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The purposc of this paper is to presen! a lﬂLLhOd for qppw\un'ltmn the solution of the system
of non-linear ordinary differential equalions g’ = f(x, y, 2), z° = f, (z,.y, z) with 1](10) =Y
and z(x;) = z, We use splinc [unclions, which are nol nccessarily 1)01ynomlal splines, for find-
ing the approximate solution. It is a one-step method of O(M*+r+1y in y(9(x) and z(D(x), ¢ =
:0(1)l'+1 where 0 << o < 1, assuming that fy, f, € C"[a, b], relt.

Deseription of the method. Consider the gystem of orvdinary diffe-
rential equations

- Y = @, ¥y 2)y Y@we) = Yo,
(2) 2 = fol@, ¥, 2), 2(wp) = 2,

where f,, fo€ C'([0, 1] x R2).
Let A be the partition

A0 =0my <y <o si <@y < Bpyy <<, =1

where ®,.; — &, =h <1 and k=01 — 1.
Let L, and L, be the Lipschitz constants satistied by the functions
o and f<‘1’ respectively, i.e.,

(3) |fm) (@ 4y 21) — FO(@y 93y 22)] < L1{|?/1 — Yol -+ |2y — 291}, :
(4) If(m (@, Y1y 2,) — [E2A@, Yoy 22)] < L{l|Lalyy — 9ol + |2 — 25}

for all (w. Y1y #) and (@, ¥y 2) in the domain of definition of f, and f,
and all ¢ = 0(1)r.
It should be noted that we use the Lipschitz conditions on f, and
f» to guarantve the existence of a unique solution to problem (1)—(2).
The functions f{? and f, ¢ = 0(1)r are functions of », y and 2 only
and they are given from the following Algorithm :

Let fio) :fl(wi Y, 2)7

and féo) :fz(w) Y, z)
Then, for all ¢ = 0(1)r,

dal of -1 ofla—1) gfla—o
yorv = Lh o G TR oy O
da* 2w oy 9z

2
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and

as gfe—1 a(q -1) a(q 1)
2D — f2 f(q) l_ -f f f1+_-f_7, &

dazt ox oy oz

Then, we define the spline functions approximating the solution.
y(@) and z(») by Si(x) and Ss(z), where

(5) Sa(®) = Sp(@)y @ < @ < Bpayy b =01)n — 1
and
(6) SA(”) =8u(x)y, B < & < gy k= 0(1)n — 1.
Both 8,(#) and S,(x) are given from the following :
(t — &, )J+1
= Sp—g(m 1 x—1 P S AT
8(8) = Sl +Sf f Siealer) + 5
(7 f(j){mka Si—1(@1), Sh‘—l(m}f)}7 Sk—l(mh')+
+J§0%f”){m“ Sp-y(@); B1-o(@)}] 1.
and
_ p t = mk)f+1
Sk S;L 1 k ol 1, Sy- k —.———'
2= Sh=l Sf[ R T iEIeY
(8) i (j)v{wlra S~ 1), S1c—1($1:)}’ S.k—1(901.:)+
+ Z (l%kl))— D@y Bi-1(®)}), Sk—l'(a’k)}] ds...

Mm@k=0ﬂﬂ—1mﬂ8ﬂ()—y,g_w)
By construction, it is clear that Sx(x) and SA( )y e O[0, 11].

Convergence. We are going to discuss the convergence of these spline

apprommants
For all @ €@, @4 & = 0(1)n — 1 theexact solutions of (1) and
(2) can be written — by means of Taylor’s expansions —

9) y(@) = 4 Sfl [t’ Yl ; oh g, L o) z("?)] b

j=0 ! 3=0 j'
T
and
7+1 () — ) 7+l (4 — g
1)  #e) = sz B Uz o) g ol
=~ J! P X!

in the forms :
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where yy+h = yU+U(E,), oY = 2" P(n,), &by e € (@1 Brsa) and k =
=0(1)n — 1.

Tirst, we estimate |y(x) — So(w)], where z, < @ <

Using both (7) and (9) for k = 0 and the Llpschltz condltlon (3),
we get :

I?/(w)—so(w)l<L18[{|y"“’(5) Y| A () — 2V

X
0

It = m0|r+1] i
(r+ 1)t 4
{11)
<L1 ?ﬁ—{m(‘/(”l) z)‘ + m(z““*‘l’,_ h)}
2L +2 ) o+ T+
< Y +2e(h) = Ok 2y

wheré o(y™+?, 1) and w(2+?, b) are the moduli of continuity of the func-
tions y"+tb and 2+ respectively, and

(12) (k) = max {o@™*V k), o', k).

