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Moreover, if 0 < a,{7;
/S(D) c,1{1,St(b) :J{,S*(¿r) . jl/'B*(b).

\Me clo not hnorv if it is true that :

M"B(b) c M'S(b).

lVe have proved also similar results for secluences (see [9]).
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fn connection rvith his previous paper (.flhe asvnlptotic t,elations
fol the inclefiniteìy increasing zelos of poiynornials with áltelnate coeffi-
cients)) the author gives here the ploof for 1,ire inequalities

I2r,2.p (),) { 111,¡2,21,a2(},) ând rrr+r,rr+r)(),) { r2n¡1,22+1(l).

We consider a finite sequence of leal algebr:aic equations u'ith alter-
nate coefficients
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Þ

f, (-t¡'u,nþ-u - o,t(1) P-2,3,4, ¡11 (ø" )0)

lvlìele the coefficients au(v - I,2,3,...,?) âte consl,âni, ancl positive, and
I\¡het'e &o+0.

Stalting frorn the Ì'esults obtained in the pâper ('îhe asymptotic
reLations for the inclefinil,ely incleasing zeros of poì.¡'¡orntrts \rdth alternate
c_oefficientsi' ¡11 ru" shall cl"erive the cÙstributiori of 

"the 
g'reatest zeros ([1],

theorern (3)) rr,r(p :2,3,4,. . .,n) of equai,ions (1) n4ren øo tencls to zero.
îltis rlislribuüions is as follou's

t'rzktò1rn+(ao){...,--r'rr,.,r(ar)1l'rr*r,rp+t(ao)1....{rrr(u,o){rr"(aò,
(2)

ao { e(?).

!lì rc ineclu:l,iiby 1"2þ,2t)()\) .!, r2n¡1,2,,¡1(ìt) has l¡een provecl in the
menl,ioneal paper 11l (71). Thus i1, remains to prove inequalities
0 .i rzt,,zp(À) { r'¿r+:,2r,*r(À) and 0 1T¿p+e,zp*r(À) { t'ztt+t,zt,+r(},).

fn palzr,graphs l,, 2. an:l 3. lve shall prorre the ineclual ity 0 { r"n,rr()r) {
l rrp+z,zenz(),) ) the inequality 0 1i rro+s,zr.rr(À) ( ,rzpt-t,zp*1(À) rvi11 be
pror¡ed in paraglaph 4.

l. ||he z-lngle of the tangent to the lastarcof thecurve U:Uzt,+(fr¡'),)
at, 1,he point of intersection of 1,his curve ancl the axis Xr' and thc angle
of the tangenl, to the last arc of the curve U : !Jzp+zkü,À) at tìre pointof
intersection of 1,his curr.e ancl the axis X2r+i, lespectively.
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V[e consider the
cì.lr_ve U: Uzo*t(nrl,),
ma,lres witrh l,he axis
gent to the last arc of
azr*r] of he system (
angle gzp is
(3) tggzp : Uip+t{rzp,ze(À), À} = Nro,ro(\).
tr'rom uzo+t(ü, ì,) : n. uzo(fr, )t) - aro*,
it follows gLo+t(a, ),) : gro(u, À) _F ø . Eír@, ì,), thus
(4) Uío *t{rrr,rn(\), },} = Nrr,rr(t ) : rrr,rr(\) . yiotrrr,r, ( À)), À}.

fn virl,uc of the renr 11
!: Uze(fr¡ arr) totrches the axìs
n_olil 'we have rzr,zr_t(o,zo) =curve U : Uzp(fr, &rr) wilh t,
we nave

(5) 3/ir{rzr,ro(orr), qzo} = o ancl
(6) Urrtrro,ro(orò, azo] = o.
tr'rom (4), owing to (5), it follou,s
(7) Eío*t{r"''o(oro), æzr} = Nrn,rr(orr) : rzp,zp(ctzp) - Ero{rro,ro(aro), a"o}:0^fn the previous tll (g0) rve have determinecl

^Ë^ 
yír*r{rzo,zr(\), t} : * oo ; hence

(8) tggze : Uär*t{rrr,ro(À), À} = ilrr,¿r(À)- * oo, À __+ + oo.

f,iå"il"?|" l$:nt N,o*oQ) increases r,.om 0 ro f oo when À va'ies
l'he tangent of the angle gzz+r is

(9) Lggzr*, : Uie¡2{rrr*r,rr*r(À), À} =Xrr*r,rr*r(À).Frorn Uzo+z(fr, À) : ø . 3/zp+t(fr, )) I aro+,
it follows Uío*z(n, ì,): Azr*la, \) I fi.Uíe+r(n¡ À), tìrus

llLo + 2{r2o *r,ro *r(}t), },} = N 
", 

*r,r, *, ( À) :(10)
: rzn+7,2ø+t()r) . yir*r{rro*t,rr*t(}r\ À} > 0.

,o*r(n, À) cuts the
) at an acutc anEle :
valid. The cu--rvé

tr*r,rr*r(o.ro) on the

(11) gir+1{r2r*r,rn*r(orr),azr}:tgú>0;

J

hence

(72)
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llLe+z{rzp+t,zp+t(qzp),t æzo} :- Nzn+t,zr+t(qzn) } 0

positive for
the point

) of the point
loro, I*1.

intersection of the last arc of the
s Xzt, and the axis Xrr*, when ì,

ss_ign-lor Uín+_z(n, À) by means of the
À). tr'rom thc formiilae

llzn+t(fr, À) :r.llze(fr, l,)_ehr*t
and

Uzp+z(üt )r) : n.!lzt,+t(u¡ \) _l arr*,
it follon's !/zn+z(æ, '),): rz. Azo(n, 

^) 
_ n. &zp+tl arn*z; and from this

(13) !/ír+z(u, \) : n. {2yr,(n, À) * ø . !ti,(r, ),)} _ øro*r..
IVhe shall transform expression (13) as follows : owing to
(14) Uio+t(u, ìr) : Uzo(n, À) -. ø .ALo@, \)
from (13) rve obtain
(15) SJio+z(n, À) : ø.{yro(n, }i lllio*ín, 

^)} 
_ &zp+t.

tr'or ø : rrr,rr(À), from (15), rve obtain
(16) Ui.p+z{rzp,ze(À), À} : rze,ze(\). gio+1{rro,ro(À), À} - üzp+7
or

(77) Uiø+2{rro,rr1À), À} : rzr,zo(\). Nzo.rr(\) - (trzp+t¡ }, à azn.
Irrorn (1?), owing to (7), it follows
(18) !llr+2{t'rr,"o1ezù, ezr} : -a'pq1 { 01 },: dzp.

