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r,'aNALySE NUUÉ_nI0UE ET r,A Tt{uoRIE r}E L'APPROXIMA'IION
Tonre 16, N" I, 1987, pp. ZZ*80

PEAIí SIìTS, pROpDTì t¡zicns r\ND IIOUñDAA,IES
]. Iì.,\SÄ

(Cluj-Napoca)

., 1. rn [1] J. w. B*^ce âncr w. R,. zame have studied the peak setst,lre pro-per_fac-es a,nrl the bo'nclaries of .a rineaii -;b;;;;; H oi C(xi-byusing_the rlual -F1';-the¡.-hzùve _provecl ilrat a certain's-irbset of the cho-quel, bounda,ry' of 11 is also a liounclaly for

'ral, il.l:t"'Ëi"i,"iuriïi'f,ä'ü3Ìlîåi,l î"îj"TllJu'"ilr"B. n - is also zr, bòuirclary to" ¡¡. 
*""^"

2. r,ct -1 bc_a _compact rra'sclorff space ancl let H r¡e a lineEr,subsproo of O(.\') $'lriclì sc1irur,a{r,s ,l' :

l,et, rrs clcrrote II+ : ltr ë tt : lr > 0
oalled a, peük sBl if l,hetìe cxists a,n /¿: 0). r\ nolt-cIìtpl.v scl u'llir,ll js an
llen er(,l,ize(¿ ?el,lt, seL.

I.¡oL us denol,e lrv J/ thc farnily of alt ge-neralized peak sets and by
JJl ttr.e famil.v o{ rull rni'imal g.,1'-erí*rir.,r peak sets. Añ apptication ofZolnts lemma sho.ws tha1, ever,yY I( eV contains a, K,eW, L,et

P(II) : {r e X: {ø} is ¿ù peak sel,}

I(H):{neX:{n}eV}
B(H) : U {K; Ke,T}.

îhen P(I1) c: I(.II) c ñ(fI).A lon.empty, convex sribict Itr of II+, is callccl a jucc of .E¡+ ifo t ct, {7, j, geIJ't, (1-- ø) I -t ag eZ irnplie, j, i1.n.A non-etnpty snbset E of H1 is a face iff
(i) n + n c: ú), øütr c f) fot all ø e 1,,.,., and.

(ii) /e D, teZ, 0 ( g < Í implies 9e Ð (see l1)1.

A face Iù of Ir+ is saicr to be proper if Ir 1-H+ ; this is equivarentto 1t'E.
r-'¡et 

's denote by /,the family of all prope-r faces of E+ anct by -ilfthe family of all maximar prorer fäces ; ad ap^plica,ti;i, ;f zorn,s remmashorvs that e'ery proper faôe is containäcl i" íil^ili,"åt l"opu" t*.".
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, ff 1l c. TI+, T( c X, Iat
Dr:{æeXt l(n) .:0forall ,/e]]}.
I(r : {f e IIi :.1(n) :0 for. alt r e I{}.

I1, is cas¡' to plo\-c that :

(1) Iir e þ, ancl I(r L - 1( fol nll I( e lt.
(2) ll-L e l. ânrl _¿r' ,_ Il r r fol all Itr e Il.
(3) I(t e lI for, all I( eII,.

(4) IÙr e llr ancl IÙ : llr I fgr' all Il e l:t.
I lr ¡xr,r'tierrlrr,, ri'r' olrl¿i tr

tr;,ry 
/;, 

--+ I(r is cr, bijection betrueett,

;l #!{'r!{,{!',r1u! u 
'ris 

yiekrs

C)otn-et'se1.v, le1; Ir]r e rill. lhcn r. e {er}r t ell:t, hence r e B(I1).

lf . ¡\ sct l[ c- x is callecl n bou,ttdttn¡ fot rr if for cac]r /¿ e ri ther,e
erists iìll n. € rlf such that /r(ø-) : min /¿(,y).

__ T,c! oh(/I) be lhe choc1uct l:rouncrar¡' of Ir. ch(I-I) is a bo¡nclar¡, for
11 anrl cl (Ch(11)) is conta,incrl iir e1,q1¡, ctöscd bounclàr¡í for, 11.

