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À'TATH]]Ì\{AT ICÄ - RE\T UE D'ANAI,YSE N UN,IER I QUE
ET DE TIIÉOH.ID DI] I,'APPIìOXIÀ'IA'IION

L'ANALYSE NUMEIìIQUIT ET LA TIIEOIIIE DE L'APPIIOXIMAI'IOIN
Tome 15, i\' 2, 1,91Jß, pp. 117-125

À partir cl'une telle paire de treillis sur le segment [0,1], en espèce
la paire (T' Tr), dans f1l on a c1éjà définies et étudiées les espaces bito-
pologiques flous. l)ans un article futur nous nous proposons d.'approfon-
dir cette étude, en envisageant les autres trois espaces bitopologiques,
déterminés par les paires cle treillis d.e (2.2).
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'Ihe pulposc o[ this papcÌ is to pl'eserì[ a ¡rcLhocl foÌ apploxirlaLing lì]e soluLion of thc s-vsLern
oI rron-lineal olclinalv cliftclentiaì eqnaLions ¡'-- It@, !1, z), z' : f z @, y, z) rvil.h y(r.): y0
ancl z(r-o) : uo \\Ie use splinc Iunctions, lhich alc not ncccssalily polynornial splines, for'Íint{-
ing- tlre approxirnetc soltrtion. It is a onc-stcp rnethocl 01 O(1P+1+r) in a(a)(o) ancl z(,t)(x), rl :
:0(1)r'+1 rvholc 0 { ø ( 1, assumin¡¡ l"ìrat fr, Iz e Ct [a, bl, re I+.

trìcscliption of tlìe rììethod. Oonsiclel the s¡'stern of ordinar)r diffe-
rentjâl equâ1,ions

(1) u' - Jr(n, y, z), tJ@o\- uo¡

(2) p' : J'r(u, y, ø), ø(ns) : øs,

whele ../r,
I-¡et

lze C' (lo, 1l x At).
A bc l,he partil,ion

A:0: fro { fi. 1 <ã)k < ffit,+t .i. . .{n,, :1

\vhere fit;+!-fit,:h {1 and lr:0(I)tt -LLeT L, 
^rrd. 

Lz be the Lipschitz constants satisfied bJ' thc f unctions
Jf anù /[a) respecl,ively, i.e.,

(3) lll'ò (a, ut, ø) -Ílo'(n, az,t øz)l < ¿,{ly, - url * lø' - øzl},

(4) llÁo)(n, !lt, øt) -Í[o)(n, Uz, ?z)l < ¿r{lLrlh - arl I løt - ørl}

for all (m, y, ar) ancl (n, Ur, ø) in the dornain of definition of L
a'n(l all q : 0(l )r'.

It sliould be notecl that u,e usc thc Lipschitz conditions on
J, Lo gtarânt'rc i,he existence of a unique solution to problem (1

îlre f unctions J,'o) ^rrd. 
lt'1) 1 q : 0(7)r ale functions of #, U D":¡¡d.

ancl they âÌe givcn flom l,he follou'ing Algolibhm :

Iret /10) : lr@, A, ø),
and- /Áo) : lr@, y, p).

Thcn, for all q : 0(1)r,

t¡r,t+t¡ -'r':: .lÍ0, 'IÍoln" * tr::rra- ur!)" 
,,

à17d. J2

f, ancl
)-(2).
.ø onl¡r

I
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and
itol, _ lkt _ ql:!-" -, arf:l , - 4f",Q+7) :*- - t2 :1- 

-.lt 
-f 

-l 
' lr.

ilnq - oæ òu dz

Then, we derine the spline functions approximating the solution:.

E@) and ø(n) by B6(æ) and ,S¡(ø)' where

(5) B¿(ø):B*(r), nt,4n (#r+r, k:O(I)n-1
and

(6) ,S¿(æ):Ño(ø), n¡,4r (#r,+rr k:O(L)n-L'

Boûh S¡(r) and Ño(ø) are given from the follorving :

wlrere Ut'+rt : q1'+\(Er.), øf;+rt - z''*t'(I*), Er, \re (ûtr, ûr+t) and" k:
: 0(1)ø - 1.