Irrorn ULlr+z(n, ì,,) : 2E2o(æ, À) * 4u. yir@, t) I nr. yLL@, 
^)we obtain, lor n : r,zr,zo(d.zn), the expression

(19) Ulio*r{rro,ro(orò, orr} : rzzp,zp(aze). yiL{rrr,ro(ar), arr} >0,
se of the minirnum of the function
n(oro).
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i'€pl'csents l tre ¡oj¡h of the last rninirnum fo the curve !/ : lJzp+z(fr¡,ù.2r,),

'l';p + z,D +r(dzt ) =,;n, +zfrrn¡, (azt )

ancl for' 1,ìris point ther.e jrolcls bhe follorving inecluality
(20) 0 .i rzo,z,o(ozr){ zr+2fr^¡, (qzò{ Tz.o+t,zn+t (az).

Jlv (IZ) rrrul ( 1,0) tJre poirrfs 7r, {yzn n rLrlTr, nr{,rrr,*,.2t,+t(),), yir'*rLrrri,,rrìr1i¡j"¡1¡'í 
" crr,\,c

1,.^ !!:.:r(y, À)l À, >'".ri,. li*üró'sioí' tiíl t y \Lrìe oldìnÌte of r,jrc cnr.\.e r = yír+=(à, .¡,) ií. ?fl,1iJ

orcli'ate rna¡' be ì u unrnnding' o' the 
'ragnitude of trre expr,gssion

Tlrc clerjvate of i,he function Uzt,+z(n¡ ),) js

!/ira2(n, l,) - (2p | 2)øoQ)azt,+t- (2p l-I)qruz,' !2pu,2fi2,,-7 i .;.,

llre asyrnptotic expr,ession for tho function y,rr*r(r, ),) is
,!tír*z(n, )r) - 6zt -t {(Zp i 2)u,oe,)nz - (2p I l)arr I 2par}, n __++o..

'IItc ecluatious

(25) (Zp I 2)ao(),)ø21' - (2p I \)cr,rszu-r | 27tu"rz,-2 + . . . _
- ScLrrr_rfr | 2arr,:0

ancl

(26) (2p ) 2) cr,o(),)mz - (2p I l)arr | 27tø, _ 0

belong to a secluencc in rvhich the cocfficìents of theiÌ first three telrlrsin seq.uence (1). Lj.c. the last zero of

""',f;å",iï:i,!?f 
,;J,i

(27) E(À) = ri,,,ze(),) - rlre,, 2p), À_*oo,
ancl in virtue of l1l (52) the incquality
(28) 0 {rlr()t,27t) <r,ro.rr(),).

flhe loinl, d j]]$:q:r\o-n ,,i,*r,rr*,,(),) oJ the tast arc of ilre cun,e .q:- lJLe+z(u¡ À) u'ìtir thc axis rr,,*,-ieiji'éÅeìrtjs ure poirli oitt-rro rast minim*m
zp+z$^¡(\) of the cur,ve y : y.ro*r(u,À) ; hence

t'ir*",rr*r(),) = zt,+zu^ir(7r)t ì, ) arr.
ln connection rvith r.elation (18) l.e shall shorv that for. l ) ø"". theo.tlinate of the cur'\'e lt-uie+z(r¡ ri¡ iir rìre uv*ìì,n iÌr;;;) f;:ríìúoi'åriilE: rir,,roQ,) has the sa,nö väúe '(-rur*r)", i.e. thati-''

(29) !líp+z{rír,,zt( À),),}: -øro*r\\,hen },};. arr,.
rn virtue of the lact that .rkro À) is the rasl, zero of the porynorniar nztþ:),from (24) it foilorvs (29).""iíòni
(30) llíp+z(ut ),) i øzr*, : a. .4zt(u),

in virtue of r,elation (lg), it follorvs
(31) 'qzr@) : 2Uzn(r, )) I n. ULn@, ),)
ancl, b¡' (5) ancl (6), from this it follo.urs

(82) 
''1" {t'í''"(o'o)'a-"'} = o' hence

E@to) = ?'Lt,,zt(dzp) : r'2r,2o(a21,).

SiItce zro,rr(À)is the zero of the polynomial yro(u, À), f'om (81) it follou,s
(33) \ze{t.zo,zr(À)} : rro,rn(),). U,"o {t.ro,zr(À),À} : ilrr,rr(À)) 0, )r), aro.

B.y theorenr l.l.l (a) drc last arc of .the cF,Je !/ : !/ír+z(r, À) forÀ ) arn has at thepbiät'ulrLlrn r,rr(i ) a negative minimnä úïÅäìbi;i*n;

4

-3(tzp-tfrz )- 2a"r, g 
-(ú21tt7.the cru'vc

(2r) ll - Slir+z(u, ),)
is referrecl to 1Jre.,s¡'slctu (frr*r). fn the s).stell (,yr) tl-te ecluation ofIlrc srr,r ¡re culve (21) is 

\ zttat'''

(22) y: (2p |-2)rlo(),)p2o+t - ep !I)qnze I2pøruz1,-7+..._
-- 3u2r,¡1fr2 -l- 2ur, u.

Tlre points of inte'seci,ion of cYrvg (2_1) wiih tÌre axis xr, i.e.rvidr tiresl,raight Iine y : -(rzt,+t are ol¡tainò¿ î"ô- 
-tf*"",f"îti""

(Zp !-2)an(X)szn+, - (2p l- l)u,rnzl'|2pa2uzD-t +.. ._Ba'r_rnzl
-l 2u,21tg 

- a,2p*1 : 
-&2p¡.t1

natnely frorn the ecluation i .

(23) 'nzr(n) = (2p ! 2)øoQ) n2t - (Zp -l1.)arnzu-t ¡
l2parsrt'-r+...12n2r,:0. 