TrcL lt, er/ a,nr1.tet,tj.te a co'rpact subset of x. Denorc /ii/ll:
- {,r € Ii :lt(a,\ :, nlin lt(l()).
" __ Lct;. p ìre l wcll-ord_cring rel,.ltion in FI ancl let./ be thc firsl, clement
of l/ u.ith respect, to ¡. l,et us defjno intlucl,il.elJ-

xt =- .flX 1;

.Á-¡,.: /¿l n {Xu: r¡plt, {t + h)l fol atl lt,eJI, h +.:f .

. T)cnotc íIo _: n {Ir:h eII l, Nin (l.I): Ut[Xn: p is :r, *.ell-orr_[e_
l ilrs lclnl ion irr 1/ .f .

:-, .Therl,'IIin (//) is a, bountlarr. frr, /y' antl }Iin(r/) c clh(ã) (sec f2'1,
LjJ I, I.ll).

Let _11t(r1): ch(_a) n .r9(F1), rv(I1) :_ r\|lln(}r) 0 rs(11).

l,rdt\rrr;\ 1. I,f I( el/ tlten, ntlìn(111r,) c llin (1I).

-,,11.oo,l. 
Lct G c- II+ be such 1,hat ¡ç : {n e X: g(ø) :0 for all.g.eGj. -Ire! r bc 

_a well-olclering'relation i4 Ii1.,,. aìd lct p"irc- tìre vell-or¿ci'
¡'ing relal;ion incluced l¡J. r in TIlx\{O}. r-'

Irel 9 e Í11,, and II*: {h : ir,lrr.:.g}. fn_-er.er,¡- set /1* lvith
g._.#_0, le,t.s consicler a wcll-or. rg-r'étatiorí r'o. \yc hävc G.lär; iiitrlo leL rs considcr' ¿ wcll-orrleling rìclriiorr lo Ãrrch that o,"rl, loï' 

^liu e G aurl all /r e 1,ln\G.

3 PEAK SETS., P}ìOPER,.I¡AÇES AND BOUND.qRII¿S 
7g

Let f , g e E.We put .f og iÎ
a) , lefo¡ ¡¡efIn, 910; or
b) JeEr,{/rH+,9,úe[lo\{0}, eaú¡e*ü; orc) 

.f , {/e.[f *, e e IIl,,, Jrrg.
Tlle' o i¡ a wc'-o'de'i'g l,cration in tr, wilh'cspcct, to o, rvc havo

,T"{.ti,',Íri,11iÌ;011,,,1?l' ;',i';;q'ìi;iji;' i; -l'ü,';''ir,." r''riJ 'i*ît:,;
.Irrnonnu l. tì/(11) is u bounilcu.u |or II.
P¡'oo

since ,iË rat ;l :-{';'s{r¡ ;*+,,ïir;Ì F¡rH"Ë
Oop,or,r,.tn¡¡ 2 (see also i1l). jl[(H) is ct bmrntlctry .for IL We t¿øue(5) PeI) c_ I,(H) c tr(Ir) c ]r(H). Ch(E)(6) ry(ã) c nrin (,F/) c Ch(rJ)

(7) cl(N(,a)) .: cl(tf(HD =.. cl(Irin(r/)) : cl(Ch(fr)).
Prcof . lf I'cnrailrs to pro.r,c onlv thal, T(II\ c. N(II\crcnorc t{ : ¡"r. w;,yr;"/'¿Ëi,"Jni" éiri"'rø|roîååiä,iä% z" Ti\:,r e ùtin(/1). Siricc Tel) _'Sair¡,'u1n",ì.,ro"" that æ e M(.H).
Conol,lAnv B. I.f mun (/2, 0) e II for eaclt, lt, e E, tlten

I(tI) : ¡¡(E) : M(H): l\fin(II).

Rolr¡rlrc 1. T,et I!:jh e Cf0,1-l : ilrcre exists an ¿}>0 (depending:l f,å],ìl"n 
thnt tt, is consrh'r. ãii"'¡ii ,ii:-rh""""i,årl1 (u,.t, ?(H) :

rt is not ctiffic.lt 1,o pror.c r,hat if 17,is finite-dimensional,'ren evervgencralizccl peat< set is a pìak *J;J;p""ticular, p(H) : ?(U).

