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l. xntrotluotio'. rú is rvell knorrn that if p e Olxl is a poryno.iialrvith rational coefficients, ilren the sequence (ctn),,7i,' l¿,': sin p(ra) is noi
I 46).

:R-'{iQisaco
en ihe sequence
Itrt, llI), lr'hele

fn rvhilt follows, rve shall sav
is relatively derrse foi thc functión
l@) <f(u), therc- exists an n,Þ L s

nre resurb or r1r sho.ws rhat ir å ïTi ,'.',iråîl;tîfi,,hËìl,"jtri;
sequence (an),rt, &n: h¡. is a relatively clcnse 

""i"u"oârìerlugnce 
for, 1,hcclass of co.tinuous perioclical funcl,iohs ¡;fr :;ïïl'je'ioa r'.

.._,..^l,1,lJli:."ryf"r, 
.we shall co'struct fo'r classes of ¡:ctai,ivety itcns.onnivclsal seqlrences for the set of continuou_s perioclical frinôticnø ¡ i lt _i nof per,iocl ?'.

fn the seconcl pSrt g{.i,he paper, it.i,s pi.oved bhzr,t if (cr,,),,¡i irl r!11.nbo'nded seqrencc õf posil,ive niìrnberjs rvittr ife pi,"p-;:;;: i;,'#íi;, jì :ï
-. ü,) : 0, then it is a relatively Clense enoot conlinuous periodical frrnclioås /: -€ 'î;.

fn the thircl part of the paper, \ve } e
1propelt¡' -,, (P - ao) É qlxl, 

" 
e _R\{0 t>la'

$en¡e univelsal sequence for the class of conl,inuous per,icclicaì func,oionsî , F * -R of pc'iorL ?. Ttris resulr is nruch ù;rr;;, ;ì;;;; áû;u" 
"î ïài;;ú"iî
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fn the fourth part of the paper' basecl on _ the results of
H, FIiIìS1'ENRERG [3], rve give other tlvo classes of relatively dcnstr
uni'r.er.sal seqrlences foi iire coïtinuous perioclical functions of póriocl ?'.

Ilirst, rve "qhall gir-e sotne tlefinitions'

1.1. I)pnr¡rrroN. Let J ,- Il be an intet'aul (,finite or n,ot,). We shal.I
sarl tltat tlre set tL is eæt'ttrolt'ere clen'se in' J iJ A c J rr'ncl, .fot' el)eru open'
non,enpttt intet't,ctl .f t ue ltat¡e (I ¡ J) | A + Ø.

1.2. l)nnrNrrroN. .Let (tt,,)n2t be u sequ,ence o.f real n,¿tntbers and let
r> 0. \Ye sl¡a,tl su,t¡ th,at th,is sequ,ence is u,ni.fomnh¡ distributed (nocl r) iJ

for euerly 0 ( ø < P < r', ue h,ure

,. vu(a, 9) p - a.lìtn '-1 ' '
fl+æ IL j.

RDI,ATTVÞLY Di]NsE UNIvEn,sAI. sDQUENcEs

roh,ere v,,( d., P) : ca,rd {/u:1 ( /i: ( ??,r ltt '- I' e (o.,9))

1.lJ. RnrIrrRtr. Frotn clcfinition 1,2, it follorvs clirectly that the
sequence (nn)n>t is unifolrnlv clistlibutcd (rnocì. 1) it ancl only if the se-
tlucncc (t'r),>t, givcn llv 't),,:1' tt,,, iS ttniforr:rllv clistributecl (rnod r).

2. The Iirst class oI relativelv derse univor'.sal scquences fot thc eonti-
luolrs periodical funelions oll ¡reliotl 'l.

2.1. 1'rlnonnilr. Let (an),7t ancl (b,),vr l¡e tur¡ se(llletxces oJ Ttosithe
re,al n.u,tnlters. t J