:

*tll'":l ,^o^{l:!_"qlfflo" (28) are posftive. By €(r,) r,e ctcnore dre gr.eal,esrIoot or equation (23)
lllhc rlcrivn,l,e qirr, rr(rr),) can lre rvr.ilLcll as fo[orys

(24) !/ín+z(n,t,) : n{(2p-l-2)aoe)u2e - 2(p!7)atnzo-, *
l2parszr'-'+ .. .-Süzp_tfr l2u,2r¡ - ú2,+t: fr. .Qzt, (n) _ arr*r.
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great absolute rràhle, so tha,t the ord.

(34) ol rLla+z,zpet)l rir,rr(),).

JMe shall determine the ordinate of the cnr\re (80) for æ:r2rpn(\),
!>.yrr. This or.dinate is refer.red to the system (xrr) iinôe also 

""ri;ä""('Bõiits:If and curve (22) respectively are refeírerL to'tÉís system. rn virtue of
(33) the ordinate of c'rves (30) and (22) respectively, "for n : rrr,rr(ì,), is

(35) U : rzr,zr(T)' \rr{rro,rn(À)} : rzp,zr,(T). ìf2",22(7,)> 0, \);, u2n.

'consequenuy ordinate (35 ) of the curve (B t the point ø ::rzp,zr(\), for ì) ur, 1 ànd. for À : &zp¡ this o^rdinate is
equai to zero. since curve (80) increases in the interval(rír,rn!'), foo), u'e have, orving to (85), t equality

(36) 0 < rir,rne,)<rrr,rr,(\), ),.)>. ar,
thus, in virtue of 0 ( t'rr,rr(\) <rz1)+r,zp+r(À), À ) arolll (L), there iB

(37) 0 < rir.ro(},) { rrr.rn(ì,) I r2ra1,2r*r( À), },} aro. -*
Owing to (11) the ord.inate of the curve U : Uír+z(n, À) in the systern

(À), and orving to (Zg) the ordinate of
lor n : rlo,zr!r). Therefore the
curve U : yír+z(u, À)with the

tm zp+2fi*i,(À) of the curve y:

(38) o l rir,zo?t) I zp+zn^t (À) < rzr,+t,zr+t(ì,), )r) ozr.

. .vritq regard 1,o inequalities (B?) and (Bg) we shall show that for acertain À(2P) -> aro thet'e rvill be

(39) zr*rn^u,(ìr(',)) : trr,rr(r,QÐ).

r,¡et us d.etermine the_ point of intersection of the straig'ht line r :
"r,zg,zn(ì,), 

\ Þ arr. ancl the.cuye A: yír+z(u, À), that is,.-the ordinate
ol the curve A : Aír+2\r, À) in the system (Xrr*r) for thô abscissa ø :: rzp,z?(X), )'. ) u2n. This orclinate has been giïeñ by formulu (I7).

Since expression (85) is possitive, expression (I7) -"y b" ì O.

This depends, in the case of À <

lumber a2o*, )0. For l,: &z
from (17) we obbain (18). This -

TUio+z@, ø2r) passes blu'ough bhe poi
Tbis arc is 'increasing and concáve

.7 TIÌE INDEFINIIELY INCR,EASING ZEROS OF POLYNOMIALS I7g

_ rzp,z,,(dze) ; hence lhe poinb of inter.secl,i.ott ro*rn^rn(orr) of this arc withbhe axis Xro*r lics üo thc ligJrt of ûhe ltoint lrr,iotäì¡,",
(40) 0 {rít,,zn(dzt) = t'z.p,zt(u2,) { zp+zfrmi\(dzp).

f oo, the value of the filst derivate

(41) AJr*2{r2r,,rr,( Àtz,r¡, )\eD} : t"zp.zr(},er)). Nrr,rn(ir,rr)) 
-arr,+t)=0.Owing to (18) and (41) u,e ha,ve

(42) !úp+z {rzt,,zt( À), À} : r'rr,rr(),). Nrr,,rr(},) - cú2p¡1 { 01

fot arr, < À < Àr2z),

(43) ULn+z{rze,zp(À), À} : r'rr,2r(),) . Nro,rr(},) - arn*r} 0,
for À > À(22).
with 

'egard"to inequalities (37) and (38) -we srralr investigate themutual position of the p6ints ,r,,)nç,¡ 
^nJ, ")-*"r'*^,,iiñï"" À varies fromar, Lo foo.

:t:T'gYÌî!'i':i:i;'or"Í'"%'#r
point

,(n, 7r)
value,
f oo),

(44) O < rir,,rn(),) < rrr,rr(),) { ,r*ræ-,o(À), 
^e 

(d.zp, )\ee)).

À:À(2r), !I (+f ), bhe straight line_n : rzr,zr(,,eer) intersects the
:Y:,? y : Uío+z(r, ¡tzr)) exactly on thã axis Zrr*, aïOlow tir"r,o 

""ìÀiã 
ilrãrelatron

(45) 01rín.zne,err) <rzp,z|()\ee)): z.p¡2n^1o(){zn)).

tr'or, À ).À,rr,,,by (43),.thc straight iine r : rro,ro(),) inlersects thecu-rve u:!rín¡2(n, À) above the axis -ylr*r. Now ilrerd"éïi'sti r,iL" ioéáî"riîv
(46) 0 { rír,zr]') { zt,+2fr^t"(),) < rze,zp(})t l> À(2?,,;

lP-. th"- point zr*¿n ,o( tr) remains finaily on the left of l,he point rro,rr(t )IOr À; ¡tza).

The righ
tn"ougï-"ihî Uí,*z(n, À) Passingvi,*,fr,,,n(i), ;:l-d;i, #fr,"tàÌrío*zo(\)at an the axíË Xrr.;;l-;i;

6



180 B. S. TOMIC

poilrt 21)+zü*i,,()'.) atânacuteangle 0z?,+1. ,I.he axis Xrr*risabovethe âxis-Yo,
ancl the point, ,r*ru*,,,(À) is 1,o the light of l,he point rLr,rr(\) for \) tro.
Orving to the concavity of the rneutionecl arc and. orving to the posil,ions
of the rnentionecl point's 0rr*, ) 0rr, ; hence we have

(17 ) tg\r, { tg 0r, *, ancl

(48) tgï"n : !tlL*r{rlr,r,(À), À}.

fn virtue of t1l (21) florn (28) it follorvs

(49) ïLr,ro(\) -*co, ?, -+f oor therefore

(50) t9ïz, : !JL'r,+"{t'io,zr(À), 7,} --lco, À++co
ancl os'ing to (47) a,lso

(õ1) tgOrr*r-*co, À-*+oo.

