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SETS ON \ryI-IICII CONCAVE FUNCTIONS ARE AFFINE
AND KOR,OVIilN CLOSURES

I. tì;\SÀ
(Clu j_Napoca )

l. trret D be zt locallv convex I{¿luscltx'ff space ovcl' r'eals altú X ,= Ð
zr, cotrul¿lcl, con.ì'ex sct. Lr¡t Prob(-\-) be tbe sot of all llloba,bilit¡. ¡,",¡ort
lne¿ùsures on .Y. If ¡r e Plotr(-\J) let r(¡r) be 1,he bar'¡'center of p a,ncl c(p) :
: cl (co4r. (supp ¡.r.)); 1,hcn r(V) " c(¡r) (sce 14, Proposition l.2l). Lt1, ò,,
dcnote tlre Dirac trea,srì.I'e D"l, fi e Y.

'Ir¡¡onnm l. f,et V. e llrol: (X) a,nrl let ,f e C(X) tte, ct concetae .func-
tion,. 'f'h,en :

r) p(/) < /(r(p)),
z) Il v"(fl:./(r(p)), ttrcn, f is aJJitt,e on, c(¡t").

- !roo,f. 1). Ilol pr,oofs a,ur1 gerrel'aliz¿r1,ions of this asserl,ion sce [4,p. 25 1, [3, p. 275 | l2].
2) \4re crùn Ltssulìto r..'ithou1, loss of gorrer'¿r,lity tli:1l; r(¡-r.) : 0 anrl/(0):

.[u,@,n,*. . .lp,rò - !ß(nt)-l- . +
iLlr ¡r, -1 ...|_p. I rr,¡rtl a,lì n¡e rW¡

,1 (ii),If r€ sulp t\¡ n *0 a,¡r<1 t*r*tîI,,r*hborhoorl of r (in Z), then
t'lrelc c-risl, Ie ll ¡.\'. :e X, !/ *:- anrl ae (0,1) srrr,lr r,lltl, 0 :,r,lt -1 .

-F (I _ t.t)z utl / is aftine on (.rlnvt, 
1¡ , z\.

..ftrcleerl, rve cân zìssutne L)'¡nt, 
-[/ is closed, corìvex a,nrl 0 ÉV.I.ret a:: !¿('lz n -T). ilìhet¡ 0 < c+ { 1. Llol c¡a,c}r lJorel set B -,Y iet us clcnote

v(7t) -- (j/ø)rr(n ¡ V),, ).(r3) =- (t/(1 _ u))p.(rì rl (-\:\Z)).

ll"",t, tL:&\) +(1 - r.t)),,.,('Y n V):7. I'el; y antl
¿ oetlto f v ¿nd 7,. We ha,r'e.¡7eV I X,0 -= e,U+$_cr,)z
lncr 'y + 0 - /(0) - J@;t + (1'- 

'ò;,i)-;rt!tl -rî 
'-'o)Í(")'>

>e',(l) = pdi : O." itÍreri,rfor,t,
(r) 

Í(c'y I e - a)ø) - c'Í(y) -l- (1 - a)l(z)

øe (0 'ii,#r"JJ ;ïrT;"{í;'i"î'}it]),]'nt'r' 
ror' ¿'¡ certain

,Ihcrr (sui;P¡,r.)\r.oi, ¡tr,...,¡tn > t), Ð p, -L

tô2 R. PRECUP
10,

Il, follou.s that r:+1.
We will plor.e that p(r* - y'f ) e 1{,, :rncl
p.@ _ y) É (- -I1,,). Fronr thesc¡ i1, ri'ill dclivc (r ,!J, fr* - yi> > 0 atrtlfinall¡' (21 ).

Ilelatiou p@'F - yf )e 11,, is eq
(sin t - sin tþ)2 ) (cos f -- cros t|
Conce,lning' 1,he seconci one, lc't ns
to ha¡'e (cos { - cos f cos g)2 ) (co

- ooszl ) cos2g (cos2{ - cos2l). }ìu
ì{ext, if n,e shor¿ld liave p(c

-sin tþ ancl (sil Qlb-sirr f-rr,)2
f (cos tf f tr),sin,g.
Tho la,st inetltalìtv is e,quiva,lcnt to

f]t):20 (sin rf -cos rf -sin t-af rlcos gf cosf cosg)f
f(sin rJl - sin t -- rr)2 (cos f f ø - cos tl., cos g)2-

-r'.oszQsin220.
Sìnce /(ø f sil f - sin ü) < O rnrl the r:oefficient of á is rìesa,tivr¡r ne
olr1,¿litt ¿r, contla,tlicl,ion. 'Jìlter.cfole, ç(n -- 3¡)e lÇ as cla,imecl .

