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1. Intreduction. ITn [5], D. M. E. FOSTER and G. M. PHILLIPS
defined axiomatically the real, symmetric means. In [11], we have dis-
pensed with symmetry and in [12] tried to transpose the definition to
the complex ecase However, I think that the natural frame to .develop
the axiomatic study of means, as well asits application to double sequences,
is that of lattices, That is what I shall do in the sequel.

2. Preliminary definitions. Let X Dbe a lattice, that is a partially or
dered set, any two of whose elements 2 and y have a greatest lower bound
(g-1.b.) 2 Ay and a least upper bound (Lw.b.) x \ y. For example, a
direct product X; x .... X X, = X of p-totally ordered sets (or chains)
X, partially ordered by the rule (&,..., 2%) < (4%, ..., y?), if and only
ita’ <y torj=1,...,p,is alattice. We shall call it a p-product lattice
and, of course, # Ay = (2 A g}, ..., 2 Ay?) and xVy = (' ¥ ..
Fd x?}yy”), where, in fact, o’Ay’ =min{s/, '} and 27V y’ = max
Wy

We suppose that the lattice X is relatively o-complete (see [4])
that is, every bounded, monotonous sequence (x,),», has a glh. A ,

w30 .

and a lub. V 2, It the sequence (2,),5, is increasing and its g.Lb. is
w20 !

2, 1t is natural to consider that it converges to  and we write, as usual,
@,/ w. Analogously, if (y,).s, 18 decreasing and its Lu.b. is 9, we write
:’/u \?/

It X =X, x...x4X, is a p-product lattice and (a,),5, 15 & se-
quence in X such that a, = (@, ..., @) and every (#}),s,i5 monotonous
(for j==1, ..., p), then 2f 2’ or w/\a’ and we write 2, — », where
w = (2% ..., 2?). For a general lattice, one ean consider the convergence
with respect to the order (see [4]). A function m: X X X — X is called
continuous it , — » and y, - y implies m(w,, y.) — n(z, ).

3. Means. We shall consider the following class of means: a con-
tinuous function s : X X X — X belongs to the class M of means if it
has the following properties :

(1) s Ay <may) <oVy
(2) @, y) = v =z =y.
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A general example of mean ig:!

X oy Bt [f(w) - g(@) + 1) - h(y)} ,

9(@) -+ y)
where f, f”l, ¢, h: R, — [Ry are continuous. Most means that we know
are of this form (see, for instance, [5] and [10]). So, for f(x) == a?, p # 0
and g(x) = k(x), we have a mean from [5]. Taking also f(z) = a?, g(x) = ¢
and N(y) =1 — ¢, with ¢<(0,1), we have:

M@, Y) = [ 07 + (L = ) - g1
that is, a (non-symmetric) Minkowski mean. We denote :

My g = gy Mg = G, Rd My 4 == Ny,

the weighted arithmetic, geometric and harmonic means, respectively .

In what follows, we need to compare the means. T'wo means m and
m’' are comparable if m < m’ or m’ < m, where m < m’ means that
mlz, y) < m'(z, y) for any 2, ¥y € X. Some examples of comparable means
are given in ref. [10]. Of course, for any ¢e (0, 1): a, > g, =hy.

Because two weighted arithmefic means are not  comparable, we
have introduced in [11], the following notion :- the means m_and m’ are
weakly comparable if m < ' or m' < m, where m < m’ means that
o <y implies m(x, y) < m'(x, y) and @ >y implies w (1) >m'(2,y). For
example, on [R, we have for p < ¢:a, < tg g, < g, and b, < hy.

If X is a p-product lattiee, one can: consider also other rclations
or they may be deduced by a change ol the definition of-the order on
Xo:(ahy oo, @) <yt o y?) i 2 < yiforjedie (1,00, phand: @’ >
>yl for j¢dJ.

4. Double sequences. Given two means m and m’ from M andix,, y,
from X, one can define a double sequence (@, #.),5, in two ways :

3) Ty = &y Yoy Yurs = M (Buyey Ya)y B 2 0,

and choosing ¢ = 0 or ¢ = 1. For historical reasons, if ¢ =1, the double
sequence is called Archimedean and if ¢ = 0, it is called Gaussian. Namely,
Archimedes’ procedure for estimating = may be put in.the form (3) with
X = R4, ¢ =1, m= by, and m' =g, while the famous arithmetic-geo-
metric mean of Gauss corresponds to X == [Ry, ¢ = 0, m =ay,, and m'=¢,,.

