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The approximate methods for sorving non-rinear opeïational equationsfollorving the Ner,vton-lìke iterative pr.ocess, the methoct of chords anclall_its variants, assutne the existenceänd th'ea linear , cliviclecl cliffere
of the e
are the se oPerator ancl

the presen' paper w9 g.ive an iterative nethocl for approximatesol'tions of non-rineai operatioñar_eq,atio"s i" rrí¡á";;*l spaces, whicheliminates the above-mãntionecl clifticulties.
TLet E be a r{ilbert re¿r space and reL p : r[ ->f[ be a contin'ousoperator. consider the non-lineâr' operationaf eqîatiãir 

-

(1) P@) :0
ancl the equivalent equation 

¡

(2) llP(n)ll, : (P(u), p(a)) :0.
The d,i,Dided, diJJerence lu, a; llpllr-] of the functional llpllr,, H_+Rfor the points n', níí.I[, n,-l *,t ¡i,s d,' il";;";r;îä"g"ö""" by,l2l1:.

(3) lu, ø; ll"llrl : (Lw, o) pl, p(u) i p(a))

where lu, ai pr is a divided differenc_e Jor the oper,ator p. wc observethat ev.cry opera_tor P : E -.& has Aivi¿eO ãiflã*"ä"'#ä'f,hat tbcre existsat least one with the follo.wing property L4l: --"

(4) lllu, ,D; Plll : llP(u) - P(u)ll

llu - ull

d"fir"å"¡hy" 
case of the functions/ : D --+R (D = R"),the dividecl clifference,

tÍ(u) _ røn (¡=ft, . . ., ffi),
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whore Qt : (u,. u,...,. .,x'n)* ,ld j : (Dt¡^Dz,. ._.,Du)*,lras the protrlerty (4).[n the case'ot'thó'tun'ctîóns Í: D-rfil'1D æ ß,) sucb a tlivitled clifferenóeis given by rnatrix

(rt,r"t - }¡.,))ffi),,,,: o ,t,,,; j_T,*.

. ff (ø,,)_is a _sequence of thc sp¿ùce Ì1, rl,e choose a sequence of ele_ments àne EI suc]r that
(5) Ilø"ll:1 and lLnu, n,_t; llplpl@,,)l: Illr,, a,_t; llpllrlli.

I-''et us note that such a choice is possible if rve consicler the divicleddifference u'hich satisfies conditions 14¡. rnoeecr, ú rvä-äonsioer

f6l p, - 
Q,, - fr,-ten 

ll*,, - *r-rll
then obviously rn'e have llø,il :1 ancl

lnn, nu-t; IIPII'l@"): (1r,, n,,_rlpl(ø,,), p(nn) Í p(n,,_¡J):

3" th,e d,iuid,ed, d,iJJere'nce oJ th'e Junctional llPll'z has the Liepsclt'itø-

progterty with the constant K in Lhe balt Slno, rf, ultere r: rnax{4á, 
}^no};

4" tlte cottstants Bo, Qo, ^r,lo, I( sati'sJy th'e inequ,alit'y

hs: ' - Ilol((r,o -f 'r,(,) a +.
Und'er tltese cond''itiotts tlte equ'cr'lity

(7) ,J.n+l - *- - q¡*,, *,, ,, ,l^lrTffi r.

n2 0 d,eJines by recurence & se{Iuence (n,,)ltaaing tþ,e Jollowing propertios:
a) ihe seçIuence (r,,) is conaergent anil

lirn ø, : fr* e S[ø¡r r] ;

1

lln" - n,-rll
1

llo" - r^-rll

(P(n") - P(n*_t), P(n*) I p(n,_r)) :

(P(u,), P(n")) - <P (nu_r), p(n*_r)) :

llP(n")ll, -llP(a,_ ,)ll,
lln,, - u,,-ll

b) r* is a solttlion of equatíon (2);
c) Jor tlte et'ror estittt'ate ue hatse the ínequ'ølity

llr*. - r, ll< #(å)"'-' {+ho)',ù ro, r.ntùe:'e

s,. : I Q.[¿t 'üt¡ uz : I a,nd, u,o*r: uui xt,,,-r, n>- 2.
i:t

Ilemurk. ff r¡,e use the ctiviiletl clifference having property (4) and-
'bhe sequence given by (6), then the equality -rvhich defines the sequence
(ø,,) is the follorving

llP(r,,)ttzÌn+t: *" - ffi(r'- ru-')

fr*+L : frn-r -g (rn - r'-,')'
llP(r,)ll' - llP(n*-)ll'

ProoJ. X'r'om equaiitY (7) rve get

(8) lnu¡ n,-t; llPll'l@, - nn.t) : llP(n")ll2

whence l'e have the follou'ing id.entity

(9) lün, t),,-t; llPll'l(n" - nu-) : llP(u")ll' - P(u"-t)li' -
-ln,-t¡ c'u-zi llPll')@" - un-t).