Also, we estimate [y'(w) — Sp(w)].
Using both (7) and ( ) for &k = 0 and making use of (3), we get :

13) (@) — Sil@)l < Lylly P(Eo) — 3501 A+ 17 Do) — 201}

e r+l g
L @ ‘”0|i < 2L, Bl (k) = O(h*+ r+1y
4+ (D!
To estimate |y''() — S;'(x)] we use both (7) and (9) setting & = 0

and the Lipschitz condition (3), so that we get :

2L,
(14) [y (@) — i/ (@)] < ———t— B+ Lo(h) = O(hT+"+)
(r - 1)t
Moreover, it can be easily shown, for ¢ = 3(1)r + 1, that :
2L
{15 /’(11) 2y — S(q) P < 1 hr+]_0) h) : O(ha+,.+1
(15) [y (@) — S(@)] ) ( )

In a similar manner, using both (8) and (10) for & = 0 and the
Lipschitz condition (4), it can be shown, for x, < 2 < w»,, that :

= 2L, 5
(16) l2(z) — So(@) | < ?—_"_—2)— Rt 2a(k) = O(h*t"+2),
and
( @y — §O 2L r+1ey ARL| ot r+1
(17) 2@ (x) — 8P (2)|< o 1) W+ to(h) = O(k );

where ¢ = 1(1)r -+ 1.
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K

In what follows we deml with the general bU.bl]JLGlVELl I, =

[37A-"x':50k-+1j]'7' k= 1(L) — 1.

Using (7), (9) and the L1psch1tz condmon (3), we get:

1At

(B)”WMF&WH<Ww*&de+Eng~&4@N+

" | ' X,L
%9 17,0 ir1 [
+ %, l—t(j—_i_% lyd+> — fP{a, Si—a(@),
=0 )t
q |t — I i (1+1 o (f q
3 1 }H————F—l)— ly — Ji'{ @y S—y(@i), S/.-—1(99h-)}|+
' 5 (% 7214 [1ede m‘ +1 b\ - . } x
+ 2y — Sy (@) | + V‘ H“—l) |21 f”{wh; Si- 1(%) Sp-1(@)} | -
[t — @[ r+1 s I 1
+7+—1)— |Z j 001, S 1($L) Sh 1(mh)}|]Ct
Not, let |

U, = |y v —jl(?.){wln Sy {@), S_k—l(wk)}"

Then, using the Lipschitz condition (3), we get :
(19) ' Ul = lf{j)(mln Yry Zk)—f(f){w,,, Sk—](mk':% Sh—l(mk)}l
G (e = Semq(@i) | Ades — Ses(@) 1)

Using the fact that Sy (#) € €[0, 1],84(») € C[0, 1] and bhe notations :

20) e(@) = [y(a) — Si(a)|
i B 7 i ek( ) |J7 7 Sh(mLH

: : éh(a'/') = |ZL f:gk(mkﬂ I i
then, (19) becomes S | : \ )
(21) _ U, < Lyewt ).
Sy, it Yo Tor TN

o Yy = (B — 0y S (@) Sasa ()
Then, : : ' Ui
(22) Vo< o) — yt If‘” Ly Yry Z1c) =

— [ @, Sp-1(2p), Si-q (@)} | < YoV, ) 4 Lyer -+ ex)

Thus, using the same, procedure, it can be easily shown that :

(23) Uy, = | — f{ae, Su-a(@i)y Suoy(m)}] <

Ly(ey, + )
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and
(24) Vi = [0+ (n) — 9@ Sp—i(@), Si-i(@)} | < oY, h)+

-+ Ly(er + €x)
Using (18 —24), we easily get:

r—1 ]1‘+2
(25), e(n) = |y(x) — Sp(2)| < e + Iy [hez + Ly(er + €x) ‘)«] i :r 1
L P et g U\ oy gl
(7‘ _'_ 2)! ] 1\Ck KlS k
r—1 hi+2 T+

+L2(€k+é”)j§0 G-+H2)! (42

{mw”,m+Lmr+mﬂ

Noting that

r—1 hf+1

‘__.—<6h_‘__.1<6_1
zfo (J+2)!
then, we can easily get:
. . ; 42 i
(26) 3o e e g 8 b 7 1L IR (s
(r 4 2)!
i1 Y 18] L i Ly L e
\Vhel‘e Cy — Ll + Li(@ e 1) + 'zr—_l_'l—z)—' 'J[_‘ Lle(e i 1) + —(’I‘——I}—-—;)!, s a

constant independent of h.

Similarly, using (8), (10) and the ILipschitz condition (4), we cah
see that :

_ _ h/1‘+2
27 e(w) < ¢ he; 1 s h)eg 2L, ———— (]
::(_ ) : (.) ther 4 (1 +¢h)ey + 2L, Y o(h)
) by L, L, 5 o
where ¢, = Ly + Ii(e — 1) F——— 4 LyLye — 1) +—22—, s a

(r+2)! (r+2)t
constant independent of h.
To complete the proof of the convergence, we use the matrix ine-
quality which is given in the following defmlt]on

Definition. Let ' A = [a;], B = [b;] be two matrices of the same
order ; then we say that A < B iff

(1) bolh @y and by are mon-negative.

(¥0) iy < by VY, j.