From lormulae (50) ancl (51) ii follorvs that the trvo ang'les 0r, ancl

0rr*, tenil to the corrìrnon lirrril,ing vahre 3 ¿s ¡.**oo.This nreans that,

tlrepoints of intersectionr'ro,rr().) ancl zp+zØ*i.(À) with the axis -Xr, and the
axis -Trr*, respectively have abscissas approaching rnore and rnole closely
each other when À increases, i.e. that rve have

(52) rLo,rn(\)- zp+2fi*¡n(ì,), I +f co

and that, by $\, (45) and (46), fot' each À ) ar, tlte,-e exists the inequality

(õ3) O 1r"rr,2r()r) { ro*zØ*,.(À).

fil'om the asymptotic relation l1l (27) it follows

{rrr(^) - rir(}', 2P)}-+læ, À+foo
and owing fo Q7) ancl [1] (65) we obtain

{rrr,rr(\) - t'Lr,ro$)\ --*oo, À-++oo

and from this, orving to (ó2),

(54) {rrr,rr(}r) - zn+zû,,,¡n(À)} -+}oo, À-'+co.
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z)>0, l.ltele e--+Q 1yþs¡ ),+-lcor since b¡- t1l (12) ancl l1l (37), flon

,n*ry'"lrLir(),,, 2p), X\ - {r'r:'(l', 2p))zt'-r ' '42{t'Lit(),,2p),2p} and

I

(¡

'rtr{'rlL:^, 2p), 2p} : -''to'?
p +1
2p*2

7.---

I
I

- -cor ), -+f co2p+t
it follou's
ancl l1l (

x,e ol¡tain

hence

,r*zAL {r'rL(^, 2p), ),} -+ -oo, )r--+ -f co a.ncl ìry [1] (23), tll (61)
67)

r'2ir().,,2p) 7 l'L'n+z,zt( ).) -rfoo, À---Foo

lllr*r{rLL*r,22().), i.} .- -oor }' +*æ.
.Lìcrr ¡n : r'rr,rr(),) l,Ìre tairgcnt to 1,he curve U :!lzt,+z(ü,).) has a, colÌs-

tant slope (-arr*r), ancl for' fr: t'2r,2r()') the t,angent to the sânle curve
has a r.ariable slope (42).

Owing to inequalil,ies (44), (45) ancl (46) ancl owing 1,o asymp-
totic relation (52) 1,lie points of conl,acl, of these trvo .bangents approach,
alongl,heleftbrancìrot1,he lasl, arc, l,hepointof rninimum lot û:zp+z.rn,,n(À),
rvhile À a ¡tza). Ill À: À(2,,) , then the l,angent at the poini; of contact

I for ancl ihe poinl, of contact of the tangent, for(2p)), of the str.aight line æ : rzþ,zr)(^(21')) =zt't). I ntof contactof l,hetangent,for u:r'"r,ro(t,),
zr,gai blanch of i;he lasi, arc, arbitrarily closel¡.

tìre point of minim'.rm for fr: zt,+z(Dnt,,,().), which rììerùns 1,hat the cìuve
ll : !lzt,+z(û, À) changes very rapid.ly but continuously the slope from
(-uzr*r) to O in a very small interval þ"rn,rn(\), zp+zü^¡,( À)). If n ¡ ¡lzz), the
point of contacl, of the tangent, fot' ü : rzt,,zr(\), lies on the right blanch
of the last arc ancl 1,he stope (43) of i;his tan,genl, is positive ancl incrcases
inclefinitely wil,h ),.

3. ||he mutual posil,ion of l,he zerosr'2e,2r(i )ancl rzp+z,z.t)+z (7,) il'hen
)' increases inclefinitely.

lMe consicler the posil,ion of the zÊîo,t'zp+z,zr*r( À) of the polynonial
llzr,+z(fr, À) in relation to the posil,ion of the zero rrr,2p( )') of the polynomial
!27,(n, ),) lyhen À tends to f oo. In this connecl,ion il, is necessaly to mahe
a lemarh concerning the last alc of 1,he parabola.

'Ihetetore we consider bhe concave arrc of a curve, not necessarily
of a parabok¡, ll:J@) < 0 on the segmenl, la, bf,0 < a ( b; the func-
tions l(ø), /'(ø) ancl J"(n) are conlinuous on this segment ; Í(u) : -A { 0,
J(ö) : 0' J'@) 1 0, .f'(b)>0, J'@ò : Ùta 1 n0 { b, .Í(m) : - ll4o :
:i\,Iin;,1"@) { 0 for ne l4 bl. I_,et the point (a, .-A) l:e the point of
inflection of the curl¡s tJ : J@), r4rereb¡' n : b is the first zelo behintl t]re
ltoint u : a.

9r@) : n 'J@), gí(no): l(ll0) -f no'J'(n¡,) : J@ò - -IIo.

tr'rom relations (52) and (54) it follows that in inequality (a6) the
first two points approach indefinitely each other ancl that the last trvo
points of this inequality recede inclefiniteþ from each other tvhen 7i )
> tr(ze) increases inclefinitely, i.e. the point' rio,2r(À) âpproaches from the

left sid.e the point zp+za^¡,(\)s rvhile the point rrr,rr(À)rececles indefinitely
to the right from the point ze+zn-n(\).

The inflectiona'l tangent of the crrrve A : Azn+z(fr, À) a,t thelastpoint

of inflection rLL * z,n},)makes with the axi s X zo + zan obtuse a"Ðe (+ + " ),



THE INDEFXNÍITEF-Y INCREASING ZEROS OF POLYN1OMIALS 183
11

782 B. S, TOMIÓ 1û,

Thu cuÌve U : gt@) : r. J@) is decreasing at the point ø : fio, i.e.,
the abscissa of the minimum ø, of the curve ll: n 'l(ø) is to úhe iight.
of the point æ6 ; 0, < ns I u,1b.
Ilence gt@r) < gr(nò : uo.Í@ò : -ûoll4o¡ í.e.

(55) gr(n) = -Mr 1 Mr l -noMo, lVr) moMo.

