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l. Introduction. fn [5:1, D. 1\[. E. IIOSiÌEIì ¿ùncl G. ]t. pfIIIrIlIpS
tìcfined axiomatically thc l'ea.l, syrnmetlic nearìs. rn [11], \\'e h.iì,ve clis=
penscd'$'ith symmetry and in l12l triecl to transposc thc ctefinil,ion to
tle cornplex case- IIo$'e\¡er, I t,hinh l,hat thc natural framc to cLcrrcloìr
1,ìle_ axiomatic stucìy of lne¿ì,ns, as well as its application to doul¡le soqueu-cc.i,
is t'hat of lal,tices, llhal, is rvha,t I sliall r-[o in ttrc scqucl.

2. I'reliminu¡' dcfirritious. L,ct -I bc ¿¡ lattice, 1,hat is â p¿ì,r.ti¿ùlly or
r-ler_qrl set, âny trvo äf whose elemcnts a ancl ? lìave * g'*atesï iÑ;i. bå"".1
(-S..Lfi.¡ ü 

^'!l 
ryld â lcasü uppol bountl (t,u.b.) lx V ,A. .For cxarnple, â,

tliroct producl, X, X .... X X,,: -lI of p-totall,v orcloieil sets (or citaÌis)
{rr.}rartiall.v oltler,cct ì:r' lhe r,ule (ø1, ..1, Ìr) ( (/t, . ..,!lr,\, if ancl only
it øi { yi lot j =: L, ...¡ [)¡is a lattice. \\¡e sh¿Il cail it a plprocluct lattice
¿tnd, of coursie,_ n A t! : (rrr A t!t, ..,, *t, Ayo) and #Vy : (ntv yr, ,.,..., æÞ.j/UI'), l'here, in fact, t:j AyJ: tìLin {nl , tJ} unt), niv lJJ.: t¡âX
{d, aj}'

\\rc supposc lhat 1,ìre latl,ice -I is t,clativcl.1. o-cornplcto (sce t4l)
thaü is, e\¡et'.)' bounclecl, ruorì,otorlous serluence (nr)n>u has a, u.l.lt. 

,,fo 
ø*

and a l.u.b. V .û,,. It l,hc sequence (u,,),,su is iticrcasing ¿ìììd its g.I.ìt. is
*>0

.ru, iü is lra,trrral to consitlel thut it convorges to ¡u ancl l'e rvlite, â,s usuàf,
ru.y'ù. Ânalognusll, iT (y,),ro is decr,easing ancl its Lu.J:. is y, s't> n'r,ite
U,\3t.

It.-\l _:.f, X , ..XX, is a, 2-product l¿r,tticc ancl (ø,,),,;.0 is â se-
qltelcc in .ll such that ei, : (r,1, . . .,
(fot' j -- L) . . ,¡ ,p), Lhen ui / :t;i or r
,a : (ut, . . ., at'). Il'or ù g
n-itlt lespec,t to ths olclel'
ootLtinuous if ø,, -r r antl

lì. Ileans. We shall considet, tbe lollorving class of nreans : Íì, con-
tituous fuuction n¡: X X X -+ ,f belongs to the class ily' of n'rea,ns if it
has tbe tollou.ing ploperties :

(1) n A,y 4m(n,y) <nV y

(2) m,(n,y):u+r:!.
0 *c. I l9.t)
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-4, general exarnple of mean is : 
..

m(r. tt\ : rrlf@ ' s(.) + i(!) ' t'(ù7 
." L s(r) ]_h(u) J'

where l, l-', g, h,: Q¡ -r IR+ are continuous. l\{osl, mearrs that ive lcnorv
are of tlris lorm (see, lol instance, l5l ancl [10]). So, fol l(.r) ..= ,¡;1', p * 0
andg(r) :h'(n), rvehave arreanfron-r [5]. Taking aì.so /(r) : il', g(r:) : (.

and. lt(y) -' 1 - q, rr'il,h q e (0,1), we have :

