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1'he plobìeur of anlonratic thres
technic¡ues, a rovel methocl is
computecl using onìy irlfolmali
ponding to the gla-l' \'alue ol t
effectivcness of thc nletÌrocl is

1. Introtluction. 'Ile select,ile isolation of interesting obiects frrom

onform to this model' truf it is appli-

ânalysis, clu'om
par'l,s inspecl,ion
gâtion of cytol
thc decision bet,
rnust be rca,lized by consiclerâtion

csholcls âre zì,ssociatt'cl to extllein:ì of
is the grtìY lcvel histogi'am. l'llny
o select good thl'esholds in rù Pic-

ture. Some of them ale clescribecl jn eszkâ's [13] surve¡'alticle' Sevei'al

thresholtl selection methocls ha,r.e been pïoposed ovel' tlle last yeals [1,

2r.3, 51. .¡hresholc1 selection int'olt-es the ótroice of a gla'y level f suc'h

túat'ali gïay levels grea,ter i,han ú âre mapped into the gbject label, rvhile

the other levels are-mappccl into the ìracliglouncl label' fdeall¡r, this thres-

holcXs rvill be 1,he mean^gray \râIues of the borcler points of thc olljects'
Thus, the tht'esholtl i.s chosen usuâ,lly as â lo\vest ]loil1' between 1'wo mâlor
peâks on the gray-level histogran [?-1, or as a lìighe-st-peak in the gra-

ôlient histo glam Fll, An alteìlnatil'ò methocl of thlesholcl selection is the



.IHRESI-IOLD SELECTION 133

ìne¿ùn squàre err'or bet'\\¡een lhe ulav-level p ,ùt,y repïÐsen_
tation obtainecl_bI threshotding a,i, gray lei, ¡S1 háve re_
centl¡- suggested the ec|rivalence of the ots fõr-thresholil
selection rvith solving equation (1). They g'eneralize ths rnethocl to the
case of trvo thresholtls selection and constiuct an il,er:rr,t,i'r,t¡ algorithmlvhiglt
can be usecl to sclect onc or tu,o stablc thresholtls. Thev cliil not obs¿r,ve
that the algorithm is the sanc¡ r'il,b thaj., folnrulatee.l iir liius¡q¡ll's eolnrnent
on,Ricller''s jt,elative met,hod 16, 9_1. We have extoncle¡l ¿r,ncl useel l,his schelna
l2l Lo select, six tlileshold r.alues for reprochrcl,ion J)Ìu poses of gray-level
pictures to the glaphic pr,inl,er'.

trveszka, ITagel ancl lìosenfelr.l [14] suggesl, 1,he cìetelurination of a
histogtam fol only those pixels havi -

nerv hislogrant, the thrcsholcl is sel

e thc choice of ¿r, threshoìd value _lvhich
o ovet, all pixels rvhose gra,y

r ,.,ät,rtuiìì'"?. 
arxl t{ara'ric}r fl1l

'Jìhis paper presetrts â, ncrv nrethod for tìn'esholtl selection based on
elny-level itistoglam analysis.
an :lclcqua,te leltresenl,ation of
gra,Y.Ierrel /, ancl rninimizing tì
pictule ancl this replesentation.
lneasrtre's' namel¡. the ÐLrditlian djsl,¿lnce and cii;y lllocli rlistatr.ce betrveen
1,r,1'o pictules, tnro tbt'esholrls ¿llc obtaiuerl.

e selecl,ion. of a 1ùresholcl -r,alne is
vel histoglam of the given image.
rlrirlilliuul,ion, schoue rrle l,ime-con-
e simplest ploceclnrcs like valley
cannot be usetl in situations .l.vhere

hi.stogr,arn ol tliere exisl, rna,ny srnallpeaks i" th9 histogra,m,_ etc. Also, the rnultitlrreshol<l procetlule c¿r,nnot
be tlerivecl b¡. this sing'le thrcsþoid ltrocer¡u,e.Our ho'Js of t,lrr.esholcl selection,miniiiiizin anrì cor,r,gspontlingly clefjrrecíthreslroldi rnisuratcÌr 

^m"rrs.,r".s 
l7 , vol.2, p. 371

DDDD
j; i 

,å,å ll,¡ - {/,t1, ,I,å 
(lo¡ - tt,)'

callecl_the_cit): l:lock clistance ancl Euclitlean clisl,ance respeciively.
lnú. -r-(r, P) denoi,e the class of E'ny-scale pictureJ of crirnänsion

{]anr.f .rvith the gr,ay-lcvel I'ange0,t,...,p_t. Tlruj,TeTm( Ð, p) rneans
thaL J is a gray-scalc_picLure wiilr'¡z pi.rots in Lhe ,,oig" d < i, < p_t,
i : 7t2,..., D ; j : I)2..., D.
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The minimization of the city block distance between
and the right, thresholcling of J at ü is equivalent with the
of the expression

t3s

threslrolding. of I at, I must be a picture in the same class- y,ë mi(i,
although it is a bi-level picture. tt ,¡, is definecl br.

