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The approximate methods for solving non-linear operational equations
following the Newton-like iterative brocess, the method of chords and
all its variants, assume the existence and the continuity of the inverge of
a linear operator (derivative, divided difference). But the examination
of the existence of this inverse operator and the evaluation of its norm
are the greatest difficulties.

In the present paper we give an iterative method for approximate
solutions of non-linear operational equations in Hilbert real spaces, which
eliminates the above-mentioned difficulties.

Let H be a Hilbert real space and let P:H —H be a continuous
operator. Consider the non-linear operational equation

(1) Plz)=0
and the equivalent equation
B o IP(@)][2 = (P(a), P(s)) = 0.

The divided difference [u, v; 1P []2] of the functional 1Pl2: H->R
for the points &', o'’ € H, &' # &' is a linear mapping given by '[2]:.

(3) [uy v; ”-P”2] = < [u, 3 P]; P(u) _l“P('U»

where [u, v; P]is a divided difference for the operator P, We observe
that every operator P : H —H has divided difference and that there exists
at least one with the following property [4]:

|P@) — P(o)]

(4) [u, v; Pl = o]

In the case of the functions f:D->R(D c L"), the divided difference,
defined by

U — YUn — Vn
[f(u) — f(0)] (m‘ - m) ,
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where w = (u;, u,,...,u,)* and v — (vyy 0y, .. .,0,)*, has the property (4).
In the case of the functions J i+ D—>E"(D co RB*) such a divided difference
is given by matrix
U; — L
([fj(u) —fj(v)]\z) ,i=Ts j=Tom.
HU/ - OH N,

If (#,) is a sequence of the space I ; we choose a sequence of ele-
ments z, € H such that

(5) llenll =1 and [ [2ns Tp—1; HPHZJ(Z,L)I = [[[@,, Ln-13 ”P”2]”

Let us note that such a choice is possible if we consider the divided
difference which satisfies conditions (4). Indeed, if we consider

() gy = T =y
|, — |
then obviously we have |z, || =1 and
[0, Tp-1; ”P”2](zn) = {Zny Zu_} §P](zn)) P(a,) 1 P({I/‘n_i‘)>:
= (P(0) ~ Pla,), Plar) |- Play_p)y —
”wn - wn—l”
:_‘—1‘—' <P(mn)7 P(mn» — (P (Z0-1), P(wn—l» .
o, — m1»—-1”

_ IFP@)I* — [ P(a_y) [

”mn - mn-—l” ’

from which we obtain

| @amss (PN = HEEE = W@l
”xn _— mﬂ-l”

therefore the statement is proved.
The divided difference of the function [P |* has the Liepschitz-pro-

perty in A < H (with respect to the second argument) if there exists
IC >0 such that for every u, v, we 4

Ilwy »5 (1PI] — [w, w; (P2]] < Kiv —wl,
that is

KT, 5 P, Plu) + P(0)) —([uy, w; Pl, Plu) + Plw)d|| < Ko —w].

THEOREM. Suppose that the'following conditions hold :
1° there ewist the points w,, #, € H and the constant By >0 such that

Bolilaoy, @y Pl Play) + Plaoy)y| > 1}

2° there exist the constant Ny Moo < ng) such that the following ine-
qualities are satisfied : -

1P () |12 < o ll{ [0y @y ; PJ, P(x,) - Pz_ ), llwy — Zqll < w3
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3° the divided difference of the functional ||P|* has the Liezzschitz-

’ o N
property with the constant K in the ball S[x,, r], where r—= max{;, ?%} ’

4° the constants By, ng, 'ty I satisfy the inequality

i
ho : = Boll(19 - 1o) < 1 :
Under these conditions the egquality
|2(@) ||
@ e o T oy @uns Blen), Pl Plo, )

n = 0 defines by recurence a sequence (w,) having the following properties :
. @) the sequence (x,) is convergent and

Zny

lim , = o™ € §[wy, 7];

n—co
b) x* is a soluiton of equation (2); '
c)) for the errvor estimate we have the inequality

8 \nt L
It = 1< 5 (55 )7 4By b

2&,;—1 9

Sy = i Uiy Ugy Up = 1 @A Upiy = Uyt Upeyy B = 2.
i=1
ivi litfer i 'ty (4) and
k. If we use the divided difference having proper
‘the Sel(iflggge given by (6), then the equality which defines the sequence
(x,) is the following
[P (@) |I?