Frorn the identities (8) ancl (9), using equality (7), rve obtain

ilæ -zils ---j 

-lllP(æ,)ll,-ll 

P(n,-r)ll'-
ttú n +1 Útr lr \ lllfr" J)n-t ; lll'll'l Il

-ln*-t¡ n,.z) llPll'7@, - n"-t)l

frorn which rve ol¡tain

Ilno¡ nu-t; ll?llrl@,,, -- lllP(r,)ll'- llP(n,-r)ll'l , F

ll*,, - *.;l- : llLr"' n"-t; llPll'Jl!
therefore the staternent is proved.

The divided difference-ot the function ll.pll, has the L,iepschitz_pro_
Jlerty in -4 c "r1 (rviih 

'cspecL 
to r,ire sncood ärgu*urr,) it the'c exisbs/l >0 snch l,hab'for ever,| 

", o, *i e - ------'/

llLu, a; llpll,l - lu, w; ll"ll,lll < (llr, _ull,
that is

II(lu, a; Pl, P(u) *-P(r)) - {u, r,u; pl, r'(u) * pþa))ll ç rllo _Lt)ll.
Tu.nonorr. .Snppose.tlt,al ttte .f olLowing cond,,ít,iot¡s ltoltl:r" tlLct'c e"u¿st Llte poinl,s fro¡ frte fI aid ll¡e constattt Bo ) O suclt thut

Boll(lno, n_r) pf, p(aò I p(n_r))ll > r;
2" tltere erist ilt,e constrvrt "00, \ó(\o4'ni) such, iltøt ilrc Jottowing ine-qualities are sa,t,ís|,íed ;

llP(nùll'( 'loll(lno, a-t) Pl, p(ro) j- p(n_r))ll, 
Ilno - ø_rli ( rlí;

OI
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lvlìence, osing the clefinition of the cliviclecl difference ancl condition 3o,.
1Ye ha]/e

(10) lln,*,-n,ll4,= K .= -,, llu,,-n,-tll. llo,-un-"l'l.- 
llln,,, n,,-r; llPll'lll

l'rom the obvious inequality

lllnt, uo;llPll,l ll>lllno, n_t, llpllrlll x

llln, uo;ll"ll,l - |

I¡rom inequalit,ies (13) and (14), we obtain

,rr" ], 
(

(4h,r)'' "+'
8
(l

(15 )

nsing the conditions of the Theorem, 'we obtain (n-, and no ãÍe in theball S[ro, r])

(11) f= Bo 
-ollln.,,no; llPll,llj = 1-¿, -Dt¡

OT

Br. ll(lnt, uo; Pl, p(ur) * J?(øo))ll > 1.

fn the n :1 case from inequality (10) using (11), we derive

lln,-çrll ' Bol( '-{\ -ho\o. ,ï; qo(qto I nï - ffi: ,,.#
ol llP(ur)ll'( tlrll(ln' no;Pl, P(rr) I P(nù)ll.

We have

ht: BrK(n * Io \z BoK
.l\ _-'- GYï*,,):

Uslng inequalitY (15), s'e have

llr,,,, - r,ll 1+(å)"'-' 14t4)"'ro

for er.,er.y rx¡ ? e ì[. ]Jecause the space 11 is a Banach spacet it results the

""irt"n"ä 
oîi¡" Ii¡rit. of the se[uonce \n',), ¿nd oh t)n: fr*e ''S[¿rot r]'

From the previous ineqrLality for p x,e obtain the formula which r¡'e hat'e

f or the error estimate.
Using inequalit¡' (13), we 9'!i -fbha.f' 

the elernents of the sequence (r')
ancl ø* ,tõ it. tñe tatt ,,S[ro, r]. Incleed, l'e hâve

lln* - øoll ( llro - r'll l- llu, - ürll]- "'i_lln,-, - r'll < ,

( 4o *f+ + Jl-, 
.*"n''

trrorn (8) it follou's that r'F is a solution of equatiotr (2)if the linear
f utLctjonals l-ã,, fru+t ; llP ll'l ¿t'r'e boundert'

'I'he bounct"¿li"i'. "o1"¡å,, n,,tillP ll2l results from the foLlowing evi-

cleni, equality :

lno, û,-t; ll"ll'l : lnu¡ n"-ti llPll'l -lü'-t' ün-z; llPll'l +

*lnu-t n,-r) llPlltl -ln'l"' n*-sillP ll'l+' ' ']-ln" no; llPll')