First, 'we estimate ly@) - So(r)1, u'h,ere ø6_$ ø_--( øt.
Using both (?) and iO¡ for /c : 0 and the Lipschitz conditiotr (3)'

we get, 
,

lv@l - so(æ)l 
= 

,ri[{ lru.t'tEr) - v(''+1) I f l¿("*t'(ro) - z'd*'' l} '

to

.lt - nol'*'f 
,tt

(r l- t)! J

2
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(11)

fl 
r,,

(7) Í!'{*r, Sr,-r(¡r,,), Br-r(ø^)}, Sr-t(r^) *

* iu,, ,.':)',rt .fl){n^,s^-r(ø*), ß,-r(ø,)}l dr' ' '
i:o U + 1)!

ancl 
,

ñ,.(ø) - ß,.-,(ø*) *ir,[r, s,-,1r*) + É H#
tt;

(8) '.flt'{.ur, S,,-r(ø,), 8,,-r(r,,)}, ,S*-r(r,,)*
ï (' '^ \r+1 ..:ì.

+ f '-fi]H JtÐ{n, S,-r(øu)}, S,-'(ør)}l tll"'
i=0 \J -f r'r¡

where h : 0(I)n-1 ancl S-r(æo) : Uo, S -t(fiò 7 3o. ^By conÈtiuction, it is cleal that Ña(ø) and Sa(ø)€ C[0' 1]'

convcrgenee. we are going to discuss the convergence of these spline

approximants.
For all uelû.t¡ &r+rl, k: O'|.l)n - 1 theexact solutions 

-of 
(f) ancl

(2) can ¡e u'ritttir":}iy'üu^ns oi Taylor's expansions - in the forrns :

(e) y(u):r- +il,l,,;å. (t' 
-..n¡\i ,'i','Ë +"!r'] ar

rh

antl

(10) ø(æ) :,r *\,,\':Ë,ry vf':P,ry zr')at,

=", #ñ{.(gr,,*r,, 
/r)r f or(a("+1,, D)}

/ 2Lt .'r+i
\-- fú

(r |- 2)!' 't(I¿) :0(l¿d+r+2¡

where a(uî+u, h) and a(?.(r+D, D) are the mod.uli of continuity of i,ho func-
'tions ytt+r) and. ø(r+l) respectively, and

(12) or(ll) : ¡n¡- {¿¡("7r'+1), /r,), <,i(ø(''+1), ft,)}.

Also, we esbimale ly'@) - Sá(øll.
Usinþ both (?), and (9') for' /c : 0 and nraking use of (3), we get :

,(13) lll'(n) - Bá(ø)l ( Ir{ly('*t'(€o) - Uo+tt I -l- lz('*t)(tlo} - ¿8'*t'l}'

.lm- nol!*t 

" 
2It. . h,.+ror(/ù).: 0(h@+f+1)

(r -l- l)t (r + t)!
To estimate ly"(r) - Sú'(r)l r\¡e use both (7) and (9) setting lc:O

:and the l-,ipschitz condition (3), so that lve get :

(14) lU"@) - Sí'(r)l 
";Ti,J 

hi+1a(tù,: 0(hd+'|+r)
(?' t r,'

Moreover, it can be easily slto'n'n, for q : 3(1)r f 1, that :

(tl-,) ly'o'(n) - S[a'(r) I < ,++- lt'+Ltt(fi:0(¿q+¡+1)
(r * t)!

In a sirnilar rì.anller, using both (8) and (10) for, /¡; : 0 and the
Iripschitz condition (4), it carr be shown, for ro ( r ( n' t'}.at:

(16) lz(n) -So(r)l =:k 
tt'+2ol(tt'):: o(hq+'r+z),

\r + z).
and

(1?) lø<r)(m\' - B'^:'(ro) K #'u'h'+1o¡(l¡).: 
0(hd+"+1)'

where i:1(1)rf 1.

8,,(r) : Sr-r(rrl+jn (t - no\r+I
[¿, ñr-r(r,,) * Ej:o u+1)!

I

rh
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In l'hat f ollols \\rc cleal u'ith
lfrr,'''frr*il; A'- J(1.)rr, - J.

Using (7), (9) ancl the LiPschitz
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thq genelal subinl,ervaf 1. :

contliLion (3), rvc gcí Il, = ls{'+rt (rl*) - Jt){n,;, Sr-r(ø^), 8,,-r(¡r*)} I < .(ro*'',lr)l

-f Lr(e',, I êr)

ancl

(2+)

(18) ly@) - So(r)l :í ly,, - S,-'(ø')l I Lt lly,, - Sr-,(n, )l f

-l- I' l1 . '11'..' lyll*'' - lf,{n,, s,-,(r,),
¡:o U+l)! ""

It - *'l'+t
,B,-,(,,)}l+#|,/,*',(4,)-ji'.J,n,',S,_',(r'),Ñ,-'(ø.)}l*(r' * 1)!