In view of this definition, and if we use the matrix notations
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we can write the estimations (26) and (27) in the form :

By Gt ) ),
¢ h 1 -+ ¢h, (r 4+ 2)! L,
Thus,
(28) By < (I + 008, +— 2oy B,
(r + 2)!

where 4 = (00 OO), B = (Ll and I is the identity matrix of order 2.

6 & 2
Now, we give the following definition of the matrix norm :
Let T = [t,]] be an m X n matrix; then we define :

12 = max [t ].
v 7

Using this definition, we get :
(29) IE: || = max (e, €), k= 0(1)n — L.

Since (28) is valid for all a[#y, 2;5,], k=0(1) n—1, then the following
inequalities hold true:

IB(2) | < (L -+ 2lA4l) || +—+—2~ o(h) ||IB]

'+ 2)!

R +2

A A RIAD B < (@ A RJAD? 1Ty, +—W w(h) (L -+ |4 B

20+

1 RIAN B < (@ I ) 1By | Bl )2
@+ BN IE- (L A DB | )L R B

h7
02JTMhu+wawn

Adding L. 5. and R.H.S. in these inequalities, and noting that
| Eoll = 0, we get :

(@ - RAD* 1B | < (1 A B[+ E | -+

(30) IE(@) || < c,h"* 1w (h),
where ¢, :Mis a constant independent of .
(r4-2)1 4|
By definition (29), it follows that :
(31) e(@) < e, b lw(h) = 0(hetr+1)
and

(32) e(x) < Czh”l o(h) = 0(h#+"+1),
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We now estimate |y'(2) — S;(@)]. Thus, using (7), (9) and the Lips-
chitz conditions (3—4), we get:

’ v ’ ’ = ] h"+1
(33) €'(x) = |y (%) — Si(w)| < eslex +€;) + 2Ly m w(h)
) Iz L@, o
where ¢, = L, + Li(e — 1) -} Y —+ LyLy(e — 1) +m is &

constant independent of .
On using inequalities (31) and (32) into inequality (33), we easily

get :
(34) ¢(2) < e, lo(h) = O(h#+"+1)
2L,
where ¢, = 2¢,¢, +—(T1)— is a constant independent of k.

In a similar manner, we estimate |2’'(%) — Si(2)].
From (8), (10) and using the Lipschitz conditions (3—4), we geb:
N B+l
35 e'(z) = |2/ (w) — S, e ep) 2L, —— o(h
(35) (®) I() w(@)| < cse + €) D) )
2
(r -+ 1)! (r -+ 1)!
constant independent of h.
Using inequalities (31) and (32); inequality (35) becomes :

(36) 8'(3) < e+ lw(h) = O(he+ 1)

where ¢, = L, { L Ly(e — 1) -}

where ¢; = 2¢,6¢, | is a constant independent of h.

Using (3), (4), (31), (32), (34) and (36) we easily get for all ¢+ = 2(1)

(37) ly9(@) — 8 (@)] '< ¢*+1a(h) = O(he+7+1)
and
(38) | 29(x) — S(ki)(-”)l<5*h"+ Lo(h) = o(h*+"+1)

where ¢* and ¢* are constants independent of k.
Thus, we have proved the following

TororEM. Let S,(x) and S,(x) be the approximate solutions io
problem (1)—(2) given by equations (7T—38), and let f;, f, € C'([%,, x,] X R?).
Then, for all we [xy, ®, ] we have:

2L, "2
ly(z) — Sy(#)] < Wh (h),
Iy (@) — S (m)] < ” jflll)' h+le(h), j =11 x 1
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and
() — 8P()] <~ Jr+ia(h), § — 1Ly + 1
- (r 4 1)!

qnd Jor all me [ay, wpyy], & =1(1n —1 we have :

Iy (z) — SP(2)] < Ch+ie(h), 7 =01)r 41
and

[#P(2) — S8P(z)| < Kh'+ie(h), § = 0(1)r 41,

where C and I are constants independent of h.

Numerical example. Consider the following system of differential
equations :

I* LIl yra 2__ 2
Y- =gy El-telEigte iR ey

# =2y 4 22 — 2e* — 222 — 2, y(0) =1, 2(0) = 2.

The method is tested using this example in the interval [0,1] with
step size A = 0.1 where » =0 and 1.
: "The analytical solution is:

y(w) = e + w,
#(w) = e** + 22 4+ 1.

The results tabulated below are evaluated at the point 0.25.

Analylical value Numerical value | Absolule error

l T r=0 1.530346203 0.003679214
- i iR r=1_ |  1.533906117 0.0001193

A r=0 2.70386284 0.007358431

_z / g re1 2710982672 0.000238599

, o 984n0s 41 r=0 2.261907185 0.022118232

¥ Rt r—=1 2283397416 0.000628001

o 3 707442545 r=0 3.753206079 0.044236464

el e o8 S T 3796186541 0001256002

e 1.284025155 r=1 1.282951722 0.001073433

PG 8.504884559 r=1 8.39273769 0.002146869
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