ø) (nr),, ¡ r is ttnbctutt'detl
p) (b,)"¡r is unbounded

i) lim suP 14 : 1,
n+e ([r,

then, for, ,¡¿ Þ no, b¡, (2,1), one obtains

(2.3) *-!Y{c-1-en:!J.
(Cn_1

I-from (2.2) and (2.3), rve get

*<!--"*J-.r,
b- an-l

so l,lrat anlb,,,e Jl,I n (n,y) c l[ lt V.
Iu both cases, l'e get Z e û ancl .l.heorem 2,I is proven.
2.2. IìnntRK., 'llhe folllorving examples sìrorv that .lvithout one ofl,he contlitions a), Þ) or y), Theoran 2.1 ii not generalty true.
a) an: I, bn: y,

b) ttn : tt,, b, : 7

{t) tt,:bn.: cnt rvhere c}1" fn tlie last example, rve have }- t" +
_lcz)fL| 2

2.3. Conor,L,a.R-\¡. Let, (au)*2r anrl (b.u),¿r be two sequenccs of positiaereal numbers uilh the properties :

a) (u',,),,2t is tt,nbottnded,

9) Qò,rt is uttbouncled
7) lim sup (annt - û,) : O.

'Ilt.en tlte scL fuI : {ao - b,, i,tL,,t?.t, eX\{0}} is eoeryrohere dense in R.
n: sbn lor n 2 I. ft can be easilv seen
(Bn)"r, satisfy the conditions of Theorem
A,,l ß^ i n, ?/t e lf \{0 }\ : { e"o-b,n : n, rn e
in lhe intcrval |.0, à). ft follolvs that ttreset ,44 is evcrylvhere clcnsc in lù.

. ]J thc sequences_of positive numbers (ø,)u¿r and. (b,,)nvt are increa_sing, then rve regain the r.esult of M. SOlfòS'i71,--- '""
2.4. Tnnor¿nw.,'tL,, 'tt'nbou,ded seq'ttence (u,)uvt oJ posiriae rear numbers

Ir,ct,uirtg the ltroperty ttl,13op (tt,*r- . â,) : o'¿i í'reíai¿rlï,y ar"rn uniaersit
seqxcence for the class oJ all conti,ttuou,s perioil,ical Jtmctions ! : R _+ R,

get lhat the set trI : {ø, _ mT :in 11.

peliod
n) : !1.

i,i"1i
. Then, b)' thcr continuitv of /, rve get

lh ./(r,r) : tÌ1/ (ün,, - n?,l,T) : l@) : y

ancl the theorem is pro\nen.

?Lt

1'

then, llt,e set llt -
[0, -)'

Proo.f. \\'e shos' that [0, æ) c- M.Irct, Z e f0, co) and let I/ be n
neighbourhoocl of Z in R. Then thet'e exist,s an interval ln, U) - '|/, where
n<z<y

\\¡hcn Z - 0t we have n: Z:0 ancl from conclition p), it follorvs
that there exists 

^t7 
n1,erY rvitli ltn,> ct,,f'¡1 such that atlb^e M n trl.

When Z>0, we suppose that 01n {Z' Ißi (r -u)ln >0.
Flr-rrn y), il, follox's that thcre exists 

^n 
n,e -¿Y suoh thut:

(2.I) (Ln--a1 
| e for el.ery n)il,0.

CLn. _t

From p), it folion's that thele exists a,r.ì. r,¿ e-¿\r rvith b,,Þ auof n' If the
nnmber rr, is given by n, : inf {p e N : p> ILo) a,p} n' b^},then it satisfies

(2.2) q?1 < b,, q !!-r-
fifr

I::,:,, '1t1'' 
1't' e 

^'\[0 ]lt'r ""r'ult'ere 
rlen'se in' tlt'e interaul'
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2.5' Oonor'LaRY' Bt't'ltpose trltut t'-tt'e sequences'oJ posití;ae real' 't1'tt'nt'bers

(af)),,vt Jor i -t,-;' ;";Tmbotut'd'ed' ouì ti*t iims-up (ølllt-:t" :.0

for cút ¿:T3' Tlten tlte seqrLance (An)'¡ d'efined' by A^: ! tr olJ"

rolterey¿)0fori:t,q?'?denseuni'aersalseqnren'ceJot'th'ecl'ass
o.[ atl, cott'tittuous ¡tu'foTticut f : R -' Il'

The proot is an ilnmecl qtl"o"" of 'I'heorem 2'4'

