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'I'he number of li it, c¡.sles o[ an autonomoiLs systern can be stu-
,diecl in the case 'when t e s¡'stem has onc ot llfolc singular points. papels
[1], l2l gar.e the conclitions that a sJ.stem of the forrn

ù:ll -n-@\
lt - - tJ@)

aclmits exactly r¿ lirnit cyclcs, u'hele the origin is the only singular point.
fn oul pâpers [4] and l5l the above systern is gencralizecl, antl the con-
clitions 1,hat 1,he system aclmits exactl¡' r¿ small amplitucle lirnit c¡.slss, ¡þs
.origin lteing i,he onl¡. singulal point, alc gir.en. I)enisor. gives in [B] con-
clitions for l,he existence of ¿r, limit cyclc x,hich sullolLnds tìrrec singular
,points, or a,n ¿ù oc1c1 numbel of singular points l)'ing on i,he Or-axis. 'Ihere
are also given existence conclitions for 1,r'r'o limit cycles sulrounding thr:ee
singtrlal points. In [6] ancl l7l Zlnilc-vlch est¿blishes conclitons that an
âutonomous s\rsten of i,he form :

ù::,t -n'@)
ù:-s@)

atlnil,s k lirnit cycles srLrlounding an oc1c1 numbel: of singulal points l¡'ing
.on the Or-axis. We generalize further clown the s¡'s¡sm stuc-lied li¡' Zhile-
vich ancl give existence conclitions fol /c lirnit cycles surrounding 2n lI
singular points lying on the Oø-axis.

Let Lhc¡ s)'stenr

(1) i
I
ri::yh(n)-I(n)
lt : - s(n)

be, n4rele n'@) : J@) ila, ft@),1@) nrrrl h(n) are continuous functions.

.(A) (/(a.¿) - 0, i -1, 0, 1., ...r2n-L) d-t 1 a.o 1 a7{ ... {u.2,-I
g(n) > 0 Vø e (orr-r, azt-z), i :7, n, fr e (arr-t, @)

g(n) <0, Yne (q.z¿-2, a2t-r)t i:I, 'n,) ne (- oo, o-.)
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(õ)
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Likewise, let the functions : '

F,(n) : f@) - pu(n)h(m),Ø¿(n) : I(æ) - 9,(n) h(n) - 
g(n)-.
qi@)

Trnonnrw L Let tlr,e Ju,ncti,on g(ü) be whích sati,s.fi,es th,e cond,itions(A). Ihere enist tlte Jutactioits qr(n), ,pr,(ri), . . ., g*@), n)2" crnA ilr, ;i;;r*;oJ numbers :

ü_*{ü_t¡+t <..,
We i,mltose tlr,e sugtptementctrlJ cond,itions :

íx) p¿(0) : 0, ql(a) (-1)'< 02 i: Ij, u_, ( # ( r¿,

(ii) h(n-n)Fo?n-r) (-1¡,*t 1Ø¿ (n) (-1¡u*t t h(n,) F,(uo) (_1¡'*r,
h(n) >0

o,nd 
fre lü-¿' ü¿l

h(u_r) lr(u_,) (-1)'*t < (-t¡'*r h(n) no(n) 4 h(ur)I,(nr) (_1¡u*r,

û e lü_¡¡ nrl, i:7, tc.
(¿ä') h(ø,) tr'¿(nr) (-1¡'*t ) (-1¡t+r J'o(o*r)n(h_,*t)

h,(n_¿) F,(n_,) ( -1), > ( _1)o F,(nu_t) h(n,_r).
Then, the system, (r) has k - r timit cycres so*ound,ùng 2n f r si,n-

gular points. rn etsery-4oyqír !-¿ {u { no, i:Trr there are cú most, i_7I'imit' cycles, out oJ tohich lilzl cù.e stabie 
'ønd, ¡1i'-'i¡izj ä,re unsta,bte.

ProoJ. Let h:2. We substitute in (1) :

(2) A:y*qr(n).
Then the system (1) becomes:

(3) t
t

i;:g1h(u)-n'r(a)
,!t : - q,r(n) lyh(u) - Ør(æ))

Let I, be the closecl cur"ve into rvhich the liorcler of the ¡ectangtreI, passes througù the tra,nsformation (4). The tuu;;¿to.i"" of the *v.fãr'
Then rve builcl the recta,ngle
axes, ancì Lhc vel,lices B"(n".
t_ra,jecLories of the system'1tíi
gle.