We have

lllnu, nu-r; llP ll'l ll < 1f( lln,, - n,-rll * llnn-, - u'-"ll* ' ' '|_lln' -øo ll)

*lllro, 4i llPll'lll 431{"rto -l- ll[ø0, 4) llP ll']ll < /{

Remarh.Particularly,forP:I.R(1,_ Risaninter.val),ifthe
points ror"nte I ";i.i ;;ií îhe posil,ive constani,s i Bo, ^40, r¡i, 1l are such
:[hat the'foilou'ing contlitions are satisfied :

1o lno - n,.l ( lo lP'(nò - P',(u-.)l;

2" Pz(ns)loo - r-rl { Co lP"(nò - P'(n ,)1, lno - nrl < "ni';

,. l"(ø) - P(o) 
t.¡2(ø) * p(a)J -P(u) - "(tù Ê@) l(;'(r)ll <

" | 'tt,-l) 
L-\'-l ' u-w I

X 1- not n-t.; llP llrl ll

,,, " (?)' (å )'" 
' 1+iao;" ' r¡o

4 I{lu - wl

lllno, nt ; llP ll,l ll

1-ho

: -?!oK'nq," /'o sI¿^.1.2(L-It())z - 2(1 - /ø),- 9'"'- 4

Therefore conclitions r",2" and 4'of the îheorem are satisfied for i;hepoints 0u fi0.

By mathematical incluction we shall prorre the existence of the cons-tants 3, ) 0, .\n) 0 such that the foilorving inequalil,ies hold

(72) llln,, nu-r; llP llrl-'ll < -B,, - 
Bn-, 

,I_ h,_t

(13) llr,*, _ n,ll < TT,: .,¡,,<þ,

(14) h,n: BnK(y, * ,1,-r)( ll"-rþ"-, 
-< 

1 
.

(7 - h"-r)' 4
I

I

I



110 irh. 'san,6,zs 6

for every ,tt, Ð, LD. Io : luo - ?,¡ no -l rl, where r : max 
{ø, } *},

MAI'FIEMA'f 
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4" Ito: Boll(r¡o* d) < I,
then the sequence (ø,) given by the equality

$n+t:*, - 
P'(*o)

'- Pkò:ft,,l (nn - u"-') (n Þ o)
TR,EIIJIJIS DUALS. APPIJICATIONS AUX ENSEMtsIJÐ,S

FLOUS
CONST,{NTIN DUMITR]]SC.U

(Craiova)

convergesr rim un: û*'e rr, ü* is a solution of the equation p(n): g.

ancl we have

tn* - *,,t < *l_;(å)"'-' 
.(4hù',n0.

l. Introtluotion. Soit -{ un
riote par -f Ie segment f0,11-.
étaht une fonction A: X-I
ter$ection et cle réunion d.es
oolnme étanü celles i:min'etV:max.
symtroles que pour le

sur le treillis Lo on considère le complément défini à I,aicle de la
fonction C(u) :7 - n. Cette fonction a cómme poin1, fixe r - l7Z, q"ijoue donc un rôIe privilégié dans le treillis consictéré.

Ière la ïonotion 7¿

øe,[0, nl et k(a) - H-'(a) si ae ln,I
Ø'(ø) : s¡P (-nl").Tl err résulte-que
morganien, cle même que (1, A, VrC)
des ensemtrles flous à l'aide de deux
n, lu :) et Lr: (1, T-T, LI) où :
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ì'ar: JAo,si(3) ø,>n
iVr,.i (v) ø, < r¿i u(tr¡:

lAa,si(I) ø¿<z{::'lYa,si(V)ØÞn

!ø,si(1)a¿>n,
Âø¿si(V) ør(ø

T:l ao : V ø¿ si (1) u,, < tt,

[ ø¿ si .(V) a, >- n
Le ¡inemier de ces treillis a comme premier élément r¿ et conrr¡e dernier
élérnentl etlesecond treillis a 0 commepremier étémentet r¿ comme der-
nier 'élément.

Par la suite nous ;allons clonner une méthode génémlc cl'obtenir la
pa;iúe rde treillis (Lu Lr) et encore trois telles pa,ires, en partant cle n,im-
porte lequel cl'ent¡e ,eux.

Mais pour le clébut nous rappelonn quelques-uLs cles résultats clémon-
tlds'dans [1], résultats qui constituent un argunìent en faveur cle I'utilisa-

2-c, 2571