-llz,, -,s,.-,(r^)l +'í 11. ,'ïl']' l:ij+u - lé'l{n,, s,,-,(r*), s,-,(ø,)} I *
1:0 \J I L),

, l¿ - nrl" \. . r^r+1r+1frj-- 'lø'+r(i¡r ) - lá"{r", s*-r(r*)' B'-,(ø' )} ll tlt'

:I

then, 11.e can easil¡' get :

(26) ¿(r) < \L I cott)e¡ * colt,r',, ¡ zn,--J!!!- .1¡,¡' (r l2)l

rvlLe'c co : Ltl L?(a- 1)+ rfñit L,Lr(e- l) + ffi , 
^'^

constant indepenclent of h.
r Similarl¡',, using (8), (10) antl the Lipschitz condition (4), r,'e' can
see that:

,,(27) e(n) 4 c,tre,, + (1 + crtt)er -l2L,lf¡.Qr) , 
l

,rvlrele c.t -- Lz) LiQ - r) | ,L"^., I Lrlr(c - 1) + -L+=, l* 
"(r * 2)t. (r { 2\l

constant indepenclenl:' of. h.
To complete the proof of the convergencez lve use the rnatÌi-x ine-

eualil,¡' which is given in thc follorving d.efinition.

DeJinition^ Lel, A: la,¡1, B : lb,¡l be l,uo malrices oJ the sante
-ord,er 1 then we say trh,øt A < B iJJ

$) borlt, tü¡¡ (t"nd, b¡i an'e rtott-n'egal,itse.
(ói) a¡1 4 bu Yi, j.
Ìn vieiv of ihls clefinition, ancl if \Ye use the matrix notations i

E(n) : (e(n) e(m))r I

8,, : (eo e,,)1', lt: 0(1)r¿ - 1

rL'

Not, let

(1e)

(20 )

Ur: llll!*" - Jlt){n,,, Br-r(rr), S'-r(r')} l.

then, using the Lipschitz conclition (3), u'e get : :j

U, - l'fÍJ'(n,,, !lt, 3:t) - J'i'{n,,, Sr-,,(rr), St-t(rt)} | :

ALr{l!t,,.- S/,.-,(rp^)i * le^. - S,,-r(ør)l}: i :

using lhc t¿cl thal sr(ø) € c[0, l-], Sr(r) e C[0, 1 lrnd Ûhe nolrtions ::

e(r): ly(n) - Sr(r)l
''r' ': : 'er\q)-l!lr-Sr(ør) I i ::,

e(n): lø(n) -- S^(ø)l'

er@) : l¿, -,S*(rr)l

(27) 
, 

,r 4 Lt@', -] c,,).

Simiìally, it rve leL

,,. i t, V, : l1¡t,'+rt(l) - Jl',{ur, S,,-r(r,,), ,Br-t(rr)} |

1'hen,

(22) ;v14 ly9+I',(Lr) - aL*',1 + l|!"(nr, ar¡ 2r)-'

- JÍ'''{nr, Sr-r(ør), ,S*-r(,r,,)} I < .(.7''*t), 1,,) I Lr(e¡ ! e,,)

'Ihus, using the sa,me.plocçllule, it can be easily shgwn that:

tlr: lz',!"' - J!rt'{n^, Su-r(r^), Sr-,(r*)} I 4 Lr(er *õ,;),(23)

then, (19) J:ecomes
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Norv, rve give the follou'ing clefinition of the natrix norm :

LeL I : [],¡] l¡e an m x n matrix; then t'e clefine :

ll?'ll : T,r* lJ,¡ l.

using this clefinition, we get :

(2s) ]lEr ll : rnax (eo, er), lt: 0(1)ø - 1.

SPLINE -APPROXIMATIONS 723

lMe nolr estirnal,e ly'(n) - Bí(¿)1. 1ìhus, using (7), (9) ancl the l-,ips-
chitz conditions (3-4), u'e get:

(33) e'(n) : ly'@) - Sí(r)l ( úa(úr * Z,) * zt, -J!!t-- ^g1(?' + r).

where cs: L.t I L?(e - 1) + 
t, llrt I LrL"(e - Ð +;h is a

constant indepenclent, of h.
On using inequalities (31) anct (32) into inequality (33), u'e easily

get :

(34) e'(n) 4 coh;+rcr(h') : 0(/¿d+'+1)

where cn - 2crc, + . '.L',., is a constant independent of l¿.
(r * 1)!

