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In connection with his previous paper “The asymptotic relations
for the indefinitely increasing zeros of polynomials with alternate coeffi-
cients” the author gives hele the proof for the inequalities

Lopop (N) < Toptpopra(R) AN Py 450,400 (R) < Fopanop+1(N).

We consider a finite sequence of real algebraic equations with alter-
nate coefficients

P
1) z (—1Y awr= =0, p=2,34,...,% (a, >0)

where the coefficients a,(v = 1,2,3,...,p) are constant and positive, and
where q,—0.

Starting from the results obtained in the paper “The asymptotie
relations for the indefinitely increasing zeros of polynomials with alternate
coefficients” [1] we shall derive the distribution of the greatest zeros (1],
theorem (3)) r,,(p = 2,3,4,...,m) of equations (1) ¥ Vhen a, tends to zero.
This distributions is-as f.ollows

Taa( o) < Paal o) <o <Pypan(@y) < Paparapr1(t) <o oo <tss(ay) < 7"33(“0)_;
(2)
ag << &(p)-

Tie inequaliby #5p.9,(7) < Poprrep+1(A) has been proved in the
mentioned paper [1] (71). Thus it remains to prove inequalities
0 < 7gp2p(A) < Topazzpra(D) ANd 0 < 73 45.0543(N) < Papir,ap+1(R).

Inparagraphs 1.,2.and3. weshall prove the inequality 0 <C 1552, (%)<
< Topyzzpra(n); the inequality 0 << 7yp450p+8(A) < Popryep+r(R) Will be
proved in paragraph 4. .

1. The angle of the tangent to the last arc of the curve y=1v,,.1(%, A)
at the point of intersection of this curve and the axis X,,, and the angle
of the tangent to the last arc of the curve y = #,,..(x,2) at the point of
intersection of this curve and the axis X,,.,, respectively.
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We consider the angle P2» Which the tangent to the last are of the
CUrve = ¥y, 11(, A), at the point 11 {#2p,50(N), @ty 41} Of the gystem (X3p11),
makes with the axis X,,. We consider also the angle @y, ., which the tan. |
gent to the last arc of thecurvey =y, . .(a, A), at the point Lo{rsp 41,99 42( M),
@yp12} Of he system (Xgp45), makes with the axis Xyp+1. The tangent, of the
angle o,, ig
(3) b8y, = Y2o41{T2p,20(2), A} = sz,zp(l)- |
From Yop+1(wy M) = - Yool N) — agyyy
1t follows y,i(@, 1) = yop(@y, A) + o Yan(@, 1), thus

(4) yép+1{7'2p,2p(7\)7 A = sz'zp(h) = 7ap20(A) * yép{Tzz,’zp(K)),K}-

In virtue of theorem [1] (4), for A= «,,, the last arc of the curve
Y= You(@, a,,) touches the axis X,, from the side of the positive ordinates ;
how we have 7,,,, (a,,) = Tap20(%2p). Owing to the contact of the
ourve y = g, (@, oy,) with the axis X,, at the point T = Top op(0tyy)
we have '
(5) ?/ép{rzzo,Zp(“Zp); aZp} =0 and
(6) yzp{wzp,zp(“zp)a %py = 0.
From (4), owing to (5), it follows
(7) ?/ép+1{7'zp,2p(°‘2p)a oy} = Nw,n(“zp) = Tap,ap(%gp) * ?/ﬁp{rm,zp(“zp); gy} = 0.
In the previous [1] (80) we have determined

xlim Yon+1{Tanp(N), 2} = =00 ; hence
= -0

(8) 8¢y, = yé17+1{7'212,2p(7\)7 INEES Nz;a,zp“\) = +00, A— +oo.

The variable quantity N, ,.(2) increases from 0 (o -+ oo when A varies
from a,, to -+ oco.
The tangent of the angle ¢,,,, is

(9) b8 Pop 4y = y§p+2{7'2p+1,2z:+1(7\), A E1sz7+1,22¢+1(7\)-
From Yop+2(@y X)) = - Yop+1(2y A) Aop+2
it follows Yepro(, ) = Yoo +r(@, N) + @ Yz+1(2, 1), thus
yép+2{7'2p+1,zp+1(7\); 7\}Esz+1,zp+1 (2) =
(10)
= Tap+1,00+1( M) ?/§p+1{7"2@+1,2p+1()\); A} > 0.

By_ theorem [1] (4) the last arc of the parabola y = Yop+1(®, A) cuts the
axis X,,,, at thelast point of intersection Pap+1 2p+1( M) b an acute angle ;

hence Yzo+1{725 41 2p41(2), 2} >0 and therefore (10) is valid. The curve
Y = Yap+1(@, 05,) passes through the point g — Pov+1 2p+1(¢p) on the

axis X,,,, making an acute angle ¢ and therefore

(11) ?/ép+1{7"2p+1,2p+1(°‘2p)7 Upp} = g4 >0;
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hence

’ o
(12) Yoo +21Top 41 0p41(dap), %aps = Noyigpa(ag,) > 0.

Thus the first derivate Yop+2{Pon 41 2psa(R), A} is permanently positive for
A € [oyy, -+ c0]. The curve y = Yevra(®, A) passes through the point
Taps1{rav+1,2041(N)s Ny 3p41(1)) and the ordinate Ny, 4y 5,44(2) of the point

3

15441 18 permanently positivein the system (X,,,,)for each ) e [®opy F00].

2. The positions of the points of intersection of the last are of the
parabola y = yj, ,o(x, A)with the axis X, and the axig Xopip when 2
varies from «,, to --oo.