2.6. APPr,rcÀrroNs' (i) the seclu

nction. 1 7

: n e N\, {cos (2 t/l + s \'[n) : n' e NJ

3.Ïlresecolltlcl¡rssolrclativelyilolrscrtltir,elsalsequt.uccforthe
etrtli¡ttrotrs pt'iotiiàìt ft¡ttcl'iotts of pei'iod l.

cntcl let, P e TllX), 
" 

t 4\!9Ì' .{'
¿îä w¿tt, ,rrqtot to P i'f f Ê@) l-

r than the class of Perio-
see thal', lor cxamPle' for

theY coincide'
s 1,o be used in lhe Proofs' anr-l

r''hich are self-imPortant'
b > 0 lte integer ntttnbers oncl let 0

,tL' ø (motl s)' rtt' : b (motl s)) is

that the lemma is rvcil knorvn

vã-g"n""atization is of lhe same

n-a,-Problem sf dioPhantine aP-

ProoJ' T'et

B : \n { nt| :tneN,rn : b(motls)} : {ø + ¿r 0 * /¿s 0 : lcelf}'

RELATIVÐLY DENS'E UNI\/ERSAL SEQUENCES

Obviously, it rvill be sufficient to plovc that the sct

5 5

-IJ rnocl s : {rmocl s : n e B) :

is evcryrvherc donse in the interval [0, s)

o+(b's)0

a+b9

a+(b+ks)0

Suppose that l,hc intelval [0, s) rvas
rvlappecl up on the cjlcle of raclius s/2r.
'I'he seb IJ mocl s is obtainecl starting from
the point u I b0 rvibh thc "step" 0r : s0.
As 0, is an illational ntnber', it follows l,hat
1,he poinl.s 0r, 0r, . . . ât'e pairwise c-listinct.
;\rnong the points 0r, 0r, : .,., 0,ra1, there
are ts'o l¡etlyeen l'hich the distance is

neI)

ii; requires a long int'ro-

lrell-hnol'n theorcrl on
by trigorrometric poly-
II, Chap., 4, S 2, ex.

I' is unilormly
: neN, nt,eZj

fi-sI

I
I
I

fr

,9

I.ig.1

srnallel than s/s.ø : Iln. llui; r¿ can be rnacle as grea1, ars \\¡e lvant ancl
it follorvs that'-B'mod 

's is evellrx'here clensc in lhe interval [0, 1) (iÎ
in /r; steps rve go through thc cListance ¿7 on the circle, theT eviclcntl¡'
this is t¡." ¿igta,nce s'irich \Yc go through in fu steps stalting from an ar-
bitlzi,r¡i point.)

\Yõ shall see that, from Lemmu 3.4, it, foilon's that thc set B is
unil'olnrlJ' disllibuted (rnotl s).

thö .following lernrna is onc of the central results in [B].

3.3. LDMlf.l.. (Wely l-81, Sal,z 9)' Let 
"(-Y) 

: aoX' -F . . - -l-
-l^ úyY * aqe Ët-Tl be.ct, ltolyttontial such, tltcrt ut leu,st otta of the coaJJ''iaien'l's

üp, . . . , cr,, is cnt itl'cttiott,al, 'tl,tttt?,ber, 'l'lt,ett'

IN
li¡i i-- 5r ¿2^-i r(r¡) - 0.
iv+æ fl ,f,¡

lllhe ploof of l,1iis leriuna is elernental')- but
d it herein.

ancl frorn thc
rl rable functions
rì vol. I, -dbs.
162-772)

3.4. I.¡ElIlrIÄ. Let P(X) : a,tXÞ + ..' * dtX -l uoe Ët{l be q
pglynonñøl such, tlt'ctt ctt leust otte o.f tlte coafficienls ur,, . . .¡üt.is an irtational'
-tntl¡tber. 