Bt = O R — PG
or
T < o] i NS S
[P(zu) B — 1P (wa-1)
Proof. From equality (7) we get
(8) [y Fae1s IPIEN@ — @aci) = (1 P(@a) 17
whence we have the following identity
9) (@ny @azi IPI2N(@0 — @umt) = [1P(@) |2 — Pl@u-1)l* —

S Bpery @usns PPN w0 — @aes)-
Trom the identities (8) and (9), using equality (7), we obtain
1
1[0y ®a-13 IPI2]I

_[mn—la La—g3 ”P”Z](wn g wn—1)[

I#as1 — 2ull < P(@u) I — [P(@u-1) > —



408 M. BALAZS 4

whence, asing the definition of the divided difference and condition 3%,
we have

K
(10) lZnt1 — @all < w — Ty |10 B — Zaesy -
T | @ @o-i; IP12]0 [l Ly |l )| |

From the obvious inequality
@y @05 1P1RT N = M@, @15 (12211 X

9 [1 M@y @051 P2 — (@, @y 11P)I2] ]
{20, @1 5112121}

uging the conditions of the Theorem, we obtain (#., and z, are in the
ball S[a,, 7])

(11) 4 il

Iy, @o; (PN 1 — B

19

or
. _B1 KLy @5 Py Pay) + Pz || = 1.
In the » = 1 case from inequality (10) using (11), we derive
ByK L U homo "o
1~k no("0 ~+ 7o) —_l = = <—3—

or IIP(wl)Ilz <y ”<[W1; %o B), Pla;) - P(a4) .
We have

: B K h
B = BE(n + mo) —2 (0% il
1 1AM Mo T g 1—h0+%

2B, K- 7
= 04N < b < _8_ ho < i
21— ho)®  2(1 —hp)? 9 4

sz = xlll <

Therefore conditions 1°, 2° and 4° of the Theorem are satisfied for the
points a,, .

By mathematical induction we shall prove the existence of the cons-
tants B, >0, n,>0 such that the following inequalities hold

Bn—l

(12) @ @u-y; PP < B, = -1,
15 hﬂ—l
(13) ”wn+1 i mn” < M = “f]n<—y)£v
1— hﬂ—l 3n
Ron_ 1P 1
(14) hﬂ - BnK(Y)n ’+— n— )< o1tz << —-
ST S Il

5 ON A METHOD .109

From inequalities (13) and (14), we obtain

3l ! \a )
o < — | - -—) (4hg) v
2\9,

(15)
2\" 8 \sn-1 ] A
Tm<\ (’) ('_‘) ! (4}7’0)“‘7)0 ot
\ 9

Using inequality (15), we have

1 & \on1 .
ok = aull () Gl

for every n, p € N. Because the space His a annach space, it results the
existence of the limit of the sequence (), and lm z,= @y € Sy, 7).

f1—=»CO
From the previous inequality for p we obtain the formula which we have

for the error estimate.
Using inequality (13), we get that the elements of the sequence ()
and o* are in the ball 8[®y, r]. Indeed, we have

2, — @oll < |70 — @l + oy — @allA - ll@a-y 7 @all < %
Mo ongglte 3 :
< Yo +‘§+~ o a1 < 2 7o~

Trom (8) it follows that #* is a solution of equation (2) if the linear

functionals [, @n41; IP12] are boun%ed.
The boundedness of [@,, @,y ;[P |*] results

dent equality :
(20, @neys P12 = (% @u-15 IPIE] —[@acry Ta-es IPIP] A
+ [ Tp-1) Pu-25 ”P”2] — [ @n—2s m,,,_3;||P||2]+. oL@y, o ”P“2]

from the following evi-

We have
[0 Tu1; P < K@y — @apll 4 @01 — G|l Az —@0ll)

A lilwoy @y IPIEIN < 8K ong A Waoy @5 IPIEN < M

I = R is an interval), if the

icularly, for P:[—-R
Remark. Particularly, fo ( e U

points @y, «; € I exist and the positive constants :
that the following conditions are satisfied :

10 |my — @] < Bo|PHw) — PAa-1)!;
% Pwy)|to — @_1| < 70l PHwo) — PHa )|, @ — @l < o3

Pw) = PO) py 4 py) — 2 L) pw) 4 ()] <

30
w — 0 u —w

< Kiju — w|
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] 3
for every w, o, we I, = [y — 7, @ + r], where r = max {ng, o v)o};_

el

4% hy = BoH (o 4 w5) <

~then the sequence (a,) given by the equality
P(a,)

 Pa,) — PY(,)

converges, lim @, = z*<€ I,, 2* is a solution of the equation P(x) = 0

»"->00

and. we have

Lpy1 = Ly (mn T w)n—l) (1’1/ Z 0)

1 8 N\ §
£ __ L e . {3 Sp
o — a,| < 25”_1_( 9) (416)" 1,
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