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ON AN INEQUALITY OF NANSON
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(Ni8, Beograd, Cluj-Napoca)

In this paper we give a generalization of the following inequality
of Nanson [1] (see also [2]) for the case of D,q-convex sequences :

THEOREM 1. If the real SEQUENCe & = (g, . . oy Gy ) 1S convez, then

(1) gt Aty s Bt at. . tay,
n—+1 n

with equality if and only if a presents an arithmetic Progression.
Definition. A real sequence o — (@ Ggy-..) 148 p, g-convex (p, ¢ >0)

if Lyy(as) >0 for n>1, where

(2) Ly ay) = Unrg — (P - Qtn 4y + pga,.

Remark 1. For p = ¢ =1 we get the usual notion of convexity.
In [4]we have shown that a remarkable place in the theory of p, g-convex
sequences is played by the sequence w == (wy, w,,...) given by
pw, hall qn
(3) w, = p —9q
np"-t it p =gq.
For example, we have proved :

it p#q

LeMMA 1. The sequence a satisfies the relation
(4) Lyla,) =0, n=1,...
if and only if
’) Uy = UW, - VW, .,
where w and v are arbitrary real numbers.

THEOREM 2. If the real SEQUENCE A=yt - . .,G4n4q) 1S P, -convex,
then :

6) PG T POttty (00 0+ (PO Pyl s

Wy 41 Wa

with equality if and only if a satisfies (4).
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Proof. Since
Gor+1 — (D + Qs + p0g_y > 0, k =1,.. - h
and
Gorry ~— (P + Dgryy +peage > 0, k=1, .. oh—1,
we have the inequalities :

S Wy g4y

(7) EIW (@gi41 — (D + @t - Pas_y) > 0
and

(®) ;% (dsr3 — (B~ Dagpsy + Peags) > 0.
Because :

(9) ' Wi g1 Wn - — PQUWKWy_y—1 = W,

adding (7) and (8) we obtain :

n+1 (,7/27,;—1 . e
PYw, g’i gl (et
which is (6).
Remark 2. For
(10) $u = Wyt . .,
we have
(11) qu(s") =1L

So we obtain the following :
LEMMA 2. If the real sequence a = (ay, agy...) satisfies :
(12) m < Lpfa,) < M, n=1,2,...
then, the sequences (b,) and (c,), » = 1,2,.. ., given by
(13) by = M3y — sy ¢y = @, — ms,,
are P,q-convex.
THEOREM 3. If the sequence a satisfies (12), then

(14) W < (P9 a1 - A-tgnyy v (pO)" tay-+. . . Fa,,

<Mz,
Wy 41 Wy
where
n-—1
Wy +Z (pQ)"_kwk(wn—k+1 + wn-—k)
(15) =

. =
* Wy 4 1
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Proof. Because (b,) and (en)y m=1,2,..., given by (13), are p,g-con-
vex, we may apply (6). Taking into account (11), we can make with (sk),
#=1,2,..., the same operations as in the proof of Theorem 2 and we
get (14) and (15).

COOROLARY. Since Jor p=gq=1, w, = n, (6) becomes (1) and

(14) an inequality proved in [3], where 2 — 27&% )

REFERENCE 5§

f1] Nanson E. T, 4An inequality. Messenger Math,, 3%(1904) 89— 90,

[2) Mitrinovié D. S, Vasié P, M, 4 nalytic Inequalities, Berlin— Heidellerg—
New York, 1970.

I3] Andrica D,Rasa I,Toadecr Gh, Onsome illequalities, involving conwez sequen-
ces, Anal. Numer, Theor. Approx., 13(1984), 5—7.

{4] Milovanovié I, Z,PeCari¢ J E, Toader Gh., On p,qg-convex sequences.
Itinerant Seminav on Functional Equations, Approximation and Convexity, 1985, 127— 130

Received 18.10.1985 Institulul Politehnic
Str. Emil Isac, Nr. 15
3400 Cluj-Napoca, Romania