Theta the seç[(,ence (P(+t))">t is uní,fornùy dístributerZ (mocl 1)

3,5. Let I' + 0 ba cc rectl ttttnlber cntd, let P ]¿lx1i -¿r(I) == tt,r,Xþ 1-

-j- ... arX * ao lte u ltolytrotttiul st¿clt, tlmt*r, ,r,o) É |Vil. 'l'lten thc

scqltellce (P(n)),rt is tr, t'c',atiuely dcttse ttt¡ireÍrrf , ,lrrlrca lrtr tltc cottlittttotts
periodical, ftur,ction oJ the lteriocl T'

Proof . As ?, : ï r, - (Lò È 81X1, ít follou's, by I.,emma 3.4,

tlrat tlre sequence (Xu)*>r Xu: Prþt) : P(n')l'1' -- aol

rlistribul,ed (rnocl 1). Whence the set '7 : {I?Qr') { nt,I'
is everyrvhere clense in E,
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lr:et fr R -+ 1l be n l'ibh the periocl

? and ret y e rnt, t:rf /:11îï ii"-lifl
*,t.r"tt"o* (o o)nrr a,Dtl ti¡uoús aud pct'itt-
ãrräi tit" ( P(?¿¡) | nt'r'T)

ätîil;ni tì"p".ioa Í', it rollows thal' 
' 
: f (n): /(-t]T F@r\ I m'rT)) :

: 
rlirn/(P(ø 

r) -l n't¡T): I*E/tl't't'¡'))' ancl theoler is ploved'

3.6. R'nn'rnr<' This theorern givcs the best possible tesuli' llecause

*"" ,;Ï1", _ ,., e QrXl anri_ J pe'ioclical f uncl,ion *,it,rr rhe pe'ior1 l"

we evidently have 
card {/ (p(n)):neNl < oo.

rhef ollowingco'o[arv]1^1"^?:,"'#å;itli-,-ti:,"r1':iJ]'î;iìt;låil:ål
but, rve pletor io st'atc il' scllaratety t

äïiä" fcncrati"iion for Lemma 3'2'

3.?.Conor'LÄlìY'LatTbe'ut'aa/'tr'xltttber'''Í'.'-andl'etO(t)--'
: úoXP+ . . . ! urX* øo e A[x] ba such' tlrut !- (P - rt'o) É Q lX1'

Then tlte set A : {P(n) * nt"l'" n-eN' ¡rr'eZ\ is euerywlrcrc tlense in' R'

T lw s equertu t t' t=ufi' )"'' tJ'"*ti oi'ity t'í*rttt'r't'e ú (no t, T )'

3.8. R'nlt*u¿rc' It fincl the Poi¡'

cliffering t,'91t 
'r\' ¡u 

l"-rìTl"t|"i
n e N t '!. 

e.2t l rr is case gr'a,d
Z = QØ) buf':x+k.

IJsing corollary 3'?, rve can now Drove

3.9. THEoB'E:tt' Le[ f /:9 be" u reul nLtrtrbct'''ty! l(7¡ : tt'"X" I "'

,.. + arX * or'"."à(i\irrld Lrl¡,n"i, n""i'"i''it"t¿t:elri T-periodient' eot¡-

tinü,ou's 'n'ittt reslteat t'o J'utr'ction P' \ 
": 

-!f (P -- uo) + QIX )' then J is

a gterioilical f'tt'ncti'on ui'ttt' the çtati'orl T'

ProoJ'I¡et' ¡u e -Il' Frorn C.ololialy 3'T' it t lorvs that t'here exisl' t'he

sequences 1,,,)0,,,'^i''í'¡';;;ï'i'i1'1t 'il'¿ 
í';'l"iiå 

'-t' 
: t' 2) ' ' ' sucn tha't

tim. iflrøo¡ I nzrl') : ¡'
É+æ

Thon
l@) :/(|im (P(rr',.) -l lrt?)) : |i1X/ir{'t) 

{ rn'¡r) :

: r*'1X/tl't'r¿r)) : |inrl(-P(ø*) 
f (rir" + 1)?) :

: Iim ,f P(tt¡) -l m,,T I T) :f(|im (P(rr'o) I ntt ?') + ?) -- ',1'@ 
)- T)',

h,->@

3'10' Iluir'rtltç' Tltcot'crn 3'9'*-io*'* lhat' it' is'rtrca'ningless to statc

Theorem 3'5 for a rveaì<er' '**lr*f 
i'åî'ä"ii'"""ìtr"ntly' it is= sut{icicnl fol

l,hcprooftliatlbcrclativoly?-ili'"iäöäi'"ìit'ltt"*pt'"t't'oP'
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3'11. G' IìrrrN plovecl in 16 l, Lx' genclalizing ilre lesults of r. l\[.
vrNoGRArJo)r, that lemmas 3.8 ancl'B.i (rvhicrr aTe equivalents) rernain
frue if in theil st,a,tements tve replacc slrg¡¡r\rhs1,s thô natural'num'ber
tt, b¡, p,,, the r¿-th plirne rrumber'. 