I

the
P),

the pictule /
maximization

,r,0, j) : t.r(Í¡¡, t) :
Thus_, _1ùe bi-levcl piotnle f, for t : I,2,. . ., P-1 is clirectl¡. tlependerrb
of ¿.'Ihe notation t' T(1, l) leacls to 1,ìre usual clefinii;jon of thã t.rvó-vatued
pictnre T(1, t)

Er(J, t¡ : ¡

the term E kE(Í)r being a constant associatecl to.¡f.
lr:0

fn the same way, the minjmization of the Euclidean distance is.
giJiÈ:lt rvith the maximization of the expresslon

E,(Í, t) : ,(r.'Ë,o"*rrr - , 
*t, 

H(flr),

P-1

I k'E(l)r being also a constant associated" to f.
h:o

r-¡et us denote R,(il:'i' 
"rflr,and 

B,(l): T'hfu(flrirrespectivoh:l h=t
of what the gray-level histogram of f is, we have the chains

P-l

x -r/(/), : Ão(/) > n,(Í)> ...>
À:0

DD

I l/,t : ño(l) > s'("f) > "'
i:r r':1

The expression -Dr(J, ú) can be successiveþ w'itten as

,f '(i, .i) 
: P - 1 if the pixel l¡1 ) t

0 othel'w'isc

t 11 Ítj>t
0 oi,herll'ise

P-l

\ H(J)r
h-l

tlren, lihe ìn_exercise 10.4 17 (vor.2, p. 66)1, the tluesholcl value minimj-
zing one of bhc abor.e-d.ef ineil clistancès ber,iveen f an,ì f ,, is the rniddle
of tlre Éìra,y range, na,mely t : (P - I)IZ, intlepeirrlentti"ôt the structur.e
of the pictur e /.

.Ihe rnain iclea of this paper is thc following clefinition of the tJueshol-
.ding of thc picture J at t,

T(Ít¡, t) :

We shall call the picture t . I(Í, ú) the right thresholding of / at ú. nor a
given gray-scale pic1,ur.e J.Im(D, ?), rve have P-1 sucli bilevel pictules
t' T(:1, t); t:1,2, ...,P-I rvith the following ploperties:

L. T(Í, L) > 2TU, 2) >- ... > (P-r)TG, p-r), le Im(D, p);
2. t'I(1, t) <l for every t:L¡2,...,P-1, le Im(Ð, P);
j. l":ma,K (t'I(kh t)), i:IP,...,D; i:7,2,...,D, Í.Itn

{D, P); 
o D p_t

4. I I t. T(Í,i, t): t. I ãff),.
i:l j:r Þ,:t.

According to these results, the cil,y block clisi,ance bet,ween the gray-
scale picture f e f¡(D, P) ancl 1,he light thtesholding of I at ü is

d,ç,t' Tç,t)): Ë Ë v,¡ - t. Tç,¡, ¿)l : "t krr(ilt,-;.l'"$¡r
i:t j:r Ã:0 h:t

Also, thc iìuclidean clisbance bet'ween the same picLures,

D D P_I P-I P-l

I I (/,, - t' T(l't, t))' - \ h'H(Í)r - 2t>' t;H(J)^ * r I ã(llo
i:t j:\ &:0 h:t h: t

3. A ncrv thrcsholding rnethod. Definition. Tlr,e gr tt1 aalue t mi,ni-
mdz'ing one oJ th,e dista'nces between tlr,e p'icture f eIn(D, P) and, th,e righ,t
tltreshold,ittg oJ J at t zotll be cul,Led an optimunt, rí,gltt thresh,o Ld, in tlte sense
of tlrc correspontling disùance.

Erf,l, t) : t( 2UhE(J)¡,-'trtH(Í)r
h:, h=l

(u*t,+ "í n,,u)),

tif.Írj>t
0 otherrvise.

: 
'(u'tt' + i' (k - t) E(fln

P-1
:l¡ a,ncl the expression WrU): ñ¡U)*

lr
T:h+t

generatos also a nonincreasing chai:l

:i: Wo$) > Wr(l) > ...

nr(JI

So, we can formulate our main result:
Tmonn¡r. Ihe opttimum right threshold, calue Jor a giaen pi,cture

/ e fm (D, P) in the sensa of the city blockrdistance i,s that gray letsel, t maxi,mi-

øí,ng the pr od,nct t' Rr(Í), Jor R,(J):ÞE ãff).. Ihe optimumrightthreshold

q)alue Íor /e fm(D, P) in the sense oJ the Eucl,idean ilistance is that graE

l,eocl t møaimiøing the Ttrot1uct t'Wr(il, lor Wr(fl:Tt Qk-t)E(il,
h:t

We shall extend the chain {RoU); k:0r1,. . ., P
funcüion R(ø, Í):J?¡onr¡(.f), for ø e (0, P); respectively
h : O,Lr. . ', P -1)) to the step function W(n, J) :'ryt
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l

is the integer part of the .cal nurriber r e (0,p). Both these funcl,ions ar.enonincreasi{s. Ç,o1sicþr'ing the gr.aphic repi'c,seitations of ur"rà i"o"uorr{
we obtain the follorving geomel,r'ic interpietal,ion of the t,heorem.

