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l. Iutroduetiorr. T,eincllcr' II, 'l]heolem Ol pr"ovccl that if

(1) ll i ,rt' io)ò-tl,S,, --' 
"f iu ll < -

l,htn l,hc i'th tlelii,¿ttire 7't'r of / belongs to t,hc J-,iPschitz class L,ip(ø), u'hero

(2) I =.= : ,r,, F ij (ø,,cos nt: ! b,,srn tt'r),
t )t-1

Ò">,0, 0 < ( { 1, r bcing a Lonnegative,.integclr ancl Á" is the par'-

ti¿rl surn olr the lìorLriei selies-ôf thc 2ælclioclic continuous function /(r).
T.,cirrcllet, rr,lso pt,ovetl that rurd.cÌ the samc conclitions, ./(] ' and f(¡r

beloug to tìrc littlc class lip (ø), ryhere fol the.special value ò : 2 and
0 < ø"( 1, hc plor.ecl th¿it 

'bóth 
.1t'r ancl fr]' !"1-"9+q to r'ip(g) lor'

zr,rr¡.positirlc iltc!.er. r, ancl for ò : ã, q.:7,J',D and l('') belong to Lip(l).
'I.hc pLì.tllose of the pÌescnt pztlleï, arÎoDg othels, is to link those

rês11ts 9t ireiricllel u,iill thóole,ns oñ f,he orclel of rnagnitucle of the l'our;icl:
coctficients of .f.

2. Ì)ciili tions ¿trltl No1¿r[iou. ]lr,this tl'ollç 7,?'( ?') clenotcs l]fre I'1'spâ-ce

crf the z" per,ioclic lunctjons o¡ t,lÌc circlo .g^Ioup, T._^:1" clenotes thc
r¿-clitncnsior,.oi t,rt'.-,s gt'otr.p, ll . il,, arlcl ll ' lJ- stanct Jior the 1,?' ¿lncl suplelnull
not'ilrs, rcspcctivel¡''

L,.ol, cotÌ\.clticncc, rr.c. sltall bc clea,liirg wil,h thc conlplex foLtn

/1r) .-,,Eoo,,c-i"'

jrisl,oatl of (2), ¿lnil fgr, lunctio¡s of serrelal yaliablcs ¡'e s'litc

:l@) =" JQ'r, ' ' ', ü,,)

: 
4 

.. 
8,, 

r,,u ...i tLilLe'i(trt)'



u'ËrNrlrroN 2'1.. lgt J@) _beron'g to .f/(r,'). rl'hen, rh,e [,iltscrtitt crussr,ip (a, p) is tlt'e collectiott"oJ thosa Jttrtt,tiotts' f('u) in rfe) su,art. iltctt

ll,/(¿ I tt) - t(u)11,,, : 0 (h")

0 { ø { 1 as l-+ 0,

llllro T,ittle Lipschitz class ü¡r (y."., ll -cal l;s obt¿r,inorlb"v replaoingOrvith o.If, itrsteacl of usirrg tlio fils-l, úiftclcnccrr ri,c crn|llor,. the rUr cliffc-lence l'ith step h of J,

^ï/'(ø) 
..= ji,--1),-,(,,) r,. _r it),

l,hen nte ca,tt tvr,ite

Now, it is r,cr'y rt.ell lrlorvn llrab it t,lre Iìourier coefficierrl, of .f is

then tlrat of il,s lilr' .i;ir;ii;; .f(.) is c-qrra,l to t't'c,,. rfence, applying

iu ifr" ilourier coefficicnts of ¡t"', rve obtain

(ii) fln'',,,10 - o(fÀ7r-P-"P 
r'f 

l'

r\tr appcnl 1;o a lelnrna, on tlro part,ill strnls cll Soqtlonoos |3, p.1-01]

shovs ttiat^iS¡ is equivalent to

Ë lr,le = o[¡r'-ß-'e-'o*f I
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(4)

as Jy' -' oo.
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3

C,,
(4)

(6)

arrcl

llAl.ill, -'= ¡¡(lL")¡

lespect,ivel.v.

J. tr{ail llesull.s. r\o\\,, \\,c statc aud pìro\¡e

'l'tll';olit';lt 3.1 .,1'rl,..l(¡) bl u. )r, ¡tarirrlic uottl,i n,tttttts ,l.u.t¿cl,íutt, sttclt t'ltul(L) hukk) I'lte¡¡¿¡, It'ouriì'r cocJfùientaL,rtJJltclutr,¡¡totltrsctluutacspuca L3 Jor

- ;_ . __l!_.. r < p < 1t, : ._'p_-
'p(r 1- ø -{- 1) - 1 ,p -_7

1<p(2.