We shall determine the expression for y;,,,(z, 1) by means of the
polynomials y,, ., (o, A) and Y2(2, 2). From the formulae

Yor+1(®y, A) = @~ You(®, X) — A2p +1

and
Yop+2(®y, ) = - Yov+1(2y A) + Aop 42

it follows y,,4s(@, 2) = 22- You(@, N) — @ Ggpy1 —+ @yp1s; and from this
2p ’

(13) Yop+o(@y A) = x- {2y21a(w7 A+ - Yap (2, N} — A2p+1°
Whe shall transform expression (13) as follows : owing to

(14) Yop 11(, A) = Yy,(a, A — - Yop(@, )

from (13) we obtain

(15) Yop+o(B, X) = @+ {Y2n(w, A) 4 Y +2(2y N} — Aop+1-
For 4 = Tap00(A), from (15), we obtain

(16) y§p+z{rzp,2p(7\); 7‘} = 7’21:,21:0‘) 1 ?/éﬂ+1{72p,2p()‘)’ 7\} T Gep g
or

(17) yz’p+z{7"2p,2p(7\); A} = Tap 2(A) sz,zza(M T lGapt1; A Z dyy.
From (17), owing to (7), it follows

(18) y5p+z{7'2p,2p(°‘2p)7 Upp} = —Oppiy < 0, A= %z
From g o(@, ) = 2y,(, ) + da- ylp(m, 2) + @ (e, 2)
we obtain, for g = Tap 2p(%2p), the expression

(19) y§;+2{7'2p,2p(°‘2p)7 Ayp} = 7"%7:,21:(“21:) : ?/é;{rzp,zp(“zz:)a %gp) >0,

where ;.. 5{75, 00(02p), &gy} >0 because of the minimum of the function
Y = Ya(@, 0g;) at the point g — Top 9p( dap ).

According to the aforesaid th e POINt Ty 41 {755 11 054125 )y N s o 41 (%ap)}
is above the axis X,,,, and the point Ty{730,20( %)y — @ap 44} is Below thig
axis, and thereby r,, , (a,,) < Tap+1,2p+1( %y ). Therefore the last point of in-
tersection "5p 209 +1(0%p) Of the curve Y= Yops+s(@, 0y,) with the axis Xopsa
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represents the point of the last minimum fo the CULVE Y == Yy 4 o(m; éi5)]
thus {
II o
Top+opri(tyy) = ap+28min (%)

and for this point there holds the following inequality
(20) 0 <& Pap,2p(0ap) < 20 +208min (%gp) < Tap+1,20+1 (%)

By (17) and (10) the points Loy {Tap,00( )y Yip+olPep.on(A),A]} and
Lop1{rap+1,2041( 1), Yoo +2[Pap11,2041(N), 2]} lie on the last are of the curye
Y = Yapsa(® N), N > ay,. Kxpression (17) represents the system (Kopq)
the ordinate of the curve Y == Yapro(®, N) ab the point @ = 7y, 5.(2). This

] =
ordinate may be = 0 depending on the magnitude of the expression

Tap.2p(A) * Ny 25(A). As will be seen from the following statement, the point
Ty, lies on the axis X,, for A — a3y, bebween the axes X, and X,p 41 Tor

A€ (agy, A*), on the axis X, 41 for A = A% and above the axis Xy 4q for
A > 2%, The point 7%, ,, lies above the axis Xopey for ke [ay,, + o0 ]. Thus
the lagt arc of the curve Y = Yap+o (@, A) cuts the axes Xyp and X,, ., for x>
= gy

The derivate of the function Yapyo (@, N) 18

Yopaa(®y N) = (29 + 2)ap( N2+ — (2p - L)a@® + 2pa, 2=t 200y
—3dy-q @ - 2a,, ® — oy 41
The curve
(21) Y = Yapral@, 1)

is referred to the system (Xype1). In the system (X,,) the equation of
the same curve (21) is

@2) 7= (2p + a2 — (2p + Doy 4 2pay a1 5 .. —

2
— 3z 112% - 2a,,, .

The points of intersection of curve (21) with the axis X,,, i.e. with the

straight line y —= —g, ., are obtained from the equation
(2p + 2)ag(M)@2+1 — (29 - Dayw® + 2pa,a® =1 = ... —3ay,_ 02}
+ 265, & — Gop+1 = oy 41y '
namely from the equation
(23) Tp(0) = (2D - 2)ag(A) & — (2p - 1)gy21 |-
4 2pa,ax?-2 .. -+-2a,, = 0. _
All real roots of equation (23) are positive. By (%) we denote the greatest

Toot of equation (23)
The derivate y;,,,(@,2) can be written ag follows

(24) Yanral@ ) = a{(2p-+2)ag(Mw® — 2(p-+1)a,a?-1 -

+ 2pa,w?P 2 -3y, - 209p} — Ggpiqy = @ - Nop (B) — Gop +1-
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The asymptotic expression for the function Yopso{®y N) I8
Yopra(@y 2) ~ 2271 {(2p - 2)ag(1)2® — (2p + 1)a,2 + 2pay}, @—-too.
The equations
(25)  (2p -+ 2ay(N)z® — (2p 4 1)ayo™ 1 | payat T L.
— 3agp_1 & + 2a,,=0

and
(26) (2p + 2) ap(N)a® — (2p -+ Vayw + 2pay, = 0

belong to a sequence in which the coefficients of theijr first three terms
are equal, as iy ihe case algo in sequence (1). Letf us denote by r5, 4,
(7) the last root of equation (25), i.e. the last zero of the polynomial (22)
and by r5,(2, 2p) the greater root of equation (26). In virtue of the asym-
totic relation [1](65) we now have the following agymptotic relation

(27) E(0) = 75p5(1) ~ 752(2y 2p), A oo,
and in virtue of [1](52) the inequality
(28) 0 <7a( 2p) < 7955, 0).