!tt1t,t(nt y) : lrl' n1' -l (1 - q) . !JD'lt!')

that is, a (non-symrnetric) ùlinhowski treàr1. We clenote :

'nt!,q : ([qt 1.t1,o,(t - !/rt ù)]ù iltr,o - lLo,

the weighl,ed, aritlmretic, gcomeLric ancl hamronic lneans, r'espectivel¡'.
In what follox'sr rvc neecl to cornpale lhe rneans. Tn'o rncìl,ns r¿ aúcl

?n' aîc conrparable if n¿ ( nL' oL' )tt' 4 ur, tl'lte1e nt, 4 ttt' ¡reals ¡ha¡
nt(ary) ( m'(n, y) for'¿ì,nJ¡ n, y eX.Sornc exa,mples of cotnpalablc neans
ale given in ref. [10]. Of ooulse, for anv I e (0, I): u,1 2 go 21t,,.

Because trvo 'rveighted alithmctic nreans ale not compar:lì:ì.e, rvc
have irrtroduced in [11], the follorving notion:,the nrcans 14 antl nr' 'à:'.c

weakly comparable it r¿ ( ?/?' or tt,,a I ttt, rvhelc 
'rtt, I ttt' rneans lhal,

ü <y implies m(n,y) 1nr'(u, y) ancl c>17 irnplies,lr (r,y)>rii'(a;,y). Fol
oxample, on [R.F rve ha¡ie for' ;¡r { lI i et, I &,, g,] < g, antl lr,r. 1. lt,
, If -T is ¿r, p-proclucb lati,ioe, onc carÌ considler al,qo othel lcla,tions

or they may Jre clecluced by a, change o[ thc cletilition of the oldcl ol
Xz (ntr...,,fin) (.,(y1, ...,!lt') if ør ( yi Tor je J r- {1,.,.,'pt¡ancla¡ 2
>- yr for j{J.

d. Double sequerìocs. Givenl,rvo tncans m antd, l&' I'tonr :M artcl ilo¡'!lo
frorn X, one can define a clouble scquenco (t,, !lò,>¿ in trvo lyârJ's:

(3) fru+t: nt(c:,,, y,,), '!lu+1 -: 11't"(fr,,-r", y,,), tr' 2 0,

and. choosing e:0 ol c :1. I,'ol histol'icrr,l r'c[ì,sols, i[ c : I,.lhe clouble
scquenceiscalledÂrclrinrec'lc¿¡narrrl if c:0, ibiscallcrl Gurssinlr.Naurely,
zlrchimerlestprocecltrl'e for estirnating rc may bc ¡rut in the fot'ttt (3) iviblt
X : IR*, a: lt nL: ltLn antl nr.'=g¡72, rvJrilc lhc l'urrous ulil:hutci,io-gct-r-
nreblic metrn of G¿lus¡ colrcsponds lo -Y : IR+, c : l)¡ )tt --ft¡¡2ind n¡'-=!Jstz.

'f'rr¡onnu I. IJ @,, !lu),>o is au, At'clti,tne,iecn¡ tlou,bl,e sequelì,co itx o'

relatiuely o-coutplete p-ltrorl'u,ct Lattice X, ttten se(luenges (.r,) ,> o uttú .('y ,) ,,2u
o,re conuargetrt ctittl hcoua a con?,rnon, tinti:t A(rtt', rtt' ):fi,, lJo).

Pt' -Yrx...X'Y, n,:(uln..
: (U',, . j ( ?r as -Y, is a cþa,in, øfl ancl
Supposc li'l'orrr ,r'oA.7o ( ø, ( :t;o\./y¡,
ul < ut I 

'.à\,lto 
( gr ( ntYllo, $'e h.av

str on, obtaining final\' : '

(4) atr<ntr <.,.
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The lattice .I being relabivcl)' 6-co]ìlplett" e\¡el'y cha'iD '\, is also so, atrcl

thttsl n;!,Vn¡ ancl ø/,\yi.11 uio )yj, aÍ the lnequalitics florn (4) lnust ì:e
levc sed., hence 