-

using this result, i1, follox,s that rheolem B.S, colollary B.z ancl
Theolern 3.9 r'emain valid if in theil statcrnents we'leplace eier,yx,her.o
the natural nurnbel n by 'p,,, thc r¿-th plirne nurnber, (Thô ploof of IiIHN's
lesult is clifficult).

3.12, Appr,rC.{TroNS. Lot p:¡¿rft't, + ... !ctrX,,!ao, lyhere
€ 0\{0} ancl at least one of the num-
en : (i) the secluences (sin Pþr,)),2¡

i ilå;Tli:l3lhå'i,l r ro prove

of the numbers tt, . . ., r,,e Ç\{0}, r,hef irrii}i l"¿,¡ml3l,:Ti:i'#,' iitl'heorern 3.5.

11,13. rìr¡rrnnrc. rþplic¿r,tions 2.6. ancl 3.12 leave open tht¡ pr,oblern
of tlensil,y in f -1,11of the sequcnce (sin p(ø)),,rr, l'heie p: irX", 1-
+ ., . I cr,rXl' f_øo is a r(gcner,alizecl polvnomial" n'ith ør, .. .¡ (ct¡ uoe R,
cor, t' 0, a¿ ) 1 and at least ono ø, is irrational.

. ,..t t""?lll'can'sufficieni, colrclitions be found fol a ';generalizerlpolyno-
rnialt'P such that tho sequerìce (J(P(tt,)),,2r bc er-rr.r,\'herìo c'lense in-¡nti M1
for c.\'er')'I: ll, -- 1l corrtinuous ancl pelioclicir,l rvitir ilro periocl ??

1'aking' irrl,o ¿lccount tho plerrious lesults, l'c mahc r,he conjecturc
that, a,t least in thc tils1, o¿ì$e ¿ìLrovcr, thc lcsult of a¡rplicatioris 2.6 añ¿ s.rz
renrains tt'ue.

4. Conrllletions and l.enrar.ks. We sh¿r,ll Jtr,icflv
of ÈI, I¡'UlìStENBIllìG t3l ancl using ilrenr, n'e shail
sgs 9f sequcnces to rvhich the r,csult òt ttrc folcgoing
pliecl.

4.1. I)nnrxrt'roN. .,1 seniiç¡r7u,p ))cZ is launtul it the
t!t_>*.: {o_e ) : o) 0} the po,weri ojt th,e positiue intefier a.
Otlterwise, tlt e sentigt,r.ttt,p

It'ol example,

.. ),. - {u,t',-a,t'+ 
t, 

_._. ., 0,,'*,', .. .}} i* ir, l¿crutal sctrrigr,oulr fol. cfcl)"
ø e.\'\{tt} anrl 2 e N, I'hile

E, : {2" .3,,, i tL,ln e ì'\{0}} is a nollacunal semigroup,

4.2. I)nFnqIIroN. r,at Gcli. iS¿ sltull suy tlt,ut G is clisøete in the to-
'polgtp oJtll.iJ,for et)eru ù eGtltereet:isls u,n ¿>0,¿oí,th,(n - ,, u I u) ll G :
- 1,,,ì
- I-t.

4.3' Lnuur . I'et G ç rl, be u, notttríaiul udclil,iua gro'¿Lp suclr th,at th,e
set G is cliscrete it¡ tlte to'polou,y o.f Il,. Then, tlrct,e enisis cc'reul, tturnber n
witlt, tlte 'property

plesenl, thc lesults
constluct, new clas-
scctions can be ap-

lieZjþr,tttu,ZG
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Pryo,l. -sincs û is cliscrete in úhe toporogy of -E ancl G is an aclclitivegroup, it follows t]nat u - iirf { ln - yl-, r,tri eG, æ -/ ?/} > 0. trrorn thepropcitics if infirnuum, itlollows t aCther'ô exisi n, u dé such Lhat n -* y 
= 

t"l ancl, consecluently, u,Z c- G.
I:et n e G. We have

ü-qLL f rwith0 (r<u,,qeZ.
If r)û, then y_>!..: c) - qu,eG vhich is a contladiction. So,r : û".ancl- n_.: lru e wZ tyhicln comþletes the proof of the lemma.
The fol-loi'¿ing two Lemmas are immecliatd consequences of le¡ima 4.8.
4.4. Lllrrru;". LeÍ, G - E be ø 11,onüt'iaiar, add,itiue subgronqt ol n.