For gr(ø) : m' gtkn): u'' Í(m) we obtain in 1,he same manner

sí(n) : st@) : n,' Í(u) : -Mr.
The curve U : gz@) : n. gt@) is decreasing aú the point fi : frr, i.e..
the abscissa of the minimum æ, of the ctrrve ll : n2./(ø) is to the right
of the point æ:h) ü{üo<q<fi2{b.
Ilence gz@ù I gz@t) : h- gt@t) : -ûrMt,
i.e. gr(nr) = -M, 1 -ütMt,
(56) Mr) arMl) ur. uolVIo, M, ) nrnoMo.

tr'or y:g"(fi): fi'gn-t(fi): æ"'l@), n:L,2,3,... we obtain
,r_1

Mn) Mo 'II ø"' gL@): -n&1'-!'a-e|' ' ll'(ø)i< 0, g;(b):b'Í(b)>0,.
(57) 

!:0

(58) gi,,(n"-r): gn-r(no-t): nß-l'l@,,-r):-Mn-tt ü{ no 1æo 1b.
By inequality (58) rve have

(59) z"ümin(À) 1 2p¡1fimio(À) { soa2tr*ro(À)r }t } ø2o.

In virtue of theorem f1l (6), for À À)and
rzo.zo(^) of the polynomial Azr,(û, À) do n ehave'
two- conjugate complex zeros of the curve
U: Aze(û¡ ørr) touches the axis Xrrfrom the side of the positive ordinates
of the system (Xro) at' the point a : r2p,2,p(a2) unld. for this reason there
exist relations (5), (6) and (18). The curve

(60) ll : zp+z!lzp*r(n, oro) = û' uze+r(n, urn)

is referrecl to the system (Xrr*r). This curve passes through the point
rzo*t,zr*t(arr) on the axis Xrn*r. tr'rom !lLn+z(n, d.z'): ze+zllln+t(fr¡ az,p)
and in virl,ue of (18) if follou,s

hence 

ze+zUie+t{r'ze,ze(eze)¡ o-zp} : -ûzp+t)
the point whose abscissa

is r'ro,2 cissa of the last minimum
z1tl zûm situated in the interval
(rro,rn( denote the value of the
last minimurn of curve (60).

For the a¡solute value lro*rMro*r(a'ro'¡ anld' for the sseflicien.t a2'a2

thele exist the follo'wing possibilitie-s :t""'" rãî" *;;:;r¿'i;,,.'rñ,,rtt"rrlt, Lhen the zct'o. r'z!*-r,rn*r(or,) is .to the

right oi ,r*ri*I(orr)'ä,"nd to-iËô'rõiû ôr r27'+1,2n+t(ürr) *+q: Lhe a)is {.rotg is

ùËrô* tlíóäïiö"i;;;; ;;ct owing to (a0 i'we-haïe-ine lollowing distrisution

o 1r2o,2r,(urr) I zr*rn ¡n(dzz) 1 T2p+2,ztt+r@''ò '-Tz,*t,2"*t(&") or

(61)
O I r2r,2o(u2r\ { rzo+z,ze+z(dzp\ Ir21,¡1,2p¡1(c.z1')'

2' I1 üzp+z : I zp+zMat,+t@rr)1, then there exist the equalities

rrn*r.**r(nrr)'lïrr*),íiiít"ííi': ii'*rn^^1"*) and' owing to (40) tve have

agairi (61).- 3' If üztr+zp+z)lzt,+zMztr+r(ørr)1, l'hen instead of t'he real zer'os

r,,*r,1,*r(-or;í";i{;r;.'í.i,Í*ííSì'eitâ'ú", bv rheotern [r] (6)' two conjugate

complex zel'os.
Ilor À, ) trt the curve u : zp.+zuzp*r(r, Àr) is belorv the culve

!/ : 2p+z!lzo*r(", ir) since øo(Àr) > ør(Àr); thus

zp+zazp+t(fi, Àr) - zn+z4zt¡+t(fi, À,) : [øo(À') - a0( À'z)] ' *ztt+z 7o'

{62) for r+0.
Ou,ing [o À(2¡') ] ør, tlte cul'Ye lJ : zt,+zïzt*r(r, lt"') is below. the

cu.ve ll : zn+zuzp*r(*,-''"ir)fo. each r"+ o, ítliiJiltdo tor n : zlt+zfim,.(*,r)'
Ilence rl'e have
(63) lrr*rMrr*r(qzr)l 1 lzo*zM'o*t(tr(2e))l'

In or.de¡ boinvesbigateLhepositionsof lhe zet'os'ì'u),zr)(),),.r77,+7,2o+z(X)

aJf{d rrr*r,rr*r(À) the following llll'ee ctìses â'1'o to be distrngrusl)eû:

ù) vt¿r+z 1 lzr*zMzr*r(),t"))1, b) üzp+z : lrr,*zMzr*t(À(ze))1,

c) üze+z ) lze+zMu+r(ì-t2')1.

We shall consider only the cas: c) since 1'hen, â's l\¡e shall show' t'he

point r2r,2r,(),) rernains fiäail¡' orL the left of the poinl' r',*','o*'(Ì'\'
for À > ), ) urr*r;' ¡{22) },ø'zp.

We consid"" it on"n" the'äase l'hen the axis Xrn*, is situated below

the axis xr, i.e. îrt!" (ru,+z)llzp+zll[zp+r(^(,2'\l] üzitn+r; By theolem [l]
(5) the last ar.c ot ilre pííäuoL;" i'^:"ú?;;r@, nrr*r) touches the axis

)Yun*, only fol a certain o.2,a2 ) À(22)' Now thele is

(64) rzr*z,zr+t(dzl)+z) = Tzr*z,zn*z(ezn+z) = zt'+lffi^in(dzp+zl i

and since Tot urr,*r;' ¡(22), b¡' (46), there holds

(65) Olzp+2fi^¡n(dzø+z) 1r2r3r(a2e+z)'

from (64) and, (65) it follows
(66) O 1r2,p¡2,2p+z(d"ztr+z) {r2r,2r(u2'p+z)'