THEOREM 1. If (%, Yu)uso t8 an Archimedean double sequence in
relatively o-complete p-product lattice X, then sequences (2,),», and (y,

N7 i < et )ILZU
are convergent and have a common mit A(m, m' ;" x4, 9,)-

Proof. Let X =X, X ... X Xy, | @, = (@hy .. 2h),, and: g, =
= (Yny ..., y%). Forl < j < p, as X, is a chain, ] and y{ are comparable.
Suppose that af < yj Trom agAy, < @, < x,Vyy We deduce, that
@) < @ < i, then from @, Ay, < y; < 2,Vy, we have af < ¢ < g and
80 on, obtaining finally : :

4) ol <@l <.l <@l<w. . <yh< .. <yl <yl
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The lattice X being relatively o-complete, every chain A7 is also 8o, and
thus @) #@' and yiwy’ Tf 4§ > yi, all the inequalities from (4) must be
reversed, hence xzi\a/ and i y’. TFinally, @, - 2 and y, — y, where
@ = (2Y ..., ) and ¥ = (% ..., y"). From (3), we have @ = m(z, ¥)
and from (2), @ =y = A(m, m': @y Yo '

THEOREM 2. If (@ Yu)uso 18 @ Gaussian double sequence defined by
two (weak) comparable means on « relatively c-conplete p-product laltice
X, then the sequences (x,)u<o and () s, are convergent and have a common
limit G(m, m'; x5 Y,

Proof. Using the notations employed in Theorem 1, we get (4) Af
m < m’ and converse relations if m > m/, but the proof may be continued
in the same way. The proof is similar it m < m/, but it m’ < m, we get :

af <yl < b <...<yi<ol <yl
or the opposite inequalities if @) > yj. Hence, the sequences ' (@), and
(Yans1)uso Nave the same limit @, while (@a.41)u50 and (¥gn)as, cOnverge
to y. From m'(Ten, You) = Yaurp We geb m'(w,y) = @, thus @ =y =
= G(m, m'; Ty Yo

We must remark that the limit is also known in some cases. So, for
Y =MR, and m, m’ € {ays, i) i} their values may be found in refs. 27
[6] and [8]. A conjecture of G. D. SONG on G(a,, g, @ ¥) May be
found in ref. [7]. Also, some results for weighted means were given.in
rvef. [11]. o

5. Multiple sequenees. In [1], a triplet of sequences defited by three
means is proposed for study. This may be generalized as follows : a con-
ginvwous function m @ X* - X belongs to the class M* of means if it sa-
tisfies the properties: .

AL A2 <mlaty, ..., 8N <2tV oL Ve ,
m(al, @) =t AL A= et =L = ab
Starting from & means m,, ..., m, € M* and & initial values ag .3

.., &, one can construct k-uple of sequences by :
W Ji i V1 k v * 25 () e
Tnyy = ”bi(@ﬂﬂlj ROy xn+ckj), n=0,7=0 .. k,

where ¢;€{0, 1}, ¢; =0 if i » j. Pufting B = (ey)<ij<r i =1
for 71, one can prove, as in Theorem 1, the convergence of the sequences
(28)aso for § =1, ..., k to the same Umit L(E; my, o o5 05 T i T
But, if e; = 0 for some j> ¢, we must add a comparison hypothesis on
the means my, ..., m, to get the convergence.

6. The complex ease. The study of complex double sequences was
hegun even by Gauss. Some of the difficultics which can occur in this
case are pointed out in refs. [3] and [9]. For example, even the’_a,rithmeitie
mean does not give the monotony of the modulus. Another problem-is
that the means are no longer single-valued and so, starting ‘from one pair
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gif :mmal valiaes, we gel more double sequences. To avoid these difficul-
% ei : Wef can change the Dpartial order used on € and also choose only “right”’
a. uesS or means, as is indicated in ref. [3] and more generally in ref. F12]
o On0, t\zo p;}rtlal orders are usually given on €. Followillg; the
ne, z < w if |z] < |w| and arg 2z < arg w, while, upon the second

2< w if Rez<Rew and Im #<Tmw. In both 1',hesa 0(’1911; ¢ i;u ‘émm
] ; h th TS, 8 a 2-pro.
duct lattice. In what follows, we suppose on € one of these partial or(l];:arm

A continuous funetion m: ¥ x ¢ - ¢ belongs to the class M if:
m(z, W) =z = @ =w.
The value of m(z, w) is called right if :
2AW < m(z,w) < zVw.

— .T1w0 functions m, m’'e M are comparable on the set D < ¢ x C
eir components are comparable on D, that is :

arg m(z, w) < arg m'(x w), ¥ (2, w)eD

or

arg m(z w) > arg m'(z, w), V¥ (2, w) e D
and

[m(z, w)| < |m'(z, w)|, ¥ (2, w) €D
or

Im(z, w)| = |m'(z,w)|, ¥ (2, w) € P,

respectively :

Re m(z, w) < Rem'(z, w), ¥V (2, w) e D

or
Re m(z, w) > Re m'(, w), ¥ (5, w) € D l
and
: Im m(z, w) < Tm m'(z, w), ¥ (2, w)ye D
or

Im m(z, w) > Im m/(2, w) V (2, w) e D.

Let m, m’e M and FR ) lefi
A M and e€{0,1}. For 2, w,ec 0, we defin ir
sequences Dy : e e F R

Zuy == M(2yy W)y Wity = M (Zyiey Wy), 1 = 0.

The pair of sequences is called good if the values of z,,, and w,,, are right
for all but finitely many n> 0. If ¢ = 0, we suppose also thzttlfor some
7> 0, m and m' are comparable on the set D = {(2, w,) :n > My}
Similarly to theorems 1 and 2, one can prove : ST e

THEOREM 3. Any good pair of sequences converges to a common Lumntl.

| Ther.e are some open questions. So, we do not known what happens
with a pair of sequences if X is not a p-product lattice, or if m and m’
are not (weakly) comparable for ¢ = 0, or if the pair is not good for X = C.
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