Then o.nly o,^te oníng asse¡"tiotts is true:(i) 'th,ete e -E\{O} suctt, ilmt G : toZ
(i,'i) G is e denià in R.
.4.5. Lo¡,ru¿. Let I .: l?+ be

the ad,tlíti¿:e gro%p G:8-¡S:{
to'ltolag,tr cJ R, lhcn thet'e e¡;ists a u'

Yy'e notice that if I is ¿ nsnt,
genelatccf bv lìre clcrirenbs (1, ûzt . . .

then

I - I :'ri(u * tt(ar+ ... f ø,)) ancl

8 - n(ar+ ... .,r:= , - (tt 1- I)(ar 1-... + u,,*r), n)-1-.

_ Frc¡m this and llg1 ltln foregoing lemmas, one c¿rn casil¡, ol¡tain thercsull;; ot I{. FUIìSTÞjNßIìRG. o c

a- 4.6.:.f1Tr'T1,t (I¡UR,gîElIBltRG [3], lcmrna Iv_1). Let Z e Z
be a ntull,ipl,i,cal,iue no+tlacu"nal sernigroup: and, srtltTtose thctt

>,+:={oe )ì: o} 0}:{sr, sz,...} rvith 8¿ {s¿i, i>L
Th,en

1.* sz.r.t _ 1.
z->og S2

. T.,emrna 4.6 gives a no\v class of sequences for rvhich l,hc res¿lts of
seeiion 2 a,:¿ applicable.

x'he follon'ing theorem is a tlilcct conseqLlcnce of ilreorern 2.4. ancl
lemma 4.6.

4.7. Tnr¡on,iDr. Let 2 c; Z be q, tnntLtiltlicatioe nou,lo"cunal setnigrou7t
tz, ...\ uith, s¿ ( s¡+r for iÞI. I,heit,

ense uninsersal Jor tlte cluss oJ a,ll, cou,-

importánl, resu.lb of H. FUIìSTEN-

4'8. LnnrÀ. T'et Ð ç N be a ntultiltl,,icatitsa t¡onlacwnal sernigroult.
Then, Jor cøa'y inationctl ntt"tnber a, the" set uE : {ao: o e )} ,ts"et;er'y
qn'ltere ilense (mad 7).

"'¡ ?rr"'Ì bg
2.. Then )ìo :
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Ilrom the forsgsing lernrna, it follol,s that
'her.e clense (rnorl 1) for. ever,), i1,a_

Urele exisl.s a, Q = I', Q infinitc,

_ .. Th" following ts'o ilreorc''s alc analogous to i,heolems 8,5 ancl B.g.Irì thcir lrroots, \\'c use lemlna 4,8 insteatl of le'r'ra 8.4.
4.10. T'ponrrr. -?irú ì : ir,, sz, ... j bc rt tnultiprica,r,it,e nonracut¿ur

scntigrouTt an¡l lat 'l' 7!, 0 Irc a iiul Inttt¿bcr. ]!or cui,et,u'ile-ul nmnl¡er a. with,
,^,:.:.,!:^o^l:lr,y^ l!rr,[ al!' is_irnttiot¡eL, tlre sequctrce (us,,),,"¿, is a, rcl,utiucly dcnsa
ttn,tL'ar-sal,.scrltlencc Jor lltc closrs of conl,in,uotrs pcrioaii,aL,funcliorrs *itt, li,,pcríotl 1'.

4,11. Tnponvtr. Let !1, -./. 0 be a er let ae Il witlt,ti,onal, llt4: {_{r, sa,...} c atiae nottlacunal
at¿rl l,et f : Ij,.-+ ll be ct coñtitt .f høs thi Ttroput-l nt'Z') == J.(as,) for cùery n, ë r,, tlrert, i ti o
Itt,ttclion tuill¡ tlte ltoiotl,'i!,.
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