The point of intersection Tap+zop+r(2) Of the last arc of the curve y=
"= Yhp s o(w, A) with the axis X,y 11 vepresents the point of the last minimum
tp+2@mn(A) Of the curve y =y, .,(x,%); hence

7'z;p+_2.2p+1(7\) = pp+almin(A), A 2> ay,.
. 'In connection with relation (18) we shall show that for ) > o, the
ordinate of the curve Y=Ysmpuo(x, 1) in the system (Xpp.q) for the abscissa
€ = 7,4,(2) has the same value (—agp41), i.€. that
(29) .7/2,p+2{742’p,21)(?\)7)‘} o *a2p+l“rhen A> %op-

In virtue of the fact that T2n,2p(A) I8 thelast zero of the polynomial Nop( ),
from (24) it follows (29). From 4

(30) Yop+o® M) - tgpyy = @ Na2p(2),
in virtue of relation (13), it follows
(31) N2p(@) = 2Yap(@, 1) - @ y3,(x, 2)

and, by (5) and (6), from this it follows

Nop {7“2'11.21;(“21;),0-21,} = 0, hence
(32)

E(‘sz) = 7"ép,2p(°°2p) = Pap,op(%gp)-
Since 7, ,,(1)is the zero of the polynomial y,,(z, ), from (31) it follows
(33) 7}2.;0{7'211,21)(7\)} N 71227.217(7‘) : yép {7'211,223(7\)7)\} = N2p.22)(7\) > 07 7\ > o‘-zz;-

By theorem [1] (4) the last arc of the curve Y = Yap+o(2, A) for
A > ay, has at thepoint X =T33 42,2p() 2 Negative minimum of an arbitrarily
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great absolute value, so that the ordinate yi, s {74)10.25(A); A} intersects the = Top,0p(%2p) ; hence the point of Intersection ,, ., @, (s,) of this arc with

axis X,, lying below the axis X, ... This arc is concave fo thfz right. of the axis X,,,, lies to the right of the poing Topop( %ap),

the straight line a=r}, 4 ,.(7). Therefore thelast point of intersection £(1)— ! i 1k ,

= 735,2,(A) of the curve y = ?;£p+2(§, A) xiliih 11)].1{; laxis Elfﬁp lies to the right (40) 0 < 75 0p(0tap) = Pop,20(%2p) < 2p+a@min (o).

of the straightline @ = 77,5 4,(1). ince the AR VAT OL W48 GUIVE Y =¥hgsq When » increases from o, to +o0, the vaiue of the first derivate

.(_w, A) increases monotonously in the interval (7} ., ,,()\), -|-00), there exists Yipea {Tapan(N), A}, 85 the value f;f " po’iyr’ml‘_[u'al of odd degree, varies in

the inequality the interval (—a,,,,, ---c0), beginning with the valie (—@z,4) for A = oy,

(34) 0< 75y 19,95 AN)< 7505 (1), and ending with the value oo for ) — oo, since when A tends to
oo then p,, , (2) also tends to ~-co, and therefore Yops2{Pop.05(X), X} = o0,

We shall determine the ordinate of the curve (30) for x=ry, 5,(N), Hence for a certain n = 2(2? there will be
A > oy,. This ordinate is referred to the system (X,,) since also curve (30) ,
itself and curve (22) respectively are referred to this system. In virtue of (A1) Yapro{ray,0,(222), A2} — gy 0o (AED)) - Nopop(122) —Ggp41) =0,

(33) the ordinate of curves (30) and (22) respectively, for o = 7y, ,,(2), is Owing to (18) and (41) we have

(35) ¥ = 7rypap(N)- sz{7"2p.2p(7\)} = Tap,ap(R) * Nopop(2) >0, A> %p- (42) Ysp+2 {Tapop( D), A} = 155 05( ) - Nypon(A) — Gopsr < 0,
Consequently ordinate (35) of the curve (30) is positive ailthe pgi_nt tw i for a,, < A < A2,
=7 A), for A> ay,; and for A = ay,, owing to (7), this ordinate is )
vequ;f'zg(() )z’ero. Since 21(,31’11‘Ve (30) increa:gé mono%onously in t}_le interval (43) Yop+2 {7‘217,21;(7\), A} = Ta,05(X) - IV, 2p,20(A) — Qgp4q >0,
(73p,25(N)y ~+00), we have, owing to (35), the following inequality for A > A,

Iy With regard to inequalities (37) and (38) we shall investigate the
(36) 0 < 75p,20(M) < Tapop(D)y  A>> 0y, mutual position of the points ry, (%) and 4, 4y (A) When ) varies from

) . e i to oo,

thus, in virtue of 0 < » A) < Tapipopir(N), A>> o, [1] (71), there is %p tO
’ i die . : S For A = «,, there exists inequality (40). In this case, by (18), the
(37 0 < 75p.2p(N) < Tapap(R) < Poparopaa(N)y A agy. straight line @ = r,, , (ay,) intersecls the curve Y = Yspsa(@, apy) exactly
e n the axis X,, at the point (r, . (ay,) ’ §
] o’ mea . 0 e axis X,, at the point (ry, ..(c,), — dopie).

Owing to (11) the ordinate of the curve y = ¢}, .(», 1) in the system 2p ; Ma2p,20l %2p Fop , . .
(Xgpyi) is zf)osit(ive)fm‘ B=Tgp41,9p4+1 (A), and owing%mf)r (29’) the ordinate of ~ For Uy << A< A2V relation (42) holds, i.e. the ordinate of the point
this curve in the same system is negative for @ = 4, , (). Therefore the of intersection of the straight line 4— Tapap(A) and the CULVE ¥ =143, ;. 5(Z, \)
point of intersection of the last are of the curve y == Yap+o(®, A) With the 18 negative in tl}e system (Xaf,fl}, hut 13]113 prdlnape 18, in absolute value,
axis Xy, 4, i.e. the point of the last minimum ,, ,,2,,(\) of the curve y= less than g,, ., ; since this curveisincreasing in the interval (79p,8p( 1), 00),
= Yop+2(®, 1) i8 situated in the interval there exists the inequality
(38) 0 <73,20(N) < 2p42%min(N) < Taprrapsr(D), A> %op- (44) 0 < 15p05(A) < Pgp05(A) < ep+2®min(A); A E (0, AZD).

