ù + " sin Q - e sin ú-cos f cos ..,r),
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Singc,-,(cos ü_ cos {., cos <pfsin I sin tl2)2 ç(cos2 tfsin2 t).(cos2qi cos2<9 }f sin'z,,jr) ( 1,
rye nlaf/ infer that. l -- cos I 

.co.-.'r .rl¿ cos <o - sin t sin .J, > 0. ì(orv, if
thc coeffieienl, of 1.¡ in folrrrukt, (25) is nonncj¡atir.e, thcn i1,'is o¡vio¿stirat
(21) is true. l{exl,, ì,\¡e âFlsume tha1,

(26) cos r|J c sin çL - e sin l-cos I cos g <0,
Lct us ì'rìntzùt'l( that relatjon (26) is ltossible onl¡, for. c:= _l_1.
It sr-t flsp¡, inthis case again, to jrLstiî¡' the ineqlalit.s, (n -'?J, ü¿, - yi>>)0 auci for tìris, lo sìrorv that
s"- ?Jf e r(, anrr n- ?J É (-lí"). îhe first of trrcse rerations is equivarent
to siin l,- si' 

^þ.> lln^'_.: y{lliltz, and, aftcr elimjnai,ion of radicals, to
Litc st.stcm of inequalities: sinl)sil (r, (sinl-sin Q)r>(cosl_

"t,,,' "l'JJ";'iå,t:, )rî 
tll"Jï"-'::37

co cg(cos?,{ - cos2ü), rvhich is clea,r..

). ilÌren, it follor.vs LhnL b 2 ø stn t-

lsiu 5l + b -ø sin d)2 à (ct, cosI - cos {; cos g - Ò cosg)r*
f(cos ++¿/)rsin29.

This inst ineclualit5r c¿rn bc iylitten ccluivaJcntl-v :

l(b) .:2á( siri çL - cos çL - røsin I f øcos I cos 9)f
f (sin çf - øsin l)2 - (ncos I - cos çL cos 9)z - cos2Q sin2cp>0.

{)bsen'inE t'h¿r,t the coefficiont of b is negtrtiye anci that/(ø sin I - sin {.r)q{ 0, one r,ler,ives a contr,¿lc-lic1,ion.
CotLseqnentl¡., r - lJ É (-I{,,).

Ctrsa 6. Let u, 1t¡ f I(,,U (-IL,) sucÌt 1,hat

¡ - uullln,,ll. I{,U (-I{,) tntL y - !t,,llþt,,llu IÇ,t¿ (-IL).
', tvhole n+ ancl yx nte gir.en by (?).
¿: (0, 0, p), lpl: I ; n*: (cos l,
os. q, cos çL sin 9, sin {), lþl<"|a,
sin llct), ct)0.; y:((cos rf f
1 eö), b 2 0, l"l :1, 

"\t - l,l,l.

(o - y, a+ - y*): rÌ(cos , * J"T"-t:l:"* cos ?- sin {)*
fb(cos Qf e sin Q-cos ücos ç-e sin ú) f (cos f-cos{ coriç)rl

I cos'?{ sin29 -l- (sin f - sirL tl,')r.

Siuce cos úf sin l-cos rf oos 9-sin r! >cos f f sinf cos tl., _
-rr.*. .(], 

:V?. (sin (?l/4 + ¿) - sin (æ/4 + q)) > 07it is cteaÌ rhat it ilre
coefticicnt of D is nonnegatir.e, then lzr¡ hdläs. Nert, wc r.iLrppose tliat
(27) cosQf esint! - coslcos s - esint <0.

o
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SETS ON \ryI-IICII CONCAVE FUNCTIONS ARE AFFINE
AND KOR,OVIilN CLOSURES

I. tì;\SÀ
(Clu j_Napoca )

l. trret D be zt locallv convex I{¿luscltx'ff space ovcl' r'eals altú X ,= Ð
zr, cotrul¿lcl, con.ì'ex sct. Lr¡t Prob(-\-) be tbe sot of all llloba,bilit¡. ¡,",¡ort
lne¿ùsures on .Y. If ¡r e Plotr(-\J) let r(¡r) be 1,he bar'¡'center of p a,ncl c(p) :
: cl (co4r. (supp ¡.r.)); 1,hcn r(V) " c(¡r) (sce 14, Proposition l.2l). Lt1, ò,,
dcnote tlre Dirac trea,srì.I'e D"l, fi e Y.

