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trn the first part of bhis u
theorem of A. M. 

-Bruckner 
and

we extend this result, sirnphfying
Let us denote the classes-of õovely superadditive functions, by :

C(b): {"f , 10, bl-'[R, .f(0): 0, / continuous]
R(b):{1. C(b); Í(tn + (1 _ ¿)s) < tj(n)*e _t),f@),

Vf e (0,1), y r, y e i0,bl)
/S*(b) : {Í. C(b); Í(tn) ( ¿/(r), y¿e (0,1), ne l},bl}

s(b) : {J e c(b); l@ * y)> l@) ll@), yn, E, n +ue [0, b]].
fn .what follows we need some well-known resultsi (see lal). Theya,re more general, but rve prove only the form that;;;*¿.

.r^-"."!p"y" 7. If the conuen funotion f is d,ifferenti,able, then f, is non*aecÌ'easLng.

Proof. Let us suppose nlU. trrom the definition .we have:
l(v -lt(n - u))-f@

t(n - s)
'which gives

i

/,(y) < Í(a,) - l@) 
.0-y

Replaoing f by 1 - ú, .lve obtain similarly :

¡tø - tøn-a (-f'(ø)'

Tonr,rMA 2. The function J ôs sta,sha,ted, iJ a,nd, ontg if Î@)lm ,ís non_d,ecreasing.

Proo.f. ff 0 < n f tl,.lrom J(tg) < ,tJ@) and t: nly .ehave: 
.f(ø)<<(alU) /(E). Conversety,-'if z ."1bií¡,- th'1 a and ,o' ¡1t*1¡1t*) < Í@)lrgives the starshapednes! of /.



' Iznrr¡r¿ 3. Il tha fu,nation, f i,s cli,fJerentialtl,e,'trh,en it is sr,u,t'slt'itr'þerl if
and, only if : f'(m) >- Í(n)læ.

Proof .îhe funcl,ion .f(n)lr is nonclecleasing if a'nc1 onlJ' if :

lÍ(n)ln)' : U'@) m - 1@))ln2 > 0'

I-¡nulrn 4. For atty b > 0 lt'oltl [lt'e in'clzt'sic''t¿s t 
i i,

't{(b) ,- 
^$+'(þ) 

c B(b)'

ProoJ. a) I1 J e I{b)1 ¿ e (0,1) ¿rntl r e [0,b] t'hen :

Í(tr) : Í(tt i(1 - ¿)0) < tl@\+ (1 - t)J(o) : t'i(n)

that is l. ,St(b).
b\ Il le 8{'(b) a,ntl r, U, r -l lle 10, bl, tlen, by lornrna 2, \ve have:

.r@ t !r) - rc I@ t tt) +,, !!ï!, *l++ rlg)n | lt t'Iti n ?l

anrn so, le S(b).

Tlem,at.lc 1, thesc, simplo inclusiorts rvelc nol, allays,known. so,-in

t5l itî oroi"¿ thot if / is'convel-â+ÍJ suli¿:rt'lclitjvc L]ne:n J(n)lu is non-in-

crõasing.*In fact it, is'conslrrnt (if /(0) : 0)'

Ðefinití,ott,7. ,l'lt,e Ju,n'ctio'tr,,'f h,as tlt'e TsroltertlJ 
4P" ita llt'e nt'ean, iJ

th,e !un'ct'íon. :

(x)

Itas tltc 1tt'oParl,1¡ 
t'P".

Let, us clcnote hy : n[I\b), ¡fs*(¿,) antl r]ls(b).i,he. sets of functions
u¡hich arc convex, slarshapeìl,"r'especlivelv supet'aitdit,ive in the nleÍln'
!L'he main resul1, fi'om [4] is :

Trnonnu L. .For un'y b t 0 lt'otd, t'he strict inclusiott's

(2) K(b) c. MIt(b) - lS'r(ú) c /S(b) c .4{B*(b) c /r'S(b)'

ProoJ. ø) l\{ahing in (l-) the change of variablc: t: fixL¡ ib becornes

(sec [3]) :
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(
<\(¿'Í(nu)* (1 - ¿) .Í(au))d,u,:tP(n) -ì-(1 - t)n¡)

I
ó

that is Je IUIK(b).
b) n'rom (1) we have:

(4) l@)ln : r'(rc) | F(u)ln
ancl if -E is convex -8" is nondecleasing ancl by lemrnas 4 and 2, I e s+(b),
- c-) The inclusion_ñ+(b_) . ó-11) rvas provecl in Lemma 4. rt impiies

a,lso tlre inclusion : l{B*(b) c: MS(b).
ei) Let /e S(b). Then, for evel¡' ne 10, bl and cver,y ¿e (0,1) :

l@) : l@u * (1 _ u)r) > Í(nu) +/((1 _ u)n)
ancl so :

ù
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J@) - 2x(n) : (Í(ø) - 2 J@u)) du > (/((1 - u)n) -

(3) aw) du.