*r,,,.rïJ#;T,.rji lr urc,jnqlrr,siol r:tin(-a) _ ch(ã) is
1/ f.r, 

"iir"ii rìi" 
[5 l.,i\u cxr,mlrtc nt a'liíear;;il;ír*

r'e strict *nn-¡à n{{) - n'ri'(Þ) *o'i-,'iiffi äöi(r;;
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C+ItNltIìd.IiI'ZbD DOUllIrIt SE(ùUDI\ CE S

ci I{. 'l'o,\DtìP.

((lluj-Nnpocl)

l. Introduction. fn [5:1, D. 1\[. E. IIOSiÌEIì ¿ùncl G. ]t. pfIIIrIlIpS
tìcfined axiomatically thc l'ea.l, syrnmetlic nearìs. rn [11], \\'e h.iì,ve clis=
penscd'$'ith symmetry and in l12l triecl to transposc thc ctefinil,ion to
tle cornplex case- IIo$'e\¡er, I t,hinh l,hat thc natural framc to cLcrrcloìr
1,ìle_ axiomatic stucìy of lne¿ì,ns, as well as its application to doul¡le soqueu-cc.i,
is t'hat of lal,tices, llhal, is rvha,t I sliall r-[o in ttrc scqucl.

2. I'reliminu¡' dcfirritious. L,ct -I bc ¿¡ lattice, 1,hat is â p¿ì,r.ti¿ùlly or
r-ler_qrl set, âny trvo äf whose elemcnts a ancl ? lìave * g'*atesï iÑ;i. bå"".1
(-S..Lfi.¡ ü 

^'!l 
ryld â lcasü uppol bountl (t,u.b.) lx V ,A. .For cxarnple, â,

tliroct producl, X, X .... X X,,: -lI of p-totall,v orcloieil sets (or citaÌis)
{rr.}rartiall.v oltler,cct ì:r' lhe r,ule (ø1, ..1, Ìr) ( (/t, . ..,!lr,\, if ancl only
it øi { yi lot j =: L, ...¡ [)¡is a lattice. \\¡e sh¿Il cail it a plprocluct lattice
¿tnd, of coursie,_ n A t! : (rrr A t!t, ..,, *t, Ayo) and #Vy : (ntv yr, ,.,..., æÞ.j/UI'), l'here, in fact, t:j AyJ: tìLin {nl , tJ} unt), niv lJJ.: t¡âX
{d, aj}'

\\rc supposc lhat 1,ìre latl,ice -I is t,clativcl.1. o-cornplcto (sce t4l)
thaü is, e\¡et'.)' bounclecl, ruorì,otorlous serluence (nr)n>u has a, u.l.lt. 

,,fo 
ø*

and a l.u.b. V .û,,. It l,hc sequence (u,,),,su is iticrcasing ¿ìììd its g.I.ìt. is
*>0

.ru, iü is lra,trrral to consitlel thut it convorges to ¡u ancl l'e rvlite, â,s usuàf,
ru.y'ù. Ânalognusll, iT (y,),ro is decr,easing ancl its Lu.J:. is y, s't> n'r,ite
U,\3t.

It.-\l _:.f, X , ..XX, is a, 2-product l¿r,tticc ancl (ø,,),,;.0 is â se-
qltelcc in .ll such that ei, : (r,1, . . .,
(fot' j -- L) . . ,¡ ,p), Lhen ui / :t;i or r
,a : (ut, . . ., at'). Il'or ù g
n-itlt lespec,t to ths olclel'
ootLtinuous if ø,, -r r antl

lì. Ileans. We shall considet, tbe lollorving class of nreans : Íì, con-
tituous fuuction n¡: X X X -+ ,f belongs to the class ily' of n'rea,ns if it
has tbe tollou.ing ploperties :

(1) n A,y 4m(n,y) <nV y

(2) m,(n,y):u+r:!.
0 *c. I l9.t)