To coltplel,e 1,ìre pt'oof of thc lhir<L pzr,r't of our 1'heorenl jl, t,oultl be
neocssâry to c.lt'uronstlalr'r'r'latior (21 ), in aclrlition in the câses colresponcl-
1ng to lløli < I a,nt1 l\il >, l. IJut, sincc bhese câ-qcs can be mor.e èasitv
rliscussetì, lt-t- using a sjrlrilal'1ec1,'¡iq1e, I'e ot¡it thc clctails aLlont them.
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endourt)d ri'ith t,he weâ,1( * -topolog.y.
f fI, l'hich is the compactãoorié*

3!:,^Jíl'l;3'îT i ' -\:.-+ i(x) c ¡s is a

âci. collvcx subsel.s A c_ X such that
) tlcnotc the I{orovhin closure of H

TR:ronpu 2. Itt,e Junction g e O(X) is in I{ot.(II) iÍl rr is ttJJine onetsery A e P.
ProoJ. Let us clenotc

? : {fu, y) : v.e prob (j (X)), y u j(N), r(v,) _ y}.
then (sec l1l) :

(6) g e Kor(H) iff. V.(g. j-t) _ {/ " ,i_1(y) for, atl 1¡r, y) € ,I

Rentctrlt. îheorem 2 (u,ìten -È'collt,ailrs oril¡,6ns elernent)wâs,ùnnoult_ceel in [1] ancl was _p'ovecÌ ilrere in 1ì,rie speciar'ãnr," o,,lrér, I is a compa,ctconvex sul¡set of. ll.
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Tnrleotl, lcL e ).0.,lhcl,c csisLs a (rit,(llc(l conyex rLeiglrLrollroorl Iz of
r1;ll''l'li'^l ,,'{{.1,:,,{(r)1,.Í '/i iä' on*,, lt ¿ x ';iii,"; Ï'i, ¡,. r, rouows

lJ¿e (fr¿ * T/) n X, zre X, !/, + zd, (ú¿e (0,1) such that
Q -- utllt l- (t - ø,)s, :r,rLli./ is ¿¡ffinc oil t:o\v l,yr,. trj. Lcl. (L _ tnin {a,l/Ái,;r1?l¿l - 7¡ .". .,"n|. rd",, o > o *u,L o ;",;,í;i!r;:'_ ii,ii - cont,{y,, 2,,,.

(2) f(-ayo): -r4Í0), i:r,...,n
trt'l'oln (2) and the colrc:li,itv of / l.e rlerltLce

zp,,l@) > -(tlu,)!(-az ?¿tj) ) J(\poy,) Þ 21t,.f(y,¡
.1.ìrelefoier

(3) 
Í(r,?,tto) : r,pt.î (y¿)

l-r'otrr !/¿ - fr¿e Z and \?o!lu _Z prnre v iL foLion,s
(4)

(5)
l.lQt)-J@,)l< ef2, i- 1,.

i.fè) p,y,) -l(r ,p,no)l <1 el2

tlr

Nou' (,3), l{) arut.(i) iinlrl;. Ll(Zp,n,) _))p,.[ (nùl < ,. SirLcc Ltrisholtls fol eircti e 
'>0, 

.fi>'¡t,;i,i L f i,,f\*,)

affine f Lrncl,ions on X.
We tlenobe by I{ the
)ty A(X) anct _F. Leb

Conor,r-any 1. Oh(Tf ) coinci,cles with, tlrc set oJ tltose fi e X Jor tultich
wl¿eneaa' U¡ ø e X, ?l * z,t æ : el2)(u _l ø), tltere r*trtr ¡ e n suclt, thü,t.f(u)>>(tlz)(J@) -l J(z)).

ProoJ. LeL n e -Y rvith ilre alove-proper.t¡.. J,.:t q e prob (-f), pr:à,on .H. BJ. 'llheorem l, ever¡' / e ? is a;ifìne on c(¡r). ft follows 6rat ø is anext'cnre point of c(¡-r,). 13¡' a r.esulb of II. Ba,uei'1Áo" ¡+,-er:opositio; î.¿l)V.:8,. Consecprentl¡, se (lh(Zf).
Tìre othcl inclusion is imlncdiat e .

Conorrnnrr 2 (tõl). Su,tpose ttrat I contcti*s onl., one Ju,tr,ctiort ,f .Then, Clt(II) : À ,iJJ- J is sLt.iiLl,ry c¡rùc(¡t)r o)t .i:. """r


