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l. prolred fionle corrversionñ t-lf

Jeusen's : fa, b) -+ -Iù, tt'hcre 0 3 a 1
< ¿, S 1 s (see also [4, PP. 34-35]) :

ilrnonnrr 
^. 

Let g z Lu¡ bl -, R be tt e,ottten fun'ctiort' antl lct J : [0'1-J -+

-+ lt be a cont'i¡,v,otts, notxlecrco,sing an'¡l cotuttett fu,rtctiott' sttcl¡ t'h,a:t a 3
S /(ø) 5 lr (Væ e l0,Il). Tlt'en

l¿1

rr) [q(f) ¿,, s -{j-(r -?A-,p(ø) -i 2(Å - a\ t ,l : [¡ r1,r.' J b-n '\/ ùl'f )e('t') 
o'r' 

Jr

l¡'] ;, stric,tllJ eoúút:t, tlrc egualil,y irt, (l) is aü,tid t¡ ,n¿ onty iJ 
0

(2) l@) : a *(b * ù " - :;;+ 
l-{.i- 7'L 

i. - I
þ\L - ttl)

lrnion,plr ¡. Let, q z ln, b') --+ -Il I¡e ø cot¿tit¡tto'tts cot¿üe{ü ftt'nction, anrl
lel .f :lO;1]+"B becvnwa of orilør 1,...,tt)-Lsttcl¿t'ltutuIÍ@)5
Só (Vø el0,lf). Th,e,n

e(fl 11¿ =[..J ç(UlÁ;uJ)tLn, iJ ig_+ tt

j+r sás (i':l:!+I q<isn.
¡ a èu 
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U¡(t; u): tt, * i0 l- tl
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anil

((, - i'# - (*'ì L L! * t),) *:,-',
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[e{fl 

a" s v(alif ø S t 5'!911,
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ììl¿tN l'
,rþ'ry1

17(e')clr, q(r)

a, )- lt
sinco ;l e (L¡

(l t)

[]ten

( l6)

2

!lrlucltt,url l.'. IJtrilcrl tho s¿i,ttrc l1¡'llcllhcistls ll,s il lfiletlt:ciu '1, cxccpt'

th¿r,t' f is nonitrclcasing in its fil'st I'al'ia,lllc, l'c hal'e

( t, -r- n, 2,t¡ . 2(.t - u)'( . \
l,'(-lo, ?(/t)) à trrirr L'l ''' ) ''-

,.,1,,,*l \ lt - tr' (t' 
")" ), )

(l1 ',)

lLetn,crh. I1 lt'(r,lt) : a -.q, flom (11) rve g'et--(9)'

Sirnilaily, using iir.or,.,r, li'u-c c:rn g¡¡ tJre foliorving lesults :

lltrrroll¡llr 2' f,ct,t¿ nlttl J lte tlaJin'ecl n's itt' lL'heorettt's IJ cttt'tl tr' cts itt'

ll'h,corc nt' 1 .

(i) If (ju + L)l(i I l) < .{ 5 (U -- l) tr' 1 b)bQ S i = 
n') is uutict'

Llten

rt- \
(13) Z'(^l-, 2(,1)) I .,",1't1) ,,n.,u.,1"(\t,,'(., ; ,)) rtr, 9(a') 

f 
"

'-Ljir'- .¡--l \õ /

(ii) ry' u 3 ''l 3 (nu -l b)l@ ! r), Ilt'e tr,

(14) tr('l'', e(J)) 5 
- )?) l'(l/(r)' e(r))'
" l"';il,rlf

llt¡;ottll t 3. Let,g a,n(l J Ite tle,finetl' cts'itt'lll¡ertrent IJ rt'tt'cl I!'cts itt'
'l'heorent, 1. 1l

r t(,u) _,

l'( r), ili ¿r (¡S (nu-)'b)l@ -l l),

l'(-'lo, 9(zl)) < l ìL¿ìx

," l''+l
l'(G(,u), q(ø)).

Iletnarli'. \\Ic can also giYc tn'o theol'cr]is sitnilar' 16 'fþ6s1'¡''m 1'

1

I s(¿'(., r)) ttt, /'oi' (iu')' tt)l(i+'1) <a 5(U- L)a'-tt)lj, 2 s i l tt',

J
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wh,ere

(7)
anl, in, (5) il

l(A*, ç(-4)) < .Û.

(6) vçn¡ :b I na - (tt' *t) n

b-a,
(n f- 1)(* - a)

1L

v

f
l

9(ø) cl;u
e@) +

tr,(b - u) Vb cr (:t - ct)ù-1

n--^+ln-^

, b l- nu --(tt,-l l).{
l¡-c+

(s) /(¿) : a 1- (h - a)

TnnonÐrt C. Let,g anil,J be clefined, us,in 'I'lrcot'ct1t'A. I'þclr,

1@) = A¡Ql; n),

ìL

t

(e) A*:n(á)-=".,ìi":Þ, (0,,, té, 

-=;',1,
1

where á" : 
i eif) ar'.