In a similar nlanncr, rn'e estimal,e lz'(n) -,Sí(r)1.Frorn (8), (10) ancl using the Lipschitz conclitions (3-4)' we get:

(35) e'(n¡ = lz'(n) -S;(r)l ( c¡(¿r * Zr) -l- znr- h'*'r- ,1¡¡' " (r +1).
where cr:LzlLrlr(e-1) + ,"|":.. ¡_L'ì(e-1) + !2,.. is a

(r f 1)! (r f 1)!
constanl, ind.epentlent' of l¿.

Using inequalities (31) antl (32); inecluality (3õ) becomes:

(36) e'(n) 4 cuh'+tto(lt):0(/¿ø+f+1)

rvhere au : Zcrc, + . '!.'u, . is a constrnt inclepenclerrl of l¿.

(r*1)
Using (3), (4), (31), (32), (34) antl (36) rve easilv get, for all i : 2(1)

/+1.
(3?) ly")(u) - S!:r(r)l ç c*/ar+1<;r(h) : gi¿"+'+t¡

and

(38) løQt(n) - Stl'(.r)l< ã*¿'+1o(/r,) : o(h"+'+t¡

lvherc o* ancl c* al'e constants inclepenrlent of l¿.

thus, n'e have provecl the following
Trrnonnu. Let Bo@) an,cl B6@) be th,e appron'i'mate solut'ions 1'o

problem (1)-(2) giaetr,by erluations (7-8), utt'dlel,Jt,, Jr. C'(Lno, n"f x R2).
Then, Jor all n e lfro¡ nr] we lt'aae :

ll@) -so(r)l . ,îfrtt'+z,.l(tL),

ly,i)(n)- g,;r1ø) 
1 a --2!+- rr:+ja(rt), j : 1(1)r x 1

(?'+ r-J I

lz(n) -80(ø)l " nifr ttt+2t¡(t¿)

6,

we can vrite the estimations (26) ancl (27) in the folrn :

E'*, ( (:,: "'' , +",',1,)(ï) 
. 'iîñ'(l)(:')

Thus,

(28) D,*, ( (r + ttÐn,, + (:ï# t:(h) Ìr,

where n : (:', "ro,), t : (:',) ""0 
I is the identity mal,r'ix of order 2.

Since (28
inequaliti

) is valicl for all rfû¡, n¡,¡rl, h:0(1) tø-1, then the follolving
es hold true

llr(r)ll < (1 + /¿ll-4ll) W^ll+Æo(r¿) llBll(t I 2)i

(1 + hll.4ll) llE-ll < (1 + /¿lláll)'llÐ,-, ll+:!+co(h) (1 -lhllall)llrll
(r | 2)l

(1 + /¿ llAlD,llùr-,ll < (1 + hllAlD'll4,-,ll + ;h co(/r,)(1 + hllall),llB ll

(7 + hllAll)" llZ, ll < '(1 + hllAll)"*'llDo 1¡ ¡ -2!.-' co(li) (1 + /¿ ll-4 ll)' llB ll(r -l- 2)!

Adrting L.,.H.S. and R,.}I.S. in these inequa,lities, antl noting that
ll.Drll :0, u,e get :

(30) IlrD(ø)ìl 4 crh'+ra(lt),

rvhere "r: .'ll!l!::':'r. .. is a constant, incìepenitent of t¿." (r + 2)llj/ ll

By clefinition (29), it follou's tliat :

(31) e(ø) ( a,h'+lro(h) : O(¡ùu+r+l)

antl

(32) oj(#) < crlf +t co(h) : Q(h"+'+t¡.
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ancl

lzo)(n) lSb,'(r) 1a --2!' /r,,+1o(/r), j : 1(1)r f 1
(ftr)l

and Jor a,ll n e |frt,, frr+r), l,; :7(I)n - ! roe hutse:

lyo,(n) -Sll'1r¡l< Ct¿''*r.(h), j:0(1)rf 1

ancl,

þrit@) -s;;r1r¡l (Ith'+rc¡(h), j- 0(1)rf 1,

whete C cnttl I( a,t'e constcntl,s irtd,e.pend,ent oJ h.

liumelic¿rl exatnple. Consider t.he follol'ing system of cliffelential
ectruations :

Y' ll +z' fi-fr2-e2',
ø' : 2!l l2z - 2e, - 2n2 - 2, Ue) : l, ø(0) : Z.

lhe rnethod is l,estecl using this example in the inten.al [0,1] rvith
step size /¿ .- 0.1 l'helc I : 0 and. 1.
r illire anzr,lytical solution is :

Y(n):e"in,
ø(r): e2'+ n2 +l-

îhe results tabulated belol' are er.aluated al, the point 0.25.
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0 .001256002 rl

1
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r:1

l:0
t-I
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1.53402c417

2.711227277

2.28402t417
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