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1. In [1] J. W. Bunce and W. R. Zame have studied the peak sets
the proper faces and the boundaries of a linear subspace H of C(X) by
using the dual H’; they have proved that a certain subset of the Cho-
quet boundary of H is also a boundary for

Without using H’, we shall study similar problems ; we shall prove
that a corresponding subset of Min(/f ) — the boundary introduced by
B. Fuchssteiner in [2] — is also a boundary for H.

2. Let X be a compact Hausdorff space and let H Dbe a linear
subspace of O(X) which separates X and containg the constant funections.

Let us denote H* ={hel :h > 0}, A mon-empty subset K ¢ X is

called a peak set if there exists an he H+ such that K = {2 € X : h(x) =
= 0}. A non-empty set which is an intersection of peak sets is called a
generalized pealk sel.

Let us denote by V the family of all generalized peak sets and by
W the family of all minimal generalized peak sets. An application of
Zorn’s lemma shows that every K € V contains a K’ e W. Let

PH) ={xeX :'{w} is a peak set}
TH) ={zeX:{a}eV} s
SH) = U{K:KeW).

Then P(H) « T(H) = S(H).

A non-empty convex subset E of I+ is called a face of H+ if
0<a<l,f geHd (1 @) f -+ ag € I implies f, ge H.

A non-empty subset B of H* is a face iff

(i) #+FE cE afl c Fforall ge R, and
(il) felB, geH, 0 < ¢ < implies g€ b (see [1)].

A face IV of H* is said to be proper it B £ H*; this is equivalent
to 1¢ K.

Let us denote by F the family of all proper faces of H*+ and by M
the family of all maximal proper faces ; an application of Zorn’s lemma
shows that every proper face is contained in a maximal proper face.
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If. B < HY K <X, let ‘ .
Bt ={xeX: f(z) =0 for all Jel}.
Kt ={feH":f(x) =0 for all zeK}.

It is easy to prove that:

e o s - KleF and Kt =K for all KeV.
(2) v LieV and E < EtL for all Eel.
(3) Kt e M for all K e W,

(4) BteW and B = E+L for all Ee M.

0 I particular, we obtain

_ 1 ProrosinioN 1 (see also [1]). Themap K — K< 45 g bijection between
W and M. The inverse of tiis map is B — L+

: COROLLARY 1. A point & € X is in S(I) iff {x}l e,

Progf. Let aell €W, Then {2}t el and {@jt o I{tie M. This yields
' =Kle ., ;

Conversely, let: {#}* e M. Thon xe{x}lL eV, hence e S(H).

i3

. 3. A set M < X s called a boundary for H il for each & € H there
exists an 2 € M such that h(a) = min h(X). ! !

. Let Ch(H) be the Choquet boundary of H. Ch(H) is a boundary for
H and. el (Ch(f1)) is contained in every closed boundary for 1.

Let e H and let I be a compact subset of X. Denote K] =

= fvie K wh(at) = hoin' M)
: Liet p-be a well-ordering relation in H and let f be the first element
of Il with respect to ;. Let us define inductively S —

Xy = [[X];
Xy =kl n {X,:g0h, g # 0})] for all hell, h £ M
Denote Xy = n {X,:hel}, Min (H) = u{X,: p is a well-orde-
ring relation in I7}. : . . ,
20 Then, Min (H) is a boundary for H and Min(H) = Ch(I) (sec [2],
(3], (4.~ g ' v
Let M(H) = Ch(H) n S(H), N(H) = Min(H) n S(I).

Lmwyra 1. 1f K e V then Min(H | ) < Min (H).

Proof. Let G = H* be such that' K —={ze X : g(x) =0 for all
g €G}. Let » be a well-ordering relation in |, and let p be the well-orde-
ring relation induced by r in H|,\40}. I .

Let oeHly and H, ={heH :h|; = o}. In every set H, with
9. # 0, let us consider a well-ordering relation 7o- We have G = H,; in
Hy let us consider a well-ordering relation 19 such that ¢y b for all
geG and all hell \G. i Q= !
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Let f, g € H. We put fcg it

a) : i feHy gE€H, ¢ #£0; or
b) fGHq,, g€ Hy o LPGH,K\{O}’ opy, 9 # ¢; or
¢) f; g e-lIw ¢ 6]],];, j"r@g."

‘Then ¢ is g well-ordering relation in H. With res éct t

. L la : N respe we have
N{X,:ge H,) ~ I and co%se uently, X = _—D This  fpa
that Min(H|,) < Min(I), i S0 R o s implies

Tnwowmnm 1. N(1 ) s a boundary for H,

Proof. Lt h e H* such that A — {xeX i
_ 00 at 4 = : l(@) = 0} is non-empty.
Since A € ¥ there exists a K e W with I < A.(lllj)et @ }elﬁ'jn ?}} fegnp]t%r
Leml;m 1, weMin(H)., From ze K ey y it follows that meS(II)Ahence
e N(H). But o € A, which implies that x) = 0 = min MNX). ’

COROLLARY 2 (see also [(1]). M(H) s a boundm'j Jor H. We have

(5) PUI) = () « N(H) « M(H) < on(m)
(6) N(H) = Min (H) = Ch(m)
(7) el(N(H)) = cl(M(H)) == cl(Min(H)) = cl(Ch(H)).

Proof. It remains to prove only that T(H) < N(H). Lot ]
A L ; ) at T(H - Let ze c
denotg W =1 a'c}. We have I € V and & e Min (Hig). Acéoriiin;,r to Lemlr(lg)l,
x € Min(H). Since T(H) = S(H), we deduce that xe N(H). ’

COROLLARY 3. If max (h, 0) € H for each he H , then
T(H) = N(H) = M(H) ~ Min(H).

Proof. If max (, 0)e H for each heH, th in( L
According to Corollary 2, 7(H) = N(H) — Min(l) < l};?{%n Tet o
€ M(H)._Then 2z € Ch(H) and e e K € W. Let yell, y # o .LE.!t U bemn
open neighborhood of @ such that y ¢ U. Since m:EOh(H) there exiﬁ:ﬁs- '
an f e Il such that J(#) < 1/2 and f> 1 on ANU. Let b = ;rmx(f — (@)

0). We hp-rw_o. heH, h > 0, ) = 0, h(y) >1/2. If we denote K@ — I ﬂ,
nb{e]e!’x :{J{:(g}' = 0}, then 2 e It €V and y¢ I, ie., K’ is g pProper sub-
;LE r;' ’(.HL)-. "his contradiets the minim ality of K. Hence, K — {z} and so

REMARK 1. Tet H = {h € C[0,1]: there exists an a i
: 11 i B 2 ¥ O d

on [7(1,))]5]11011 that A is constant on ,[O, a]}. Then P(H) :>(0,1(], e%(a}%uf
B ASENE

It is not ditficult to prove that if H is finite-dimengi

] ! : 3 ] J - 3 2 ™ S101 vl tl
generalized peak set is a peak set; in particular, P(H) = T(?H’). e

RuMARK 2. Examples in which the inelusion Min(H) < Ch i
- I3x ich > Inclug lin(H H) is
strict can be found in refs, [3], [4], [5]. An example of g lil)lear sugbslgaoe

1T for which the inclusions () « NH) < Min(H) and M(H) < Ch(H)

are strict can be found in ref. [1], p. 228.
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