With regard to inequalities (37) and (38) we ghall show that for a For a=a® by (41), the straight line z — Tap.2p( A2?) intersects the
certain AZ? > q,, there will be CUIVe § = 95, ,0(®, A?7) exactly on the axis X,, 41 and now there exists the

o relation
(39) i 2p+2mmiu()\(2p)) = 7‘zp,zp(7\(zp)). (45) 0 ’ )\(zm) ()\(227)) = Al2p)

Let us determine the point of intersection of the straight line » = < T2, < "2p.20 = 2p+2%mim( )-

“Tapap(M)y A > ey, and the curve y = y;,,,(w, 1), that is, the ordinate For 1> a®), by (43), the straight line g — Top,2p(A) intersects the
of the curve y = y/,,,(w, 1) in the system (Xy,4,) for the abscissa ¢ = CUrve =y, 5(w, A) above the axis X,,,,. Now there exists the inequality

= Pap,2p(M)y A = ap,. This ordinate has been given by formula (17).

be S (46) 0 < 72,20(0) < gp2@min(R) < 7ap0,(R), A > 220,

. : oy o . -

Since exprossion;(35), 1 positive, jexpregsion (17) e < thus the point ,,, ,on.(A) remains finally on the left of the point Tap.ap(A)
This depends, in the case of A being constant, on the magnitude of the for A > ae»),

number a,,, >0. For A = a,, we have Nopawlty) = 0 and therefore The right, branch of the last arc of the parabola y = y;, ,,(», \) passing
from (17) we obtain (18). This means that the lagt are of the eurve y = through the points {73man(N)y —any 1} {zp+2@am(A), 0} and {T2p.20(N),
—Yap+2(@, typ) Passes through the point (1, 55(cyy), —dtsy 1) 0N the axis X, . Yop-+2[705,20(1), AT} in the system (X,,,,) intérsects the axis X,, at the point

This arc is increasing and. concave to the right of the straight line z = Tap+2,( M) 8t an acute angle 0,, ; the same are inbersects the axis Xyp 4y b the
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point 5, 4 o, () at an acute angle 6,,, . The axis X,, . isabovethe axis X,
and the point ,, @, (A) is to the right of the point #j, ,,(7A) for A > u,,.
Owing to the concavity of the mentioned arc and owing to the positions
of the mentioned points 6,,,, > 0,,; hence we have

(47) 6205, < 1805544 and

(48) 6205, = Yip1a {Tép.zp(k); A}

In virtue of [1] (21) from (28) it follows

(49) T3p.op(N) > o0, A—-oo, therefore
(50) 18025 = Yopao {7'2’11.217(7\)7 A} —=-foo, A—-foo
and owing to (47) also

(61) 1805y 41 200, A —f-o0.

From formulae (50) and (51) it follows that the two angles 0,, and

0554, tend to the common limiting value % as A —-oo. This means that

the points of intersection r;, 5, (1) and 5, , s &mi,(A) With the axis X,, and the
axis X,, ., respectively have abscissas approaching more and more closely
each other when A increases, i.e. that we have

(52) 75p,25( M)~ 2p+2®min(N), A =00
and that, by (44), (45) and (46), for each A > «,, there exists the inequality
(53) 0 < 755,25(N) < gp42@mm(}).
From the asymptotic relation [1] (27) it follows
{rea(2) — 735(2, 2p)} 400, A—-too
and owing to (27) and [1] (65) we obtain
{rap.2p(X) — 15p2p(N)} =00, h—H-c0
and from this, owing to (52),
(54) {72p,20(N) — 2p42@min(A)} > +00, A—>--o0.

From relations (52) and (54) it follows that in inequality (46) the
first two points approach indefinitely each other and that the last two
points of this inequality recede indefinitely from each other when 2>
> A2 increases indefinitely, i.e. the point 7;,,,(A) approaches from the
left side the point 5, 2%m,(2), While the point 7y, .,(2) recedes indefinitely
to the right from the point ,,,,&mu(R).

The inflectional tangent of the curve y = #,,..(®, A) at thelast point

of inflection 75, , 5 »,(A) makes with the axis X,,,, an obtuse angle (% -+ e),
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>0, where ¢—>0 when A—-}co, since by (17 (12) and [1] (37), from

1

2p+2y;{71¥z( )\) 219)7 7\} e {’?“éé(7\; 2}7)} P! {722 )\7 210 ‘p} and
2ap { V (2p—1) (2p + 2)
No i1 (0, Op), 29 = ——— {7 ae_ Ao th—
02 {155 %5 2), D} ) 1 - 2p(2p + 1)

2p + 2
2p + 1

it follows 4,405 {135( %, 2p), A} » —o0, h—>--co and by [1] (23), [1] (61)
and [1] (67)

} = —0c0, ko400

we obtain 1on( Ny 2P) 2 15 qa.op(N) 2 F00, A—-too
hence Yop+2iTpraap(R)y A} > —o0, A—--o0.

For @ = 1}, 4,(2) the tangent to the curve ¥ =y,,,,(w,2) has a cons-
tant slope (—ag,4q), and for x = ry, 227()\) the tangent to the same curve
has a variable slope (42).