If f e It(b), then fol everJ¡ ¿ e (0,1) and u, lJ e lO, bl I'e trave :

nl Ur )- (1 - t)y) : ,f(tnu -l- (L - t)uu) itu <.

- j(ru)) ¿, : (yttr - u)n) au -(¡1u*) ctu: o.JJ'
But this, by Lemrna 3 ancl by relation (4) is equivalent rvith ./. ¿g,r,(b).

The strictness of the inclusions
pies. A beautiful proof of this fact
in [2], showing that the
I[r{(712), Sx((5 - 1)/2),
of b being in every case

Remaùc 2. In [O] il, rvas consider,ed 1,he rnore general mean :

(5) to@):#j s'U)le)dt, to(o):0.

Relatetl to it,-.we have given in [8] the folrowing result, rvhose proof we-rvant to simplify.

starshaped'ness or the superadd,itiøitg¡) then the Junction g is oJ the Jo,rri, :'
(6) g(u):k'æ", a)0, k*0.
- _ Proof.. The function /r(ø) : cu is in K(b) for auy c e R¡ and soby lemma 4:

Fo(u) :: 
.

g(e)
0

1r
T(n): i=\.fl¿) d.t, n2o;7r(0) :6îJ

i

r(") : 
5/(

g'(t) r, dt
1
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must be in B(á). B1t c being of arbitlary sign, ilris happens jf anrt only if,for c : 1, it verifies :

Eo@|_y):Fo@)*Io@)
fo.1,any nt U¡ n l.!. [0, b].-!hus (see 

^[])_.70(a;) 
: /¿ø r,r,hich gir.es (6)

with ø I 0. But, if ø { 0, (5) is not definäcl toi'¡il¡ : C, thus i"" *ù*itake ø ) 0.

Ben+arlc 3. as was_poinl,ed out ,t_o_l!e-by prof. J.E. peðarió, sucha result was also proved by r.ts. rracKo]Iró in ìris doctoral disseriation
usrng:

insúead of (5).

Remarlc 4. Denoting by F, the function (5) wittr g given by (6), v.ehave:

(7)

and so:

b) I1 Í e IÍ"K (b), i,aliing into account (g), we har.e :

l@)lr : F"(r)ln |-n'"(r)la
thus, b)'lernmas'I, 2 a'nd,4, ,f . ,,S't(b). Lernrna 4 gives also theinclusions

B*(b) c B(ö) ancl M"Bo'(b) c ,U",,S (b).

c) I1 J e S*(b), ¿e (0,1) ancl re i0,ö1, using (9), ne have:

,þ. (tr
1t'

-\Í(tnu'r"¡ r7rr,< \ t!(rulfu¡ d,u : t1,*(,n)JJ
Llo

¡ fi¡ Ut fr + y e [0, b] ,rve have also :

11
ef
\/tt" + !t)u't") d" > \(l(:rutr'¡ | J(yuv^)) d,tt :JJu 

: F,(n) +ou"(r)

ø

to@)
(r
\s(t) lØ cttl\ o(,) d,tJJ
OO

n.(F-(n\: * I ro-r f(Ð dt
fr" J 

J\

that is f e M'S*(b).
d)'For' /. Stíl

F"(n I y) :

I

l

l

i

I

(8) Í(n) : I"(n) t @la) Iá(n).
ff rve rnake in (7) the substitution (see [6]) : f : üttrrtot iú becomes :

(e) F*(u) :i ,r* xrttø) du.

oJ

rn rvhat follows we rre condition from theorem 2 is also
sufficient. tr'o. this, nI"B*(b) ana M"S(l¡, th; sets
g! finctionl I e__C_(b the coírespondinþ Tunctions
.F" belong to K(b),

Tnnonnu S.Xor any b )0 and, a,my ü >0 hotit, ttr,e Jottowing inclw_
tions :

(10) K(b) c M"K (b) - B*(b) c S(b)
nn

M"S*(b) c. M.S (b).