Conor,r,anv. tlte oqtti td oalue
i,n the s-ense oJ the þr Euaia, ilto selec_
tjon ^of the ntamin ittsqibecl ntited, by
th,e Junctiotl ß(n, W(m, Ð) 

',n?.s.

(fig. 2).

I¡urther impoltance of the rnethod clerives frorn its possible generali-
r,ation to multiple thresholcl values selection. In a geometrjcal inl,erprêta-
tion, for a fixed number r of 1,hresholds, 'lve can obta,in the best approxi-
mation of the area R(r, /), respectively W(n, "f), by a set of r inscriloed rec-
tangles.

0 l0 ãt 30

Fig. 3. - A histogram ol a Landsat image [11], and threshold candi-
datcs.

0 10 20,

lt'ig^. 2. - Gor¡trrc[r.ic illelplclation of Lhc ntcthod.

4. llisct¿ssiou. 'll¡e threshokl s
a,q conrplex as 1he simple hisl,ogra
l-ru,t we hopcr tJrat, sclccted- thleshol
optirrrun rìe'h1 thlcsholcl va,lucs (d
almosl, ecFraJ. S'hcn 1,he¡. p¡'¡i¡it a si
liôk'ling of ihe pictulc cannot, be us

As an illustration of the quality of oul thleshold selection plocedure,
leù us consid.er the histogram l11l (fig. 3). This is a histogram of a Lancl-
sat ima,ge segmented by Wang and Ilaralick. By the concavity analysis
mcthocl [1,8], the gray level 23 is selected as optimum tlrresbolcl (also,
va,lnes 7 and.15 are selectecl a,s possible canalida,tes). The iterati'ye methorl
[2] based on equation 1 solving 14, 5, 9), selects 16 as stal:le thresholcls.
This woulcl be selected as threshold by'\Matanâbe's method, also. However,
IMang and Ilaralick l12l use a vely sophisticatecl methocl to select the
gray level 12 as a goocl thresholtl. By a rectusive multithresholcl selection
technique, they select also as thresholds the values 2O and.26, bLrt then
never select 16 because it is not compatible with the others in getting pule
bright or da,rk regions, as they proved. ft must be underline¿ ttrat tne
m_ethod of Wang and llaralick [11] js based on the d-ecomposition of the
edge pixels histogram in two other histograms where peaks a,re detected.
-A special rule selects the threshold between candidate peaks using the
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probabilities of getting dark, respecbivel¡r bright, Ìegions by thresholcling
ut t. T¿ike other method.s based on eclge cletection, this methocl is tiine-
consrunming and computâtiona,lly expensi\re.
_ By our method., the gray ler.el 12 is selectecl as a,n optimum rig'ht

threshold- in the sense of city-block clistance, and. 1l is selectecl in the
sense of Euclidean distance (table 1). The poor appÌ'oxirnation in the gra-
phic representation of the histogram can expl¿ùin the clifference bctlveen
these thresholds ; it ma¡' result also fromt he giar'-scale nature of the âna,ly-
s-ed picture. Moreover, iq the multithreshofcl case, our methocl can select
the two secondary fhresholds 9 and 16. '

Taltle 7'
Numerical hislogram ll(f) ancl, cxpressions Ã(f), S(f) W(f,),lRú),Il4zr(f), lor anâl)'sed Landsat

lmage

Gray twúf)

0
I
2

4
5
6

I
o

10
11
12
13
t4
15
16
17
18
19,,
2I
to

24
25
26
,1
28
29
30
31

0
0
0
1
T

6
16
24
34
39
48
54

43
60
49
4!
31
20
15
I
4
n

4

4

o

7
0

5?I
57t
571
5'.71
5'-10

569
566
563
557
541
517
483
444
396
342
295
252
192
t43
702
77
5T
36
27
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16
L2

o

5

7

0

70272
70212
964r
8499
8496
8492
8477
8459
84r7
8289
8073
I tôõ
7304
6'.728
6026
5368
4'723
ó /bó
2930
2ls2
1603
t203
888
690
598
430
330
252
744
B8
30

0

20424
19853
18140
15285'
14772
14139
13558
t2977
12378
11709
10976
10153
9280
8308
7264
6311
5414
4262
3266
2446
1786
1335

984
759
644
460
348
26r
148
89
30

0

20424
57t

It42
Í713
22BO
2845
3396
3941
4456
4869
5170
5313

lb328ltt
5148
4788
4426
4032
3264
2574
1938
7420
to1t
792
62r
562
400
3L2
243
t40
87
30

0

0
19853
36280
45855
58848
70695
81349
90839
99024

105381
109760

lrtt6dãl
111360
108004
101696
94665
86624
72454
58788
46474
35720
28035
21649
77457
t5456
11500
9048
7047
4144
2ú8t
900

0
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