Owing  to inequalities (44), (45) and (46) and owing to asymp-
totic relation (52) the points of contact of these two tangents approach,
alongthe left branch of the last arc, the point of minimum for z=,,  s0.,;.(}),
while A << 29, If A = A®2, then the tangent at the point of contact
is horizontal for @ = 1y, 4,(A*”) and the point of contact of the tangent, for
B = 1hpap(X*), I8 to the left of the straight line z = 1y, 27,()\‘27’/) =
= g4 28mn N2 ). IE A A2, the point of contact ot the tangent, for x =15, 5,(1),
approaches, again along the left brauch of the last arc, zubltmrlly closely
the point of minimum for z = ,,4,%mn(2), which means that the curve
Y = Yap+a(®, A) changes very rapidly but continuously the slope from
(—typ+y) b0 Olnavery small interval (5, 55(A)y apsa®mm( ). IE A > 22D, the
point of contact of the tangent, for & = 7y, ,,(2), lies on the right branch
-of the last arc and the slope (43) of this tangent is positive and increases
indefinitely with 2.

3. The mutual position of the zeros 7y, o,(A) and 14y 59,45 (A) When
» increases indefinitely.

We consider the position of the zero 7,4, ., 45(2) of the polynomial
Yop+2(®, A) In relation to the position of the zero 1y, ,,(1) of the polynomial
Yop(®, 1) when A tends to +oco. In this connection it is necessary to make
a remark concerning the last arc of the parabola.

Therefore we counsider the concave arc of a curve, not necessarily
of a parabola, ¥ = f(#) << 0 on the segment [g, b], 0 << a < b; the func-
tions f(»), /'(») and f’(») are continuous on this segment ; f(a) = —A < 0,
JO) =0, fla) <0, f(b)>0, flw)=0a<z <b [flw)=—M,=
= Min; f(#) < 0 for we [a, b]. Let the point (a4, —A4) be the point of
inflection of the curve y = f(x), whereby # = b is the first zero behind the
point 2 = a.

glw) = @ - f(@), gi(@o)= f(ro) 4 @y f'(my) = flwy) = — M.
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The curve y = gy(x) = &+ f(x) is decreasing at the poi i
; a e point & = x,, i.e.
the abscissa of the minimum «; of the eurvg y = - f(#) is to the Oliig}ft}

of the point z,; o << 2, < m; < b.
Hence 91(@y) < g1(®o) = @~ f(%o) = —wo My, i.e.
(8b) h(w) = —M, < M, < —g,M,, M, >n,M,.
For g,(x) = @ gy(#)= 2% f(#) we obtain in the same manner
g92(@1) = go(@y) = o f(m) = — M.
The curve y = gy(x) = ® - g,(#) is decreasing at the point & = a,, i.e.

the abscissa of the minimum «, of the curve y — y? . ] .
. y = 2% f(x) is to the right.
of the point & = @5 a < 4, < &, < @, < b. f(=) ight

Hence 92(@2) < go(@1) = @y - gu(®) = —aw, M,
ie, !]2(3712) = —M, < —u, My,
(56) My > m My > x; - 5o My, My > w20 M.

For y = gu(x) = @ guo1(®) = " f(2), »=1,2,3,... we obtain

n—1

M, > M,- I_IO Ty gula) = —na* - A —a" - |f(a)|< 0, g,(b) =b"-f(b) >0,
(67)

(68) !]J;(wn—l) D gn~1(xn—1) = &, 1 'f(wn‘-l) :_Mn—y o << gy < @, <.

By inequality (58) we have

(59) 2pBmin(A) < 2p41%Bmin(2) < 2paoBmm(D)y A > ogp.

In virtue of theorem [1] (6), for A<<as,, the real zeros Ayand
Tap2p(N) qf the polynomial y,,(x, A) do not ezic?ist; ingtead of lelj;ilzﬁaée )ha;v%
two eonjugate complex zeros of the polynomial ¥,,(2, 7). The curve
Y= Yo,(®, agp) touches the axis X,, from the side of the positive ordinates
of _the system (X,p) at the point & = 75, op(as,) and for thisreason there
exist relations (56), (6) and (18). The curve

(60) Y = opto¥er+1(®y Cop) = & Yop11(Ts typ)

ig referred to the system (X,,.;). This curve passes through the point

Top+1,2p+1(02p) ON the axis Xo,.,. From ;.. .(@ — 4
: A Ry j pp+2(y ogp) You+1(By oy
and in virtue of (18) if follows i 20+ 2Y2+1(%; %2p)

2p+z?l§p+1{"2p,2p(°‘zp), Aop) = —lgpt1

hence the curve y=,,.,s¥s,,(%, oy,) decreases at the point whose abscissa.
i8 7yp,55(cts,), and from this it follows that the abscissa of the last minimum
op+2®min(®e,) Of the curve y=,, . o%,,4,(@,2p,) I8 situated in the interval
P2p,2p(Ezp)y Tapitiop+1(®ep))e BY 2pp0Mopiq(og,) we denote the value of the
last minimuwm of curve (60).
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For the absolute value |5,.sMsyes(%s,) and for the coetficient a2
there exist the following possibilities :

1° Tf ayp10 < laprzMopri(®sp)], then the zero ryp.pap+2(dzp) 18 10 the
Tight of 55 4 3% min( 0sp) 20d to the lefb of 74y 41 2p+1(%,) SinCE the axis KXyp o8
below the axis X,,.,; and owing to (40) wé have the following distribution

0 < 7'21:,21:(“2@) < ppt2Bminltep) < Tap+2,2p+2(%2p) < 7'2p+1,2p+1(°‘2p) or

(61)
0 < 73y 0p(%2p) < 7’2p+z,zp+2(°‘2p) < Fopar 20 41(%2p)-
2° If @oprs = |apsaMaps1(®an)ls then there exist the equalities
7'2p+2,2p+1(°‘2p) = rzp+2,2p+2(°‘zp = 5p+2%min( %2p) 20A OWING to (40) we have

again (61).
3° I Gaproprs > lapraMapsi(®zp)ls then instead of the real zeros

Pap+2ap+1(0ap) and r2p+2’2p+2(a2p)wehzwe, by theorem [1] (6), two conjugate

complex zerog,
For A, >, the curve y = gp4s¥spi(®) Ag) is Dbelow
(@, A) since ag(hy) > aa(da); thus

the curve

Y = ap+2lep
ap +2Y2p +1(%) M) — ap+a¥2r+1(% Ae) = [ao(2y) —
(62)

0/0(7\2)] . x27)+2 > 0,

for = # 0.