In ordeÏ for the r.ight branch of i;helasl, arc of the cun'e3/ -yzT+?{!:-\)
to cut the axis Xrr*, -there shouid now ire ì')> ezp+z )> )'t'z' anci" ftlere-
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fore.inequalities (43) ancr (46) a,re varid. tr\¡e shail carcurate trre olclinateof l,he cu.vc ll : zn+z!lzt,*r@i l,) fo¡- n - t.2r*2()r) in the s¡,s1,e'r (X27,+)

:- .. ,r*r'!lrr*r{1r1,,27,(\), },}: rl,,,rr,(),) [øo(1,) r:irr,rr(]r) - arri!]¡rl,(1,)!
(62)

+'..+ c[zt'l - aze+t\'21,,21,(),): 
-cr2r,¡i'1'2p,21,( ),) < 0, l¡].r.tt¡+q> 

^e1)).'Ihe absolute[r'alue of thjs orcUnate is

l"r,*zArr*r{ïrr,ro(},), À} I : l-arr*r..t2r,2n(}r)l : urr*r. 1.zr,zn(},),
(68)

)rla2rl2SVrtztt).
rf *'e rlcuobe the cxbl'orire poinl, of i,rris o'tri'ale by ?().) anrr 1,rre J,r,o_jection of this point on the axñ xro*," 5r;p;1ij-åîãäíoä¡sotr,te valne of.this ordinate ìry pp,(),) then we hår,e

(69) PP'1) ¡ : &zp+t . rzo.zn( ),), À ) oro*z ), )r(rr,).

' Frorn (69 ) it folror.r's trrat '( ),) incr.,eases u,itrr À since r,.^ ... r ì ì

iå;'iå:ïr'"r',rrt"â.rJ."" 
rhis reason l,trere exisrs a cerrain ,; .;,,_',,!i),ìi

f 
7O.l túzp*z: p-,P(À) : &zn+t..?,rr,rr(),), i ) qzo+z-> À(2?,).

I¡o| the cuì,\'e lJ_ !Jzp+z(n, I¡ tl,o lroitrt p(1.¡- ties cxacüyon tlte a:isXrr*r.Thris the cul've !/ - Uàp+z(tx. ¡ cuts the axis ,y"r*rat the point

, T?r,rr()t)': r"r*r,"r_rr(1), i > arr*, > )ret),
Itence, by (46), $,e ha\.e ' I "

(r) 0 .i zn+zn^,^(l) < rrr,rr(i) = 1,ze+z,zt,+z(f,)t l), orn*, > À(2?,).

,' ',IL shoulcl be rnentionecl that the poini; of the Ìast ¡rinim¡m of the.
clrì'.ye U: Uzn+z(ü, À) lies belorv the axis -yrr*r. Ior À>t> ørr*, tve hâ,rre,

(72),t PP'()\) : Ø2t¡+1. rrr,r,,()r)) &rr*2, À> À> qzo+z à,1,\2,,i. 
| :

(73) 0.1 rrr,rn(),) j-1.rr*r,rn*zei, À> À> arr*r. ))r(2),)
ancl, sincc the axis xro*ris abo'e the axis xr,thete exists the inecl,arit5r
(74) 0 < rrr,rr(),) { rzt,+z,zø*r(À) .{ rzr+t,zo*t(),)

for ,eaclr À> À> ezr+z) 7,eu) .¿y¡fl for each azn+z),.lro*rb\rr*r(^er,)1. ; ,
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For aII r'âlues of the parameiel À fi'om t'he interval (azt,+z¡ À) the
lroint of the last minimum of the currre ll : Uzp+z(fi, À) lies belor,r. the
aris 'trrr*r, brL1, at the samc tirne l'e have

PP'Q,) < u,¿t)+zt ), e (a2.,,1.2, ).),

I{ence tlre las1, point of int,elsection oÌ the ctu'\¡e lJ:llzr+z?,r,
antt 1,he axis.Irr*, lics lo the left of tlre st,iaigìrt ltre n
le{ole l-e irave

i ), )' e (a"2r,¡2,)r),

- r"", "..( ),). il'ire-

(7") 0 {1'zt¡+2,2t,*r()') { 1'2p,zn(7,) for Àe (ø".rr*r, ),).

4. The ploof of the inequ.abí¡' t"rr*r,",r.rs(À) .1. r2r,*r,rr,*r(),).
BJ- theolem t1l (5) one of tlte cult'es of the farLil¡'

!/ : Uzn+z(n, À):ør( ),)çzr'+2-orryz!+1 lcr,razl, + ...+ (-l_)r,,*tctrr+rfr+(ü2j)+2,
(16)

del,elminecl b¡- a special value \ : orr*, of t,he parametel ),, touches tlte
âxis -{rr*rflomtÌre sicle of the positir.e orclina,1;es at the poìnt of its l¿lst,
Iuinilnrrnl. il'lris lloint of r'ontacf is Tzptz.zr+t(ezn+z) ='t'"1,+2.21,+z(uzr,+z).
Dcpcnding on tlre cocfficicrLt s of tllc pol¡'nornial !/zr+z(n, dlzr+z) tltere
rna¡- be Tzlt+z,zp+z(drnnr)lt.

Ilol )* ) dzr*, the right branch of the last :rtc of parabola (76) cuts
llre axis Xrr*, at thepoint rro*2.2¿+z(À)auc1, b¡' [1] (53), the r.alue of tirjs
lool iltcl'cases inrlefi nitely rvibh i,. IIrrr,*r.r,,*z(orr,*z) < 1, tlrerr Lhere wilì l¡e
1'qt,+z,zn.+z()ro): 1 for n ccri-ain r'¿ì ue )*o ) ø-2,,*o 1íl r2p¡2,21'*r(orr*r) à1,
tllclt' lhele is i.o = ørr*o. I Iencc

(77\ fr' !/ze+z(fr¡ ),ò) Err*r(r, 7.¡) fo'- n) r27,¡2,2r,a2()'o).

l'rolrr this it follorvs tha1, the rigltl- ì:ranch of tÌre lasl, arc of the palabola

(78) ll : zp+sAz,¡2(u, ),s) : n. !Jzn+z(u, I's), ),s 2 a2ra2

passcs i,luough the sarne point ø- rzp+z.zp+z(Ào) of tìre axis -,llJr,*, ancl that
this branch lies above thc right blancli of thc la'st arc of 1,he pala,bolzr,

lJ : lJze+z(fr, Ào) for fr > rzt)+2 zp+z().0).
the right branch of the'last a,r'c of the paraì:ola