Proof. a)If JeK(b), f e (0r1), nt Ue 10, bl, then, by (9) :

It"(tn ! (I - t)y) :\l{t*urr' + (1 - t) yulø) d,u <

<ittl{ou',.) + (1 - U ft)n,,.¡) d¿t, : t;,(n) ! (L - t) r"(y)
J

thus / .lu"u (u).

bhus/eM"S(b)

1>.1: U*log T'emma 3 u'e have also s*: (ø - Z+[r;, ++llZa''-J.applying Rruckner's test (see [2]), rve obtain'also that's is'thä rinique
positive solution of the equation :

u,r(exp (7ln)-2):+ -exp (1/r)
thus: 1/ln 4 < s < 1/ln 2. So :

Ic {ko < s* < sf < s, and s { s,.

we remark also that Tlln 4 < 1 : sf, that is, for 0{ ø( 1 we can rrave
s < sf and so 

^9(b) 
É lW"S*(b),

Remarlo 6. In l7] l'as proved that if 01 a ( c then:
ll["K (b) ) I["K (b) and ]l['54(b) - ]t["S+(b).

Thus (10) extencls to :

I((b) ,- M"K (b) c- M"I{(b) - ñ*(å) c S(b)
nn

M"S*(b) ,_ M."B(b)
n

M"S*(b) <= M,'B (b).



772 GH. TOADER

Moreover, if 0 < a,{7;
/S(D) c,1{1,St(b) :J{,S*(¿r) . jl/'B*(b).

\Me clo not hnorv if it is true that :

M"B(b) c M'S(b).

lVe have proved also similar results for secluences (see [9]).
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fn connection rvith his previous paper (.flhe asvnlptotic t,elations
fol the inclefiniteìy increasing zelos of poiynornials with áltelnate coeffi-
cients)) the author gives here the ploof for 1,ire inequalities

I2r,2.p (),) { 111,¡2,21,a2(},) ând rrr+r,rr+r)(),) { r2n¡1,22+1(l).

We consider a finite sequence of leal algebr:aic equations u'ith alter-
nate coefficients

Rcceivecl 6.III.1986 Caledra de I'Ialematìci
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Þ

f, (-t¡'u,nþ-u - o,t(1) P-2,3,4, ¡11 (ø" )0)

lvlìele the coefficients au(v - I,2,3,...,?) âte consl,âni, ancl positive, and
I\¡het'e &o+0.

Stalting frorn the Ì'esults obtained in the pâper ('îhe asymptotic
reLations for the inclefinil,ely incleasing zeros of poì.¡'¡orntrts \rdth alternate
c_oefficientsi' ¡11 ru" shall cl"erive the cÙstributiori of 

"the 
g'reatest zeros ([1],

theorern (3)) rr,r(p :2,3,4,. . .,n) of equai,ions (1) n4ren øo tencls to zero.
îltis rlislribuüions is as follou's

t'rzktò1rn+(ao){...,--r'rr,.,r(ar)1l'rr*r,rp+t(ao)1....{rrr(u,o){rr"(aò,
(2)

ao { e(?).

!lì rc ineclu:l,iiby 1"2þ,2t)()\) .!, r2n¡1,2,,¡1(ìt) has l¡een provecl in the
menl,ioneal paper 11l (71). Thus i1, remains to prove inequalities
0 .i rzt,,zp(À) { r'¿r+:,2r,*r(À) and 0 1T¿p+e,zp*r(À) { t'ztt+t,zt,+r(},).

fn palzr,graphs l,, 2. an:l 3. lve shall prorre the ineclual ity 0 { r"n,rr()r) {
l rrp+z,zenz(),) ) the inequality 0 1i rro+s,zr.rr(À) ( ,rzpt-t,zp*1(À) rvi11 be
pror¡ed in paraglaph 4.

l. ||he z-lngle of the tangent to the lastarcof thecurve U:Uzt,+(fr¡'),)
at, 1,he point of intersection of 1,his curve ancl the axis Xr' and thc angle
of the tangenl, to the last arc of the curve U : !Jzp+zkü,À) at tìre pointof
intersection of 1,his curr.e ancl the axis X2r+i, lespectively.