Owing to A®” > ay, the curve y = 2p+2¥apir(@, A) 18 Delow the
CUIVE Y = op 4olfap+1(®y oap) for each z # 0, thus also for & = 5 +o%min(%ep)-
Hence we have
(63) lap+aMaperlany)| < |2p+2 Map +1(A )]

In order toinvestigate the positions of the zeros Tap 20(X)y Foprz apral M)
and 75,11 2p+1(A) the following three cases are to be distinguished :

a‘) dap 42 < |2p+2M21)+1(7\(2p))|7 b) Aop+2 — |21z+2M2p+_1(7\(2w)l1

C) Gzpiz2 = 12p+2M2p+1(7\(2))|-

We shall consider only the case c) since then, as we shall show, the
point 7y, 4,(2) remains finally on the left of the point 7a,1sap+2(A);

for A > N > agprs > AP > as.
We consider at once the case when the axis Xy, 18 situated below

the axis X,,, i.e. when ap, s > 52 Map i1 N2)| > @2p41. BY theorem [1]
(5) the last arc of the parabola y = UYopsa(®, dgpi) touches the axis
X, 40 only for a certain oy, > A2»_ Now there is i
(64) 7’2p+2,2p+1(°‘2p+2) = 7'2p+2,2p+2(°‘2p+2) = 2p+2Tmin( %ap+2) ;

and since for «y,., > A2, by (46), there holds

(69) 0 < 2p+2wmin(“21)+2) < TZZ’,21J(“2p+2)‘

from (64) and (65) it follows

(66) 0 < T2p+2,2p+2((x22)+2) < 7'2p,2p(°‘2p+2)-

In order for the right branch of thelast arc of the curve ¥ =%4sp +2(%, 1)
to cut the axis X,,., there should now be x> asyis => A2 and there-
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fcf)re_]inequlalities (43) and (46) are valid, We shall calculate the ordinate
0. the carve y = 4, 095, 41(2, 1) for 2 — Top+2(X) in the system (X

2p+alep+1{Tap2n(N), A} = op,20( %) [ag(R) Tohan(N) — ayi(0) -

22}+1)

(67)".

i . -'f“azpl L a2p+17'2,,,2,,(7\) = —(t27)+1 i 7'2]7,21;()\) <C 0, 7\> f/.277+9 > 7\(27)".
The absolutef value of this ordinate is

(68)- lzp+2yzp+1{_7qu’2p(7\)’ 7\}I - l—a’zf’*‘l ) 71219,211(7\)1 = opty” 7'27,’21,(7\),
}\ > C(zp_'_z > 7\(227),
It we denote the extreme point of this ordi ; o i
jection of this point on the axig ».con b; PO’I( }31:;05 1330 I;{)}ééﬁﬁ% ‘1;1;&];1 8%
this ordinate by ?P—'()\) then we have I ;

(69) PP,O\) = Qopyy TZb.zp(7\)7 > Xop 42 = 7\(‘2])).

. “From (69) it follows that PP7(3) increases with Asinee gy, ,,(A)
mereases with A. For this reason there exi ‘ in x~ e

¢ . s . Xists a certain ) > ¢ Af2p
for which there is A apyy >N

(70) Uop g = PP’()\) = Uop4y° 7«277’2])(}\), X =~ azp_"_z e

r For the curve y= v, ,(z, ;) tlﬁa point P(2) lies exactly on the»aﬁs
Xopts. Thus the curve y = Yswra(@, A) cubs the axis XX, ., at the point

Pon,20(N) = Tapsoapia(R), N > wgyyy > 020,

hence, by (46), we have

(1) 0 < 2p +28min( X)) < 7‘211,217(7\) = Top+nopra(A), A> Lop+2 > A,
Xt should be _nentioned that the point of the iast minimum. of the:
CWIVEe Y= Ya,4o(®, A) lies below the axis b For Ao > %op 1o We have

(72) PP(N) = g4y Pap,2p(N) > gy 4gy A > A Roptg % A2D),

_-\__91&_{ _Lhe point P(2) is below the axis X,, ., just as the point of the last
ninimun of the same curve. Owing fo (43) the curve Y= Yopual® }\)I'-ié;
11}1;-._1 easing to the right of the_ straight line o=n,, ,,() ; therefore tﬁ}.'e ’po'iﬁt
of Ln_te] section 7y, 454, +2(2) of this curve and the axis Xy yois situated to the
right of the straight line g — Papap(2) 3 hence ' '

(73) 0 < 7”27)'21;(7\) < Topizapra(d), A >n> °5zn+2. > A2

and, since the axis X,,,, is above the axis X, there exists the inequality
(74) 0 <7y 5(2) < Toptoap+2(R) < Papig gprg(R)

for ach > 3> agyy,> 27 and for each g, ys> |y, ss My sy (@], |
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For all values of the parameter % from the interval («y,,s, A) the
point of the last minimum of the curve y = y,,,.(», A) lies below the
axiz Ay, .5, but at the same time we have

PP'(1) < tgpesr NE (tgpiny M),

Hence the last point of intersection of the curve y =v,,, (%, 1), A € (dapig, A)y
and the axis Y,,,, lies to the left of the straight line x == 1y, 5,(1). The-
refore we have

(73) C 0 < rappapaa(h) < Py ap(h) TOr A€ (05y45, A).