(79) !/ : !/ze+z(fr, ).0) : r' !/2',¡y(frt 7's) ! o,2r¡2, ),s à a"2r,¡2

culs the axis ,Yrr*, at the poinl Mo{r"n*".r0*"( )'0), 0} rncl the axis,Ilrr*r, i.e.
Llle sblaicht line y:wrr*, ab the ¡roinb Po{rrpr.r.zr,+r(7*o)r üzptz\.My'eshalinorv

-:rzt'+t.zp+r( À0). 'I'tlis stlrtig'ltt line culs bhe axis
axis X)r*rat the point Poancl culve (78) at tlte
curve (78)for $ e (r'zp+zrrnr(Ào), f oo) lies above
point llo js situated above the axis Xrr*r, 1,hus

bhe straight, line segmenl, ÀroIfo is larger than the straight line segmenl,
À¡0P0: ørr*r.'Ihtough the point Ilo rve shall ch':l,tvn a parallel t'o 1,ile ¿-r,xis
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'Yzptz. trve call this parallel the axis -rzr*d(Ào).T.he olclinate of the point 1loin the system (.Yrr*r) is
Nol(r:rr*sUru*r{I'ro*r,rr*r( Ào),Ào} :rzr+t,z1t+r1ro). yrr*r{rzr*t,zr+r(),0)Ào} > 0.
(80)

By a\o*r(Ào) tve clenote the absolute value of expression (g0)
(81) NoKo : ø3*g(Ào) : zt,+sUz.þ+z{1.2e+t,zr,+t(\o), Ào} } 0.

lYe consider the ?ol¡'r1om'ut of clegree (Zp I g)

(82) '!lrt,*s(n, Ào) : øo(À6)nzn+z - cúrfi2r+r+. . .*üzp+zæ - &zr+B¡

in-rvhich the coefficient øo(?,0) has a constant value, and for the coefficient
(r,2.p¡s \yo âssutne that i1, is situatecl in the interr.al'
(83) 0 {a2p¡s { øBr*a(Ào).

By lrr*"(a,2ra3) we clenote the axis of
ø2"+3 satisfies conclition (83). This
Xr, *r( Ào ). Providecl thal, condition
lasb arc of parabola (82) cuts thea
Zo varies along lhearc Mol(^ às aq.*,
(S2 ) is increasilg in the inieri, 

"I þ.;;.;,
I'zo * z,zo * r()16) { t 2r, ¡ s,2p +s( Àor Øzo *s),

*r(Ào11Zq-t") rve hav t for cach special vâhle
1,err.a,l (83)wehavea a"llterr_*r.rr*-r(À0, arr*r).
rzn+t,zv+t(),0, .crzn.+s) inteñai'-(r:rr*r r"*'ri¡ri,
¿¿zp+r vÎ'rÌos tn ülte lhtrs $,e jlave '

(84) A lTzp+z,zp*r(),0) { rzr+e,,zr*s(\0, ctzr+z) {rrr*r,rr*r()to)
plol.idecl O { o,zp+s < ø!r,*r(),0).

rn the followinq_ investig'ation u'e shall consicler. 1,he position of the,
zÙt.o t.zt,+l,zr.*r(À.) in relatiorr l,o llre posiLion of Lhc ,.cro r,),,*.,.rr*r( À¡, tor
À. ) À0. If in the equaliorr o[ culrie (82) u,c I,alre crr*, =-ägr'i;6r),'i¡"othe curve
(85) U - llzr*z{fi, a\o*a(¡o)} = &.llzp+z(frt lo) _ ø$r*r(lo)
cutsthe axis -Yrr*3(Ào) at the point 1{orvhose abscissa js ,t,zr+tz+t(Ào) ; hence
,zr+t,zp+t(Ào) is the greatest zeyo of polynomial (g5); *ó'i¡.is''täíu
(86)
ancl

(87 )

r"ro *r,r, *r{}ro, olo *r()to)} = rrn*r,r, *r(},o)
therefore

llzp+s{1'zp+t,a¡+r(Àc), ø!r,*r(lo)} : 0.

tr'rorn (87) it follows

a9rnnsQr) : Tzp+t,zp+r(Ào)'{rrr*r,rr*r(),0) .llzt,+tlrrr*r,rr*r(},0), Ào] I ørr*r}
Since yro*rllrr*r,ro*t( ),6), Àe] : 0, rve obtain

cro"n *r()ro\ : Tzr, +t,zp+t-(ì,o) . aro *r.
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l.herefore the length of the straight line segment ltr,Ir' is given by the
formula

(S8) rVol{o '.' ü\o*t(),s) -- r'2ra1,r-r r().0) ' ezp+z'
For' À, ) Ào ive oblaiñ in ûlre sarne manner thè poinÜ -l(,, l,lte axis'

-{zr+e(Àr) ancl 1,he straig'ht line segnrent

(89) NtKt: e\r*t(Ì,r) : rrr*r,zp+l( À1) ' &zp+2.

Irrom (88) ancl (89) it follou's

(90) e3r*s(Àr) ) ø!r*r(lo), Àr ) À0,

i.e. the axis-Irr*r().r) isabovethe¿,xis lrr*r(\).,-4.1so for-].z >À, )Ào
rve obtain i,he point K, the axis Xrr*r(Àr) ancl the inequality

eo", *s(\) ) ø3, *, ( Àr) ) ø!, *r ( a.o ).

For an arbitrary rìâ,hre À ) Ào.r,r'e have the point Ìí(1,,) antt the straight
line segment Àr-Fl(),),

(91) lVIl(i') : alr*s('1,) : 1'2e+r,zr*r( 7.) ' azp+z' the curve

(92) ll : rzp+t,zp*r(I)' üzn+2,

on which the points Il( }..) ale situatect, is monotonously increasing, Since,
by tlreorem t1l (4) and b¡' folmula l1l (53), the last, zaro r2r11,2r*t(À)
increases monotonously u'itìr À.

iletween the axes -Ii, n*rarrd -Xrr, , (Ào ) and to the right of the arc llIoKr
there is the clornain Dn oT the plane XY. Between the àxes Xze+z a,nd.

x2r*'(À, ) ancl to the right or the arc lw,K.,thete is the clomain D,3,nd_ so on.
InihC sáme manner to each real number À ;> Ào there belongs the domain
,(À).

