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Let (V, || ]|} be a normed space and let M, X be two nonvoid sub-
sets of V.

DurINTTION 1. We say thal a point € X n M has the I-property
with respect to M, if there ig an » >0 such that S(z, r) n M = X, where
e, 1) ={ye V| |o —y| < ).

Let I,(X)={zeX n M| z has the I-property}.

Remark 1. It is easy to see that the following assertions are true :

(@) M nint X < Il(X) M n X;

(b) it M =V, then I,,(X) = int X;

(c) ext X n Iy (X)= 0;

(d) I(M) = M,

DEFINITION 2. We say that the set X has the I-property with res-
pect to the set M if X = ® op if Iy (X)=X n M.

Example 1. Let V = R, M = the set of rational numbers and X =
= {0, 1, 3}. We have I,(X)= .

Example 2. Let'V = R, M = the set of rational numbers and Y —
={ze R|— )2 < &< )2). We have I,(X)— M n X.

Example 3. Let V = R, M = the set of integers numbers and X =
- =10, 1, 3}. We have I,(X)= X.

Prorostrion 1. If A, i =1, ..., m are subset of V -with the I-pro-
perty, then (Y A; has the I-property with respect to M.

=1
Proof. Let ze M p (ﬁ A, ) Because 4,4 = 1,...,m has the I-pro-
i=1
perty with respect to M, thereare >0, i=1, .. ., msuch that S(z, »,)n
n McA, i1=1,..., m. Let 7= min {rili=1,..., m}. Because
Sz, r) € Sz, »,) for all ie{d,..., m}, we have
Sz, r) n M= A,

=1
Hence z e I,,(X). Since 2 was arbitrarily chosen, it follows that M n

n (éA) = IM(éAi)-



™
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ProvostrioN 2. If A, 1€ I is a family of subsets of V with the
I-property with respect to M, then\_) A; has the I-property with respect to M.
[1=34
Proof. Let z € | A,. Then there is a j e I such that ze A,. Because
iel
A, has the I-property with respect to M, there is an » >0 such that S{z,
7) n McA; Because 4, < J A4, it follows that S(z 7)n M < U4,
ierl iel

Hence ze I,(IJA,). Since z was arbitrarily chosen, it results that
iel

1€
M (%J A;) = IM(LEJIAi)'

1=y ¢ 13 .

Let # — {A< V| A has the I-property with respect to M}. From
definition 2, remark 1 and propositions 1 and 2 it follows that the family
# is a topology on V.

DerINITION 3. We say that o point € X has the c-property if there
is an r>0 such that S(», r)= convX, where convX denotes the convew hull
of X. ]

Example 4. Let X = {(0,0), (1,2), (2,1), (1,1)}. The point (1,1) has
the e-property, but the points (0,0), (1,2) and (2,1) do not have the c-pro-
perty.

Remark 2. If xeintX, then z has the c-property.

DEFINITION 3. We say that the set X has the c-property if all the
points of X have the c-property.

DrrFINITION 4. We say that the set X has the c-property with res-
pect to M if all the points of X n M have the c-property.

Example 5. Let Z be the set of all integer numbers and let X = {(=,
y)e R?| » = 1/2, y = 1/2, 20 + 2y £ 5}. The set X has the c-property
with respect to M = Z2.

PROPOSITION 3. If A, i€ I is o family of subsets of V with the
c-property with respect to M, then\J A, has the c-property with respect

iel
to M.

Proof. Let z€ M n (\JA4,;). Then there isa je I such that ze€ A,..
tel

i€
Because 4; has the c-property with respect to M, there is an r >0 such
that S(z, ) < convA. But convd, < conv(J 4,). Then §(z, r) sconv
el

(U 4,). Hence z has the c-property. Because z was arbitrarily chosen, it
i€l
follows that the set | 4, has the c-property with respect to M.
i€l

Let
¢ —I(X) = {we Xn M|3r>0such that S(z, r) = convX and »e I,(X)}.

PROPOSITION 4. If X is a strongly comvew seb with respect to M,
then the set ¢ — Iy (X) is also strongly comvew with respect to M.

Proof. Let e Mn conv(ec — I(X)). Then there is a natural num-
ber m and there are &l,..., #™ elements of ¢—Iy(X) and #,>0,...,%,>0
with ¢, + ... +1#, =1 such that z=4#a'+4 ... 2" For each
ie{l, ..., m} there is a positive number 7 such that S(a', r,) = convX.
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Let r=min {r,|i = 1,...,m}, and let z¢ § i .
congider the point e M 2 € 8(w, r). For each je (1,...,m},

1

7 =2+ Y ta’ —a)
i=1

For each je{l,...,m}, we have [/ —2'| = || — 2| <7 < r, Then

&' e 8(atyry) for all je {1, ..., m}. Because z = i i, 2 and S(a', r;)cconvX
R ‘-1

for all i€ {1, ..., m}, we get that z € convX. But » was arbitrarily chosen.

Hence S(», r) = conv.X.
From the definition of the strongl i i
y convex seb with respect to a given
set (see [1]) we get that M n conva < X. Then we hax?e °

S(w,7) n M < M n convX < X.
Hence x € ¢ — I,(X).

Because » was arbitrarily chosen in M n conv(c— Iy, (X)), we get

that the M n conv(e — I,(X)) < ¢— I,,(X). H v : i
convex with respect to 1§I(I ) & 0= Lyl X). Hence o—Iy({X) is strongly
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