4. The proof of the inequalily 75,43 2,+3(A) < Tapr12p41(2)-
By theorem [1] (5) one of the curves of the family

Y = Yopral@y N =ap(N)@** 2 — a7 tape® F oA (1) g, 008 - Gy 4ea
(76)

determined by a speecial value X =oy,,, of the parameter %, touches the
axis X, ., from the side of the positive ordinates at the point of its last
minimum. This point of contact IS 75p 5 0p+1(tapia) = Popizanta(Papra)

Depending on the coefficients of the polynomial ¥,, (@, «5,,s) there

) ) <
may be Pop+2,2p+2(%p+2) T 1.

For x> ay,,, the right branch of the last arc of parabola (76) cuts
the axis X, 5 at the point 75,450, +2(A)and, by [1] (33), the value of this
root increases indefinitely with k. I 7y, 45 2p40(%ap45) << 1, then there will be
Topazapta(Ro)=1 for a certain value x> apyyn; il 7pigapalaepsa) 21,
then there is 2y = «yp 4, Hence

(77} T Yopr2(®y Ko) > Yapral@, o) for 93>"2p+2,27:+2(7\0)-

From this it follows that the right branch of the last arc of the parabola

(78) Y = op+a¥op+2(®s M) = T Yopaa(®y No)y Ao 2 Ogpan

passes through the same point w= 1y, 5 2,.5(,) of the axis .X,,  , and that
this branch lies above the right branch of the last are of the parabola

Y = Yopaa® Ag) LOT 2> 7500 9540( ). !
The right branch of the last arc of the parabola

(79) Y = Yopsa(® M) = T Ypp 41Ty No) + Gopray o 2 Gapyo

cuts the axis X,, ., at the point M{r,p 15 2542(R0), 0} and the axis X,,,,, i.e.
the straight line y=ay,,, at the point Py{ryy 11 95 41(20); Gap 42} Weshallnow
drawn the straight line m=n,, ., 5,11(%). This straight line cuts the axis
X,, .o at the point N, the axis X,,,, at the point Pyand curve (78) at the
point I,. Since the arc of curve (78) for @ € (15,452 42( o)y F00) lies above
the arc of curve (79), the point K, is situated above the axis X, ,, thus
the straight line segment N K, is larger than the straight line segment
NoPy= Gy, Through the point K, we shall drawn a parallel to the axis
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Xy 42 We call this parallel the axis Xop13(2o). The ordinate of the point K,

in the system (X,,,,) is
NK,

(80) 22p+3?/2p+2{7"27;+1,2p+1(7\0)77\0}:7'2p+1,2p+1<7\0) '?/2p+2{7"2p+1,2p+1(7\0)7\0} >0.

By a3,.5(%,) we denote the absolute value of expression (80)

(81) Nl = ag,4(2) = 2p+3y2p+2{r22)+1,211+1(7\0)7 Roj > 0.
We consider the polynomial of degree (2p + 3)

(82) Yoprs(®@y Ng) = ao(Rg) P+ 3 — R s SO st oy — A2 +39

in which the coefficien{; ao(no) has a constant value, and for the coetficient:
fap+3 We assuine that it is situated in the interval

(83) 0 < ayp43 < a9y 43(2).

By X, 13(az,+3) We denote the axis of abseissas of the svst ) hen
asp 43 Satisties condition (83). This axis lies between sg.ﬁéeglxégi%ﬂ) w?lmlgg
Xop+3(h). Provided that condition (83) is fulfilled, the right bmnéﬂ%]i the
last arc of parabola (82) cuts the axis X, +3(@2y 45) at the point I, ; the point
Ly varies along the arc MoK, as ay, 5 Varies in the interval (83). éi,nce curve
(82) is increasing in the interval (r,, 5 5,4 0( ), o), it follows, owing to (83)

Paptzapaa(Rg) << Top+32p+3( Aoy Uapas)s

where by »,, +3,20+3( Moy @3p13) We have denoted that for each special value
%3“3 from the interval (83) we have a certain other value 7o 43 ap+3( oy Gopys)
o 5 - " . 5 > p Y
.t is seen thal Ten+3,2p+3( Moy Bap+3) varies in the interval (ryp 4y 0p40(70)s
Topa1,2p+1(Ro)) B8 @y, 45 varies in the interval (83), thus we have

(84) 0 < Tap+a,2p+2( o) < Top+s,ap+3(Roy Gaps) < Fop+1,20+1( o)

provided 0 < Usp+s << B3p43( o).
In the folloyvmg investigation we shall consider the position of the
?er>o ;21”%5”-”(3 - relation to the position of the zero Top+1ap+1{A), for
. If in the equati =al
A carve quation of curve (82) we take Aoy 43 = B9p13(Ry), then
(85) Y = Yopaaia, @pra(Ro)} = & Ygpial, No) — @ap13(Rg)

cuts the axis fY2p+3(7\0) at the point K, whose abscissais Fapa1e+1(Ag) ; hence
Tap+1.20+1(%0) 18 the greatest zero of polynomial (85); we thus have

(86) Pop+3,2p+31 Mo agp+3(7\0)} = Poptt,2p+1( o)
and therefore
(87) y227+3{r2:0+1.2p+1()\0)’ a82)+3(7\0)} = 0.

