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. r:u!-(,v, ll ll) be a normecr space ânrl ret M,.y be two nonvoid sub-sets of Jz.

poin't oe X n III has th,e l-pronet|tt
O suclt, iltøt B(et, r) n M - *, íuheíe

s the /-property.}.
the follol¿ing âsÁet.tionß a,r'e true :(a) IUI n int-Y ç IM(X) -M n X;

(b) iÎ lW - V, then Ior(X): jlt .y;
(c) ext X n Io,(X) : Õ;
(d) rMQW): M.

e -set X has the l_property wilh rcs-(I) :Xnll[.
he set of rational nurnbers and -X _

: the set of rational numberß a,nd _y: {*i4-yt <_" <V4. We have r*(X): M n X.
- ¡iIalnple 3. l-¡et V 

= 4, lI : the set of integers n¡mber,s a,nd -tr: {0, 1, 3}. We ha're I*(i): X.
PnoposrrroN 1. I/ A¿ i,:I, ...,,tt; a/t.e subset oJ V wiütt, the l_pro_

perty, tlten ) A, køs the l-propertg with, respect to M.
i:T

cause Ai i : I,. . .,ffi has the /_pro_

)0., i:.I,. . .) n?, ßuch that ñ(a, ro)n
Tin {r1li : \, . . ., m}. Beca,use
z), .rve have

S(ø, r) n lW ,- ¡Ar.
i:t

Ilence z e IM(X). Since z was arbitrar,ily chos

^ (ö A,): 
'-(D",)'

en, it follows that M n
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Pnoposrt'rox 2. If A, ie I is a Jatttil,y oJ subsets of V witlt, ttrc
I-Ttropterty ruiLþ, respect to M, th,enl) a¿ltøs tlr,e l-propertywitþ, respeú tu M"

ProoJ,Ltet zel) A,. Thentheleis a je rsuch l]flat ø e -4¡. Because

/-1 has the f-propertv rvith respect to Ìl\,_there iq an r^.) 0 such that B(ø,

r)' n M,-A..'Betcause A, - \).Ar, it follows that S(ø, r) 
^ 

M '- U A*

Ilence z e lv(l) A). Since ø r,vas arbitrarii¡' chosen, it results thal,
ieI

M ¡ (l) A') : I*(U A,).
dê t i'el
nët -s : {A=V 1.4 has 1,he f-properi,y with^r_espect.to !!}."F gJrt

definition 2, remark 1 and propositions 1 and. 2 it follows that the family
9 is a topology on V.

DnnrnrrroN 3. we say tltat a point fre x ltas t,h,e c-property iJth,erg
is an t,);,0 suclt,ttt,at S(n, r)- convi, wh,ere convX d,enotes tlte conuen ltul,l
ol x.

Example 4. T'et' X: {(0,0), (I,z)t (2,L\, (1,1)}. 'Ihe point (1,1) has

1he c-propeity, ì:ut the points (0'0)' (1?2) anct (2,1) do not have the c-pro-
perty.

Remark, 2. I1 n e int,Yr then æ has tlle c-property.

DEnrwITrom 3. We say ttr'at the set X has th,e a-propertg iJ øll' th'e

points oJ X høae the c-proptertY.

Dn¡'rnmron 4. We say that the set X lt,as tlte a-property wi'tlt' ras-
pectto M iJ attthe points oJ X r\ M lt'a'Deth,e c-ltroperty.- 

Example 5. L,et Z be the set of all integer num-bers and let X : {(?,
E)e n21r i t¡2, U >112, 2n lzy < 5]. The set X has the c-property
with lespect ûo M : 22.

Pnoposrtrorv 3. ff A,ieI is aJamily oJ subsets oJ V.with tha.

c-Ttro?terty tuitlr, respeci to M, th,enL)rA, has th,e c-property witlt' respeat

to M.
ProoJ. I-rc1" øe M î (Hrrrl. fhen there isa je-I suchthat' øeAr

Because,4, has the c-property wibh respect to \,.there is ùn'r > 0 such
that ñ(ø, i) - convA. eut convA, - sonv(Pr-A¿). Then B(ø, r) cconY

(l) ao).Ilence z has the c-pr.operty. Because ø wars arbitrarily chosen, it
ieI

fôiiorvs that the set lJá, has the c-property with respect to M.

Let
a -I(X): {ne X¡ Ml I r}0suchthats(æ,r) c convZ andæe I*(X)}.

PnoposrtroN a. ff X is a strongly aoml)eü set wi'tlt, respect to M,
thett, tlre set o - I*(Xi is also strongly cotauen with, respaat to M.

ProoJ. Let ue M 
^ 

natural num-
ber m and. tlrere àÌE $17. >
with t, + . . . i t*: L' 'o. For each
i, e {li . | ., m} thefe is ar r¿) - convX.

I-,el, r:min {rrl,i:,L,...,tn}, and.Iet øe S(n, r). Fol each j. {1,,..¡}n},.consider the point

z':ø+,it,1r,-n,).
n'or each j.{1,...,m},tve have ll nr-zrll :llø _øll<r<r.r. Then

"øt e S(nt,r¡)1or all je {1, ..., rz}. Becauseø: \ tortancl,.S(ø{, r¿)cconvX

f9r a,tl i^7.{I, ...,n't},rl_e get Lhat øe conr.X. B:;¡ rrvas arbitrarily chosen.
Ilence S(n, r) c coírv,Y. -

tr'rom the clefinition of _t_he strongly conr.ex set with respect to a given
set (see fll) rve gel, that ll[ n conix c X. îhen we have

S(n, r) î, M c, M ¡ e,stü,f, c- f,.
Ilence nec-I*(X).

Because ,r wa,s ar.bitrarily chosen in M n conv(c- I*(X)), rve get
t}:at the ,41 n conv(9 - I*_(4)j c c- Ion(X).Ilence i-l*t'X\ ií'stronfrly
€onYex with respect to M,
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