'Ir¡¡onnm l. f,et V. e llrol: (X) a,nrl let ,f e C(X) tte, ct concetae .func-
tion,. 'f'h,en :

r) p(/) < /(r(p)),
z) Il v"(fl:./(r(p)), ttrcn, f is aJJitt,e on, c(¡t").

- !roo,f. 1). Ilol pr,oofs a,ur1 gerrel'aliz¿r1,ions of this asserl,ion sce [4,p. 25 1, [3, p. 275 | l2].
2) \4re crùn Ltssulìto r..'ithou1, loss of gorrer'¿r,lity tli:1l; r(¡-r.) : 0 anrl/(0):

.[u,@,n,*. . .lp,rò - !ß(nt)-l- . +
iLlr ¡r, -1 ...|_p. I rr,¡rtl a,lì n¡e rW¡

,1 (ii),If r€ sulp t\¡ n *0 a,¡r<1 t*r*tîI,,r*hborhoorl of r (in Z), then
t'lrelc c-risl, Ie ll ¡.\'. :e X, !/ *:- anrl ae (0,1) srrr,lr r,lltl, 0 :,r,lt -1 .

-F (I _ t.t)z utl / is aftine on (.rlnvt, 
1¡ , z\.

..ftrcleerl, rve cân zìssutne L)'¡nt, 
-[/ is closed, corìvex a,nrl 0 ÉV.I.ret a:: !¿('lz n -T). ilìhet¡ 0 < c+ { 1. Llol c¡a,c}r lJorel set B -,Y iet us clcnote

v(7t) -- (j/ø)rr(n ¡ V),, ).(r3) =- (t/(1 _ u))p.(rì rl (-\:\Z)).

ll"",t, tL:&\) +(1 - r.t)),,.,('Y n V):7. I'el; y antl
¿ oetlto f v ¿nd 7,. We ha,r'e.¡7eV I X,0 -= e,U+$_cr,)z
lncr 'y + 0 - /(0) - J@;t + (1'- 

'ò;,i)-;rt!tl -rî 
'-'o)Í(")'>

>e',(l) = pdi : O." itÍreri,rfor,t,
(r) 

Í(c'y I e - a)ø) - c'Í(y) -l- (1 - a)l(z)

øe (0 'ii,#r"JJ ;ïrT;"{í;'i"î'}it]),]'nt'r' 
ror' ¿'¡ certain

,Ihcrr (sui;P¡,r.)\r.oi, ¡tr,...,¡tn > t), Ð p, -L

tô2 R. PRECUP
10,

Il, follou.s that r:+1.
We will plor.e that p(r* - y'f ) e 1{,, :rncl
p.@ _ y) É (- -I1,,). Fronr thesc¡ i1, ri'ill dclivc (r ,!J, fr* - yi> > 0 atrtlfinall¡' (21 ).

Ilelatiou p@'F - yf )e 11,, is eq
(sin t - sin tþ)2 ) (cos f -- cros t|
Conce,lning' 1,he seconci one, lc't ns
to ha¡'e (cos { - cos f cos g)2 ) (co

- ooszl ) cos2g (cos2{ - cos2l). }ìu
ì{ext, if n,e shor¿ld liave p(c

-sin tþ ancl (sil Qlb-sirr f-rr,)2
f (cos tf f tr),sin,g.
Tho la,st inetltalìtv is e,quiva,lcnt to

f]t):20 (sin rf -cos rf -sin t-af rlcos gf cosf cosg)f
f(sin rJl - sin t -- rr)2 (cos f f ø - cos tl., cos g)2-

-r'.oszQsin220.
Sìnce /(ø f sil f - sin ü) < O rnrl the r:oefficient of á is rìesa,tivr¡r ne
olr1,¿litt ¿r, contla,tlicl,ion. 'Jìlter.cfole, ç(n -- 3¡)e lÇ as cla,imecl .

To coltplel,e 1,ìre pt'oof of thc lhir<L pzr,r't of our 1'heorenl jl, t,oultl be
neocssâry to c.lt'uronstlalr'r'r'latior (21 ), in aclrlition in the câses colresponcl-
1ng to lløli < I a,nt1 l\il >, l. IJut, sincc bhese câ-qcs can be mor.e èasitv
rliscussetì, lt-t- using a sjrlrilal'1ec1,'¡iq1e, I'e ot¡it thc clctails aLlont them.
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