From (87) it follows

0 A e .
(29 +3(Ng) = Pow+1,20+1(Rg) {72p+1.21)+1(7\0) “Yop+1[Poeprr,2p+1(20)s 2ol - “2p+2}-

SINCe ¥z, 44 [Ty 41,541 R0)y Xo] = 0, we obtain

0
Aoy +5(hg) = Top+t1,2p+1( o) - Aap+2-
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Therefore the length of the straight line segment N I, is given by the

formula

(88) NoK, = a’gp+3(7\0) = Poptt2p+1({ o) * Gapo " .
For 2, > 2, we obtain in the same manner the point I(;, the axis

Xoprs(ny) and the straight line segment

(89) NK, = Cﬂgp+3(7\1) = Toptr2p+1( M) " Gopaa-
From (88) and (89) it follows
(90) agp+3(7\1) >“gp+3(7\o)a A > Aoy

i.e. the axis X,,,4() is above the axis X,,,5(%). Also for % > 2 > 2
we obtain the point K,, the axis X,, ,4(%,) and the inequality

agp+3(7\z) > agp+3(7\1) > “gp+3( Ao)-

For an arbitrary value A > A, we have the point () and the straight
line segment NK(2A),

(91) NE(N) = afyra(N) = Taprrape2(R) " tgpep. The curve

(92) Y == Toparop+1(N) " Aopao

on which the points K (1) are situated, is monotonously increasing, since,
by theorem [1] (4) and by formula [1] (53), the last zero rs,.q,2,+1(A)
increases monotonously with .

Between the axes X,, ,and X, .5(2,)and to the right of the arc M K,
there is the domain D, of the plane XY. Between the axes X,,,, and
X,,43(2) and to the right of the are M, K, there is the domain D, and so on.
In the same manner to each real number A > A, there belongs the domain
D(n).

Let us now consider the family of parabolas of degree (2p - 3)

(93) ¥ = Yapaalwy N) = ao(R)@™*? — AP L Gop e ® Mo

in which the coefficient a,,,; is constant. Let us denote by X, ,5(as,.5) the
axis of abscissas belonging to the constant as,, g, if 0 < ag,45 < a3p43(29)

and by Xo,is(@yis) I ayyps > a8,15(0).

1° Let be 0 < ay,5 < ad,.5(2) 5 then, for A=2,, there holds (84).
If A, > %y, the right branch of thelast arc of the parabola y = y,, .5(2, M)
passes through the point K(2;) lying above the axis X,,,3(%,) and cuts
the axis X, 3(ts,4s) being in the domain D(2), at the point 75y 45,55 43( )
for which there is
(94) 0 << 7apiz2paa(Ny) < Pap+s,2p+3( M) < Tapa1,2pr1(y)
provided 2, > hgy, 0 < tg, 45 < adpis(ng).
Consequently inequality (94) is valid in the domain D(3,) for each » >
> Ao

2° Let be ag,45 > ad,+3( o) ; then by (90), there exists a certain 1’ >
for which, by (91), there is

(95) Agpas = @3h43(N) = Popat0p41(N') " Gopin A > .
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The right branch of the last arc of the paraboly y=y,,.s(x, A') passe _

through the point K(2’) lying on the axis Aop (X)) Ej{gm_s(azﬂg > a9y +3( ho))-
For 2, > 1" > », the point K(2,) is situated above the axis KXop a2
hence

(96) 0 < Tapro,ap+a(he) < Tapes,zp+a(Ag) < Topit.2p+1{ha)

provided 2y > 1’ > 2, Gp s = W3y13( M) > ad, 4 Ag).

Inequality (96) is valid in relation to each axis of abscissas being below
the axis Xy,,4(1’),i.e. inequality (96) is valid also for 0 < Do +a < B35 43(Ay)-
Inequality (96) is valid for each r<- 3’ and for 0< @< Conig < A a1,
i.¢. it is valid in the domain D(3'). Thus, for an arbitrary d,, s, there exists
such a value A’ that for a > )’ the inequality

(97) 0 < Toptazp+a(N) < Topt,2p4+3( h) < Topt1,2p+1( 1)

is satisfied for x> A" > 2, 0 < Aopas < A9, 13(N).

The magnitude of the number «,,,, depends on the magnitude of the
coetficient ay, 5. If a5, 45 > |5y 1o Maps 1(A2P) |, then, by (73), the right branch
of the last arc of the curve Y=Yap+2(®, A) cuts the axis X, ., if A>x >
= ho 2 Uy > N and, by (97), the same arc cuts the axis BRI
AN >0 2 a0, >0 In virtue of these conditions which deter-
mine the lower limit for 2, between % and A’ the greater value should be
chosen. If we denote this value by Aeprs; then inequalities (73) and  (97)
give

0 < 1g,,05(0) < Papap,apea(N)< Tap+3,20+3( %) < Tapap2pe1(0);
(98)
A > )‘Zp+3 > )\0 = Kap+2 > 7\(27)), a/2p+2>|2p+2M2p+1(>\(2p))l'

It in (98) in place of p we insert the numbers 1, 2,3,..,p—1, we
obtain the distribution of the zeros (2) mentioned in the introduction. Let
us remark that 7,,(2) is the zero of greater absolute value of the trinomial
(N ? — a2 -+ .

From [1] (83) and (2) it follows that the roots tending to oo of
equations (1) lie in the interval (r,, r5) which tends to zero with .

In the interval (r,, r,) at a finite distance from the origin on the
positive part of the X-axis there is only a finite number of zeros of the
sequence (2), since increasing the number of terms in the sequence (2)
requires diminishing the parameter @, However, this does not hold also
conversely : when diminishing the parameter g, it is not necessary to
inerease the number of terms in the sequence (2).

For the sequence of real equations

P
(99) Y awr™ =0, p=234,.. N (ag — 0)
v=0

with positive coefficients it can be proved by means of the same method
[2] that the negative roots of the greatest absolute value tend to — o0 a8
ao—0, and that they are distributed as follows

(100) 7 (N < rs{N) < .. Loy (N) << ey << <1 (R) < rge(A) < 0.
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Let us remark here also that r,(2) is the zero of greater absolute value
of the trinomial a,(2)x? + a,2 -+ a,. For the trinomials ay(A)2?® 4 @@ —
— ay and ay(N)a? — @@ — ay the same remark is valid. s

The final conclusion is: For equations (1) and (99), provided
a, >0 it is the sign of ¢, >0 whica determines whether the root of the
greatest absolute value will tend to oo or to —oco when ¢,—0.
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