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1. Introduetion. T. Popoviciu [1-—3] proved some conversions of
Jeusen 8 mequal:t.y for the eonvex funection ¢ : [, b] - R, where 0 £ o <C
< b £ 1, i.e. he proved the following results (see also [4, pp. 34—357) :

THEOREM A. Let ¢ : {a,b] — R be a convew function and let f : [0,1] —

- R be @ cmmnu,ons, nondcormsmg and conver function such that o =
< fle) £ b (Yo e [0,1]). Then
1 b A A & 1
' \ + & — 24 2(4 — a)
D \off) dz £ ———e o) + ———-\ o(p) da, A = \r da.
<>S I L2 gl + 2 el doy ;
Q a 0
1f @ i3 strictly conver, the equality tn (1) 13 valid if and only if
, z— h+ e — % b+ a—24
(2 () = & + (b — @ : A= ee——————
) f) ( ) 2(1 — ), b—a

THEOREM B. Let @:{a, b] — R be o continuous conves function and
let f:[(0,1] — B be conver oj order 1, ..., n 4+ 1 such that a £ f(z) =
b (Vo e LO 1}). Then
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SW) gt S*(U’(A’“’ da, *fm tlsas U 13)- “tb gsjsn,
(3)
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Uft; ) = @ +§(j + 1) ((t - Jﬂ’f ) + (‘“ Wy be t)a) ey
J
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(5) S»m Qo < V(Ayif a4 < "TE,
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f t i 3 ¥ o 1 _". b
6) V(w) = b+ nab— (n4-1)x o(a) -+ (n + )(.1} —a) [ o(x) du
a b — a) Vb —a V(_-/l_«" — @)l

If o is stricly :(mvm, the eqeecthtJ in (3) i-s valid if and only if

(7) f( )—— Uj(fl w) -
and in (5) if

s)ﬂm=a+wb—@(m_x+hP:M)x A e R N
2(1L — ) b —a
TaroreM C. Let o and f be defined as i T heoreni”A. Then

(9) ' Ay = o(4)S mux (cpw) +~2—<”—‘-“‘-)S-<q}m ~pla)y i &»(m})».

T,

e o

1
where 4, :S o(f) da.

0

If ¢ is strictly convex, then the equality in (9) is valid for one value
@, of » f01 the function

(10) f=a4+@®—aq 22 oo — ] R e R

201 — W) b—a

¥ i3 |
: In this paper; we shall show. that: ’[‘hemem g a®im pl(, con&uluunco
of Theorem A, ie. we shall give a generalization-of "Thearem i

2. Generalization of the Popovmlu mequahtlcs
THLORL\I 1 Let o und f be defmwd as tn lheomm A and Lct T‘ ] (I" =

=—>R be nmondecreastng tn its first variable, where J is an méc; val such that
Yed for all xela b]. Then

b+ a-—-2z —
F(d, o(4)) = oA F( Tv-u-cp(a) + i(i a) S@(w) da; o) |-
(11)

Proof. By (1) and the nondecreasing character of F(., y), we have

P4, o(4)) <E( bk o 24, )+J‘-1-—)+S<p(m da, of 4))
Cb—a (O — a)?

i

=) ON THE POPOVICIU CONVERSION OF JENSEN'S INEQUALITY 167

3 | 4 .
< max F b o =dw o(a) - 2@_—(3 S o(2)dz, o(®)

a
o | a4-0
gince ' A € \‘a, & o ] .

TurorszyM 17, Under the same hypotheses as in Theorem 1, except
{hat I" is noninereasing in its first vaviable, we have

¥i AL h N
(A, o(d)z min [v‘( bt 20, o(a) - ‘(Z(J: -:'—*(“L?’ S ¢(w) da, (P(w))'
1 i

xE [(!- U';rb'
2 «

(117)

Remark. I8 Fa, y) = & — 1, from (11) we get (9).

Similarly, using Theorem B we can get the tollm\ ing results :

TuroreM 2. Let ¢ and f be defined as in Theorems B and I oas in
Theorem 1.

)y If Ga+W0G+1) =4 =((j—1)a+ D2 £ £ n) is valid,
then

: ! N
(13) P(d,, o(4)) _S_ max F(Scp(lf(;y; 1)) di, cp(ac)Ju
]a b 1j—1Ye+0 -
fEa uls Rl BT
(i) If @« < A £ (na -+ b)[(n + 1), then
(14) F(d,, od)) £ max I(V(w), o(2))-

net b \
-2 @&, —--
ve [ PESES

Trsowmt 3. Let o and f be defined as in Theorem B and I' as i
Theorem 1. 1f

G(x) = :
(15)
1
S@u Yt for (o 4 DG+ Sag(G—Datb)l, 2 S jSm,
F(r), it e £ (ne 4 b)/(n - 1),
then
(16) F(d, o(4) £ max  ING(w), ()

e |_ a+b]

Remark. We can also give two theorems similar to Theorem 1'.
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