Then, in the_ r'ing donrain boundcd by r, and r, Lhel.e exisb atlca,st one unstablc Jimit cycre, thereforc rtcîneolein is-t'rovctt for l¿:2.tr.or /¿ ) 3, the proof is a,nalógous.

Noti,ce. ff thc_ conclitions (i)-(iii)-are aclequatel¡, p6.1ifier1, thenthc limit cycte in the case k : 2 
'is 

Àtabte.
Tnaonnrr 2 ri tly..co*diriotts oJ Theorem t hotd' a,nd, iJ we imltoseLhc suptpùemenlary cott[l,ilions :

(1ø) J@) <0, Yu € (g-r, P,);/(p-r) :l(pr) :0, g, ( o(_,

þ, ) orn-r,.

(1b) l(o.,): g(c/.t), i - -1, 0,11, . ..,2n, - l_; fþ_r) :?(Êr) :0,

Ê-r ( d-r,

þ, ) orn_r; f@) g(n)lh(u) { 0, Vr€ (p_r, pr), :r ¡ a",,

i : -1.t 0, 1,. . .rZrr-1,
and, add,itionølly,

9J,þ,
(z) [++ d,n ]o,i: -r,1;Ig+døç min (s(",0n,

)h(o) ')n@) )n(n)-*'

t e (cLD ct"zu_ z)t
then. system.(l) has at least k rimit cyct f 1 singurarpoints, since_ in elrer{ dornain o_r-<n < ni ¿ iimit ;}%ü,out of which l(ó + L)lzl are stábte, and 

"

ProoJ. The proof-is_anarogou-s to trrat in the case of Theorem 1, thedifference consisting of the fact that as the first borcler--,i,e coosider thecurve :

",:g#t|. 9(s ,7s,
h(s)

rvhere co : ¡rin

we builcl a rectangle I, having the legs parallel to the coordinateaxes, a,ncì thc veli,ices Br(nr,.h(n,)?ì(ø,J), B"_r(*_r, lr(o_rl-Fr("_;t.F,r.;;
the conditions ot the tlreorôm'it iddutüs rtät fö i"åj"¿ì;rii. o1i t-rrä'syste*(3) which cross the rectangle legs for. increasing i p"nuìrote insicle therectangle. Then, u'e substitute iñ (B) :

(+) y:u -|pr(ø) -qz@),
obtaining the system :

ù:h(æ)y -nr(n)
ù : - 9',@) l1¡h(n) -Ørþt)].

ø(s

P¿

ils, i: - 1,1.
h(s)

4-c. X57l
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. r:u!-(,v, ll ll) be a normecr space ânrl ret M,.y be two nonvoid sub-sets of Jz.

poin't oe X n III has th,e l-pronet|tt
O suclt, iltøt B(et, r) n M - *, íuheíe

s the /-property.}.
the follol¿ing âsÁet.tionß a,r'e true :(a) IUI n int-Y ç IM(X) -M n X;

(b) iÎ lW - V, then Ior(X): jlt .y;
(c) ext X n Io,(X) : Õ;
(d) rMQW): M.

e -set X has the l_property wilh rcs-(I) :Xnll[.
he set of rational nurnbers and -X _

: the set of rational numberß a,nd _y: {*i4-yt <_" <V4. We have r*(X): M n X.
- ¡iIalnple 3. l-¡et V 

= 4, lI : the set of integers n¡mber,s a,nd -tr: {0, 1, 3}. We ha're I*(i): X.
PnoposrrroN 1. I/ A¿ i,:I, ...,,tt; a/t.e subset oJ V wiütt, the l_pro_

perty, tlten ) A, køs the l-propertg with, respect to M.
i:T

cause Ai i : I,. . .,ffi has the /_pro_

)0., i:.I,. . .) n?, ßuch that ñ(a, ro)n
Tin {r1li : \, . . ., m}. Beca,use
z), .rve have

S(ø, r) n lW ,- ¡Ar.
i:t

Ilence z e IM(X). Since z was arbitrar,ily chos

^ (ö A,): 
'-(D",)'

en, it follows that M n