Let us 4orv consiclcl the family of parabolas of clegree (2p ]-3)
(93) ll : ?lzr+s(n, À) : cr',t(À,)n2"+3 - 6rs2tt+'+"'l azt,+2fi - &zp+s

in rvhich 1,lre coefficiertt, cr,2r¡s is constant. Iret us clenoteì:¡'1ze+skcze+s)T'he
axis of abscissas belonging'to the consl,ant ü2,+B¡ if 0 < &zr+a 1a$r*a()ro\

ancl b¡r Xzt,+a(ãzp+s) i1 aru¡a ) o9r*s(À0).- 
); then, for À:À0, there holcls (84).

If À1 st arc of the parabo_l^ y : Azo*zlr, xt¡
passe the axis Xrr*s(Ào) ancl cuts
the a (),¡), atthe point rrnts,ro*e(ì,1,)
for which lirere is
(94) 0 1l'2r,¡2,2r*r(7,r) .--'t'2.p+3,2n+r(Àt) ( t'2r¡1,2ra1(ì,1)

providecl Àr ) tr,, 0 1 a2r¡s ( ø$r*s(Ào)
Consequcnti¡' in"nortity ('o+¡ is vàtid in the clomain Ð(l'o) tor each À >
) À0.

2" T-'el' be a2oas) a\o*"(i o) ; then by (90), there exists a certain À' ) Ào

for which, b¡' (91), there is

(911) &zp+B z ü9r*r(\') : I'zt,+t,zt,+r('t')' arr*r, À' ) ),6.
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Tlre riglrt bt'anch of the lasl, arc of the parzr,bol¡, U:!/zt,+s(n, À,) passe
tlrrouglr tlre p oint l( l' ) lyì ng orr the axis _[ rr * 3 ( ], ) = 1 r r., r( ctzr * s ] a\n * 

"e, 
ù).Tor' )', ) ).') ),0 the poi.c rte,z) ;s situäiää â¡o"ä'trìé"ä"î* ir",-rïliï;

her.Lce

(96) 0 1 r"r*r,rr*r(Àr) { rzo*s,zr*r(Àr) { t2rar,2na7,(},2)

Let us remark hele also Llrul rrr(À) is the zet'o of greater absolute r.alne
of the trinornial u,oQ,)nz I arn f ø2. l-or the trinornia,ls ø6(À)r, * cú7fi -
- u, and. u,o(ì,)rz - fitfr - a2 Ll;e sarn:le rernârh is valid

The final conclusion is : Fol ecluations (1) ancl (99), plovicled
ø6 ) 0 it is the sign of ø, ) 0 s.hich cleterrnines I'hel,her the root of the
greatest absolute value rvill tencl to fc"c or to -oo when øo_'0.

IìEFER]]NCI:,S

[1] T o ¡tr i ó B. 5., The AslJlnpLotic Rclations for LIrc lttdcfittilelg Itureasinq Z(ros of Poiu¡to-
mi.als nillt AltenuLlc Coefficienls.

l2l 'I' c; rtr i ó B. 5., La tlislt ibulìott cles zéros c¡'oisscutt irttléfinímenl rlcs pol¡¡nôntcs ìt cocff ieiettts
posilifs.;\cacl. Rov. l3tig , I3uì1. Cl. Sci., 5e S1:r.ìc, 1'onrc I., .lJr.uxcllos 1964- 10, pp. 11õ1-
7773.

(97) o {rzr+z,zr,*r(À) --rz.p+s,zp+r(),){ rzr+t,zr*t(),)
is satisfiecl for À),À,> Àq, 0 { ctzr+s ( øBr*r(À,).

,.". Th". rnz-r,gnitnrle of 1,he nurnbói' ãrr,*, döpäno's on the magnitucle of trrecoefficient arr*r.If. üzr+zllrr*rMro*r(xþr\1, ?hen, by (?A);ìf tã 
"ig.hi 

U"ànãù
of thc l¿ust arc of fJre cü.t,vg !/-!l.zp+2,(n¡ À) cubs thcaxis Xrr*rif À> À >
->-À, ? ezr+z) ¡(z.t'), aû(1, by (g?), llle sainc arc cuts t'lte 

-äxis 
,]io".," if)' ) )" ) ),e ) ezpt-z) À(22). Jn virtue of these conditions .,'rri"n'ätiu.-

mine the loleL limit for..À, betiveen i ancl À, 1,he greatel value sho¡ld Jreclro¡en. rt ..'e tlenol,e this'r.al'e lry 
^21)+B) 

the" i"Ëqüriiil"* (zB) anct'(9?)
gi'r.e

0 { rz,.,zr()t) .i rrnnr,rr,+z(À)( Tzp+z.zr,+s(),) 1 t,2oa1,2r*r(),),
(e8 )

)r ) ),2r,a3 ) ).e ) a2rr¡2 ) )r(2Ð, azrr+zllzt,+2ll[21,+r()r(2ù)1.

^r_ place^of p rve ins-ert the lumbers I) 2r B)...r,¡t_.Ir.tveoD 1;ion of tÌre zeros (2) mentioned in thô iútrócLuóiron.' [1e1,us À) is the zero of greatel absorute value of tjre i',inomial
uo(

Iìrom l1l (83) anct (2) it follows ilr
eqnzrl,ions_(1 ) lie in the interval (rrr, ,r"")

fn the intelval (rzz, ra) at a îiniïe
positir.e palt of the -{-axis there is only

ns in the sequence (2)

'Hi.'i'å îî'"*:är"'ì3
tr'or 1,he sequence of real equations )'

Recciyccl 1.XI.19ti3 Uttinersil¡¡ ßeLgrcttlc
Facullu of )Itcltcuticrtl Ettgitteerirtrl

(ee)
þ

\ a,uaÞ-\ :0, çt : 213,4, .tlL¡ (ao - 0)

tl,i nts ii, can be plovecl ì:¡. 
^n¿t,o* 

of i,he same methocl12 roots of .bhe gieatesl, ¿-¡rrsorute var'e tend to -oo asa'o ale clistlibul,ccl as follol,s
(100) rr,(À)< rrr(À)< ...