'";¡ri nncl 'u;|,,v!li. Ilin-a,ll¡', t',,-? il ir,1cl 37,, --+ yr \Yllere
n - (n i ..., frt') ancl y : (!Jr, ..., !"). Ir't'ot-tl (3), rve hat'e ø- : tlù(u, !/)
and florn (2), a : ll : A(ttt, tt¿,' : c:0, !Jo).

flrrsonDlr 2. If (rr, !lr),,>0 is u, Go'tt'ssirt'n' dottl¡le se(lu,e'tùce -tkfitryd lit
tuo (u,eer);,) conrltnrnítlà titcntts rt'ir, u rdleditely o-cctrr.plete 1t-prodttct lttttice
X, then th''e seqttences (fir)r=o uncl (y,,),,r0 (ra conftet'genl u'ttcl lta're tt conLnrolL

limí,t G(nt,, nt'1 no, yo).

Proof. Using the notations enlplo¡'crl in-'llhcoleru l, r-vo gcl,.(4) il
fi.ù { ùt'a,ird cotnõr'sc lcl¿ltions i'i ttr2 nr', but, thc lrroof rnil.rt l,rc, ooll,iuttctl
in the salne lya,y. ifhe pt'oof is siulil¿r,l' it l¿ ( 'trr', ìlttt i1i ttt' 1?,?, \\'e geb :

r{,<yi<r)<... <

ol tlre opposil,e inequzr,libies iÎ ri> r7i' llencc, thc secluences'(fi2,,),,20 ancl
('!/r,*r),,ri h¿r,r'e the sa,tne limit r, rvhile ($ru*r),ro qlncl (yro),r0 coll\rer'ge
i, y Iirom tn'(a2,, !Jz,) -=1/zr.rt, 1\/e ¡¡ei, øt,'(;, /) : r, thtLs n : lJ -:: G(nt,¡ ttt' ; uo, t1 o).

We t¡ust r,crnalli that the lirnit is also kuou'n itt sonre c¿ùscs. So, for
I:lR+ rtncl tla, nt'e {ur¡r, llt¡2, lt1,r} thcil r'iúues l[¿ì,\¡llcfouncl inrefs. [2]t
l6l anrl t8.1. A corrjclturc cjt C. l). SON(l on_ G(qp, (lt,l uo, lJo) tna¡r þs
foúncl in-r,et. [?]. Atso, sottrc l'esttlts fol rvcightecì. tne¿ùl]s r\-eL'e gilren in
lef. |-l l.

5. Ilultiple s(,(1u(,u(.(.s. Iu ll l, a, û'i¡k,t ol: s('(lll('lì1,(:s tlel'iuctl l;¡; ¡,' '"'
ìneärns is plop'oscrl fol'slurl.r'. 'l)his rrtll¡' bc'gerrt'r'alizt'tl as follolt's: ?ù colÌ-
¡innous fdncËion ttr: Xh --, -I l¡eiongs 

'io thc class Jy'i' of nleans if it sa-

¿isfies the propertics :

n\ A... An" ( ll(r1, ...,fr|) < e-1 V '.. Yt¡i" l

nt(n7, .,., fr"): ø1 A '., A,rt =s ¡1 : ., ', : fri"'

Startilg lrottl fu tllea,tl,\i ltùt, . . .t l)t't. e 'lIi a,rril h ilitial I'a,lues al .; ì
. . ., tt, onc czìlL constluci, À;-uple of sequenccs b¡' ¡

rirt : nr¡(ut;*rr,,,,, r;ti*"*j), tt, 2 0, i : rJ,,'., ht,

\r,ltcLe e,, e [0, 1], ,,, :0 if i > j. Putting It) ': (e¿¡)ra.i.'i.<n il ett -. 1

fo¡ j>i, onô can itlovc, as in .I.heoltrtn 1, tlte c.oll\/cl'gellce of the,sccluenc€S
(ni,)",,ru for j :7,-. . ., /, to th,,, sarue limil, L(Ð 1 ttt'r, " ..7 ltt'¡) rf,, ' ' ', n[)'
if"ilif e,¡?0 fôr.somc., j>i, l'c must ac1c1 a coLñpalisol h¡'pol,hesis oll
the rneans ntn . . . , nt,, 1"o gct thc convLllgence.