,,_^.., !,,:?.ol:,-Il- 
(+). hokls, thcn the lth / bctongs to flre

so rt t)elong's l,o_Lip(ø).0 { ø < 1,l,utl I iirerl"ln thciviìi.jrlrrpschifz class _l:ip (or p), I { p ( 2 on This rrean* il*i
(3) ¡¡o't(n 1- tù - ¡t,t(u)lln : O(tr")

0(ø.(1,uaslt,->0.
T-'Jo$re-r¡Lrr', it l'as plo_r'crl [2, 'rheolerrr 2.6 p.. ag I ilra,t, i,i" ¡¡(,t;) e rril-:(u,7t)

over" l.hc cilclc_gro-up ?', thcn its lionricl cocr'ficic.iits c,, b"Tòng.i; äì;i';:quenco space Zß if

anrl tlrc rig'ht-iranil sirlc of (6) is bounclecl as rY -r co il

1- p _ aP- r¡3+9<o
p

or, equivalenl, lY, if
p ___ <

P(r -l ø-l- 1) -.- 1

antl thc Proof is eotttlllclc.
Wc rc¡ra'¡ f#;'ì{;l[ t' : 0, 1¡e ltst rcsulb terlttces 1'o a' tho6re'm

ploled in [2, 'llheoretn.2.6, p' 28]' llt'i' bhc sllccia'l choicc

I : 2 and ø : r cnolrl". i,i to 1r*o fol JroLlt '/('). and its

conjugate ø{1 enableusto
provethcl'helea'ftcr'l)'tru1;\'o
sha'Il not

3.2 The special ctìsc p : 2. TtÌis pa'rl'iculal', choien 
.o1, -p 

: | ,itlciil

"ntus 
lã"gr"cóf siì;etri'il" trtJnt.- 3'r' rn [2, theo'crn 2'17' p' 42i \Ye

provecl

Tunonnt L. f,et J@) beton'o to L\(I)' Then tlt'e aondit'ions

(?) ll'f(ø -1' tt) '- I@)llz: o(tt")'

0<a<l-as7¿"o0

ll^i/11,, - 0(/¿,)

< p<p': -lP --'lt-I

Ë lt,,lß : o¡¡ 1-o-'ø+f1'1

nnd

(8)

øs rY + @) a't'e eqttioalutt'

I lC'12- O[ff-"]
l"l>N,p

I¡|-a.p-1
In fact, rvc plovocl l,hat

Ø

,rs I

Âpplying this result to /t''r, we can norv prove

Tunono r 3,2, T,et tlrc cond,í,ti,on, o¡ t't,uo,'m 3.|be satisfi'erT xlitlÙ p:2.
rhen 

î l'' ¡z : ¿7¡¡r-2(o.-").'
lriÞ N
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ø8 ly' + co,

Proof . rn this case, '!ye use parseval's iclentity ancl obtairr

Ë 11,., l, -- \LN-,,),

rvherc Ío')- ,n'a, 
"ru, 

tr"na",:t
N

,E rl 
n'l'' I c,,lt : oltY -2"1,

'which is e-c1uir'alent to the dcsirecl cstirnaie Try appl¡,ing nnle¡,s r.¡ol¡l.rìzù
f3. p. 1011.

Note 3.3. The speciar situation g : 2 a'cl a : 1 is of 'o gen'i^evalue for theorem a.z. Trris is r,iecause onr origiuar ilreo'em 12, Trreor.em,2.I7, p.421 is not valid for a : 1.that 
!3;_J,g!r)i,,I ¡"i,.; '",'l îi,;î'îi,i f:"îî,'åî$can 1 ancl 8,2 i' te''s of higher:,,aliff_;;;;;,iobta esults.

4' Ft'rctions ott T". r. this section, *,c ge.er.arize theorerns ,i.1 and3'2 Lo functions of scvolal r.ariarrlcs. no"'sir.rrriicit , ìí" sËctcr. the rcsultsfol functions on ?2.

, r,,et ,f(n,y) be a 2n perioclic ancl contin'ous f'ncl,ion i' rn, tj, leL0{{. ap ar <-I, r.r, r, bcing positi'e integers- S,,,,, *iti _rJ,rìrA to,".,i,frã, 
"pãrì

tial surn of the clo'bre tr'o'iier series of / lrru"'äó"äiir-i jil in i;his ca,scbecornes

(9) llF ì rn?11-q)õ-1 ,n?,-td2)E-11 S,,,, _ / iÌll< _
and this woulcl imply that 1,he partial rlerivati'e of orrlcr ri in r is in
L,ip(ar) ancl thc partial clerivativc of orclo. r, in y ::! betongs to

Q¡'?Lip(ø2).

with these modificatiorrs, the proofs of theor.ems 8.1 and 8.2 canbe carriecl almost verrm,rly. 'rh'e conc-rusion of ili"ã""ir., sJ., torì o*n-roft,,n'cll asserts tha,t the r¡o'ric' coefficient,s c,,,,,, "ri/ rr.ì,i"ô' tn ¿B; 
^';l'-"'

P : max (f3r, 9r) lvhere

I

for
( r' J- ") 

: min [(ti -l- ar)' (?'¿ ]- c¿z)-|.

1ìhe special case of L'(I'), i.c. 1.r :2, leacls, lìowel'crr to the equi-
r'Íì,lcnce of the follon'ing estimates

''È"'"8 
nJ 

C'n' u l' : 0 | ll'I -2(t t+dr ) N-2(/1 -r-d') l

''Ð-n' '"ä"1 

nc"''l' : olM-"vr.r'41) ìr2-(/'!'i-ø!)l

,'åo ,"ÐJ'n'C''"'l2 
: Oll[2-2(rr-r dr) Àr-2(/'z'i-d') ]

Finallvr rve rcmark that for functions ot L|'(Tn), tlne lines of thoughts
nre clear ana the proofs are direcl, but it, u'oulcl ltc rather complicated to
plocìuec theln helc.
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