- 
If I is stlictly corvex, bhcn thc eqpa,hly in (9) is valicl Ïor onc v¿¡lt¡-rr

r, of e: fol the f rurction

(10) f:oi(b-u)
2(1 -- ¡)

fn this pa,per, u'e shall shorv that,:llhcolern C is a sirúp1e cÒIìÉoquronco
of Theorcrn A, i.e. n,e shall give a genelnliz:r,tion.of "I'hoorcin C: .:" ".,

2. Generalization of thc Fopoviciu iugqualil,ics ; . .. ..',,
Tuuonur L Lct q utttL,f tte d,eJirtcit,r, irrlltl'uur'"ìi, a, níxt iat I'',J' -,

--+R be nontlea'eatin,ç¡ í,n its Jirst,uarittltlo, tolrcre J' í,s an,'i,nteruul, sttcl¿ llt,ut'
q(n) eJ I0r e,ll, n e lu,,b). il'|rcn,

/ 
/' ' 1\

t(A*, e(,t)) S nràx t,l " 
+ u -?! q(a) '¡ '!* -:'') [çtrl,l+'; .r(,,') l.\Y'I

(11)

Proof. By (1) ancl the nonclecLeasing cha,raci,cl of .1"(., g), \'e hal¡o.:'

b#a--24 2l,l .- (,\
o( úl -l 

-:- 
-- '-

lD - Q')"b-a 5'n,,, 
ct', ?(/ ))
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1. Introduetiou. In an ear'lier píìper, f14], u'e'have inllocluced ilre
class oI If-molrotoIte opolatols, u'hicìr is u'icleil than the class of monotone
(in the ,sonse ol r\rintr'-rh'owcler') operatols. since this class of oper.atofs
also iltolucles a sufficicntl¡' lillge set of (o)-monotone (rnonotone in tho
scnse of olcler') opclatols, il, follon's lJrat the invcstigation of /f-monotono
opelatols is of int,elest ab lcast fot a unita,r.\¡ ¿tpptoach to the theolies of
rnouotone ancl (o)-rnolotone operrltols. illhe fact hhat this unitar.¡, zr,ppr,oach
is a natural one, follorvs flom lefs. 1151, |-16.], l'helc the bcsl,-appiõxima-
tion operatol of the elerncnts of a Tililber.t spàce X, bli elernents
of a nont'oid closcil convex subsel, O aucl n,i1,h r:espgct to a celtain nolrn
orr ,Y, is iuvestigatecl, In some conrlitions imposed to the nonn ancl to tìre
subset, C, the best-apploxirnation operatol can bc monotone, or' (o)-nono-
tone, or' (essentially) onlr. 1{-tnonotone. ln this papcr', s'c sìrall extencl
some 'n'ell-knorvn l¡asic results in monotone operlatoLs to the cla,ss of
Jf-rnonotone opelatols. Pi¡r't, of thcse cxl,ensions rvoto ah.eacl¡. ,1uon to
t141.

û. 1f-tr{onotone oper.atols" Let ,{ ancl Y l¡e trvo real linear spaccs.
By (.,.) *e clcnote a bilincar. functional on .X X y. If I{ c. X is a
cotn)e;Ð cou,o -(i.e. I{ 1- I{ c Il ancl aK < If ior, ary ø ) 0), then l,he
ltolg,r_cone_I{* of -Il with respect, to the bilinoar function¿r,l (.;.) is defi:.
neil by I{'t:{y.Y; (r,tJ) ) 0 for.all øe,Ií}. I_.iet A:X -+2v ba a
rrrultir.aluecl operatol ancl cleuotc ))/ ll(d) the sei; {ø e,-l ; Än t A\.
Tlro operator' á is callecl nt'onotone (rvit,h respect to the bi-liletl functió-
lal-(.:.))-it fol an¡' n, n'eD(A), tire iuequatif,y (r - ù', !/ - y') > o
Irolds fol all y e An and,y'eAn'. The opelator á is said. to l-te(o)-mono-
tona (rnototonc in tho sense of older') ploviclecl that nìrenevet: n, a' e D(A)
ancl n - c' e 11, then lJ -* !l'e 1l* for all y e An and. q' e Án'. fn lef.
f.14.], 1ìrc operatol l. l'as callccl l{-ntou,ototta proviclecl that for. àtty u, n'e
çDAÐ such thal, !! -.rr;' e 11, thc inerlualil,¡' (r - n', tJ - y'> ) 0 holds
for all y e tLr ancl y' e An'. Arnonotone ((o)-rnonotonô ot'-,Ií-rnonotonc)
opelator -4 is said to be ntamintal ntonolona (ntanintal, (o)-ntonotone or.
m'animul .kntonotot¿a) iÎ, l'hencvcr -B is an opelator'having the same pr.o-
pelty as zl anrl An c Bn lot all r e X, then A : ll.
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