6. Thc courplor e¿lse. 'llhe strLcty of cotuplcx tlo-uble seqrì.cllcos was
bcgul uyen ì:¡, d"or.. Some of the rlitficullics rvhiclt czùn occttl'in this

"*í" """ 
pointöd out in rofs. f3 l ancl [9]. Tlol exa,rnple, oven 1,hc alithrnetic

*"^o tlo'es noi, give tho otonoïon¡' õt-tttc lnoclulirs''Änol'her ploblem is

that tirc tneans ít'" ,to longol sitrgle-valLrecl ancl Sor St]â,Il,ing TrOm ono pait

GIl. T'OADER r)
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of inil'ial valuesr we- get rnore cloublc scclucnces. To avoicl ilresc difticul-
lt^";ìl :"-:3i:]lrg: the .parl,iar orcrc' usecl ð' c an¿ ai*" .rì"å*" 

-o-nrl, 
ì Çighî; 'va'lues ïor means' as is indicatecl in ref. lBl ancl mor.c gor,o*uy in i.et. iiï1.So, two paltial orrlo

first on-e, a ( zo- if lzl < lwø4u if B,eø(Rezo and frn
duct lattice. fn rvhat follorvs,

A continuous fu'ction ttr: c x 0 -+ c bero'gs to the cla,ss Jf it :

nt(2, w) == 2.) :=> fi :-,¿¡1.

îhe value of tn(2, eo) is callecl r:ighi; if :

z Aw < rtt(z, to) { zV tu.

Trvo functions nz, t,,' e M are co'ìplr.abre o' the set D ç (] x cif their components arô cornparablc un i), that is-:

arg m(2", zu) < alg nz,(z,,to), y (::, u) e D
or
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arg nt,(2, tt) Þ arg m'(ø, w), y (2, u) e D

þt(z,to)l < llr'(,e, r.u)1, y (z,w)eD

Irn(2, tu)l > lnt,'(r, u)1, y (2, ru) e 11,

Re nt(z, ø) < Re nt'(ø, tu), V (ø, u) e D

Re m,(2, u) Þ Il"e nt'(ø, us), y (2,,n) e I)

Irn tn,(2, zu) < In nt'(2, u), y (2, w) e D

Im n'r,(2, w) 2 lrtr nt'(2, w) y (2, u) e D.

1

2

'I o a d e r, G h., Gettcrrtlizatiott tttctttts utttl rlouhlc serlttcrtces (to appcar')'
'l'o a tl e r, G ìr., Contplet gctrcrtLli:ecl ntenns (to appear).
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7'lrc l'oh¡lcchrtic IttsliluLc
I)epl. ol' ll',rlltcntalícs

iJ00 (:lu.¡-l''QPo((l
llotttatüa

and

ol

respeetively :

or

and

or

Itet m,, m'e I,I a.cl ¿ e {0,1}. }.or ø0, ,u)oe C, nc clefine ¿ì, pa,ir ofsequences br':
zt¿+t : tll,(2, zt)rr), xLrn+t : ltù'(z,rr", utrr), n 2 0,

The if the values of z,,rr. ùtt(L ,tþ*+t rìl,e lightfor e : 0, .u" uolrposiät*ã tn*t for somc
20.) e on the set D : {(øu, 1.0ì¿) i,tù Þ nr).Sim c can proyc:

Tnoonplr 3. Any good, pair oJ sequeu,ccs culreïges to a aotnt¡ott, lit¡,it.
There are sorre open qu_estions. so, r'e clo not knorvn what happenswith a pair o1 secluencès if X is not a p-proctuct lattice, or if r¿ aid, nt,

arc uot (weakly) comparable lot e : o, oi i1 the pair is noi goocl for x : c.


