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Abstract. \\/e plove an iucquality of the loln

llDì"E IJn,n [ - D,,t f jl( l(r,s)co
11

l)t,sf..__._t_-' ll*-,: l//r-
+

J- max
rQ' - 7) s(s - 1)

I

í
llD''' /ll,

n7 t¿

n,lreterrr> r)-0,n> s ) 0aleiuLegels, fisaleal-valtteclluuctiou on [0,1]'9: [0,1] x [0,1J
snch that Dr't f is continuons (hele l}'.s f is the cliffcl'cntial opera[ol of ot'dcr'(r, s), i.c.

d,,, f(.¿, y) \
Dr's l -, òrr Olls l.
o¡,cler ¡lodulús ol continuit¡l oI the bivariate coutinuous function g andt is a ccltain t'eaÌ-r'a-
lued function on tNe: rN x 0:l (hele, hl : {0, 7, 2, ..,} and ¡1.ll is the suplcrnum trorm).

l'hÌs inequaìit)'irllplovcs an iÌrequaliL)' established in 7974 by Ion llactea [1]. Because

I (0,0) : (1390 + æ7]/6112516 x 7.1797746..., the abovc ineclualiLy cxtencls o[ sirnultan-
ools apploxiuration auothel ineclrurliLy clue [o lhe lìr'st auLhor [2].

l. Infroduction. I-ret J be a leal-valuetl function clefined. on [0' 7]' --: [0, 1l x [0,1] and let ln, nbe t'u'o posil,ive integers. L'el 8,o,,, be 1,he

Bernstein oper¿ùtor of ord.er (m', n') given b¡r

8,,,u(l ;,x, ù : D É J(ilnr, lln)yt*,¡(n)p,,,(y),
i=o i:o

1\'here

It
1¡I (l - tt)k-tF*,t:

I

For very integer r¡ I 2 0, rve clenote ì¡y D''' / the differential ope-
rabol of ord.cr (?', s) , given b¡'

â'*'l(n' Y)D,;,.f (u, y) : 
a*,, e,y?..
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3"":tiî# ,l!¡ii'*'iî,i'r""ï.. spacc or .cat-çatucrl ruucrio,rs orì [0, iJ,

:,,."^'." 
:;:H*ïiîålTi,l;l:ïi:ïìilr;ì theo,'e,'s rzJ, ,rc kno*. urar urc rrc,,,r-c'ery i ,. N : io,'ì,',),,,u.,.,.'rj J"'o-i',ä,f,,i,1,i;,.,-rLtTìilïii¡¡;";',:":iål:

(1 .1) 
,,,r,r,^*Or,lr,,. , J(n, !l) : D,,, Í(u, U),

unifortnl¡' on [0, 1]2.
Quant

mottutùs îi" fo' r'elatioi..JJl l), .inr-olvi'g l,hc.fi.st-or,cler.
[i-iì! ;u"; "' '[; ' , '), wcrc givcu l-rr. man.y &ugror.s :nip Ll ij in" I in 1e60 

-arct t,hcn- r,y*ci' nrãI¿,í,.ri-å'iTr'ì.

;'jìri,ru"lrhl*r;i,r üiifi {illrihl:'ri,,r"Ëîc, r.r, : I : 0,

(J.2) ll.r __ 1t,,,,,,¡lJ < (21( _ 1) . (Í, ,, , I l,\ ltn'lln)rylrclc il. ll is ilrc supr,crnunr rrolnÌ atrcL t(: (4806 F BJ7 llA¡¡¡ASZ zr 
'''BeEBZB 

... is sir.ïi"r"''';ì;i;.r, 1,ru',,otu\lïJ,rrlr _ 1 __ (13e0 ++ BB? fa¡¡zsrc æ r.1ler74u ..-.i"iii" Lrrll.
-. Tncrlualitics l-cakcl ilraL, f L.Zlt .,ì

Íl"^i".*:[l,i*ì*r i 
'üì; iÏiÏ 'i-í] Jì'äi,,î'"":i,l';,,*;o;lïill3';,1fJ, tï:

. the pul'posc of l,hisrrom [1] such that fol r . qt'Lantitatir.e asscrtion
n th 'nequality (1.2).

lerl by scr pÌoblem rvas consicle_lÍ#i,:T" ãj' '3Ëå'"i.,?#tî 
5llitil

oo" 
",L*lri;].lrilt"rïl.O 

'esul[s. !\;.o s'all 
'eect 

sor'e pr,clirni'ar.¡, r,esutts in

àr, r,t;"ì:lt^n,l tL:'1,);,,:r 
?', ,s e [I\, //rc'ra fnr cu,y ttotr-resutiL.o ,,utt¿t¡ers

co (D'''.f ; 7,1à1, Àzàz) < {1 I rnax ¡ Àr [, ] À, f) co(D,.,],; gr,3r).
rn this papcl', r Àr is tre greaúest integcr. rreing smatcr trrar À.l-:rclnrzt 2. I.l I e C,.,'i0, Ilz uncl nr>r, n,)8¡ ,¿ue lraaa

Proof . ft is l<norvn [14] 1,hal,

D'" R,n,,,l@, y) : c(nl, r) c(n,r) î 'f ,','.f (C,, 0t) ?n -,,¿(n) Itn-,,¡ (!/),
i-0 ,-0

where ilnt, 1 1, < Ø { r)fm,, jlu, < 0¡ < U -f s)/rz anrl

C(u,, a) : ff í1o Þ 2 anù C(r, 1) : 1
a-l

7-lt-
1L

Using l,his formula and the ecluality \ ?,r_r,r(n): 1,-!ve can write :

(2.1) lD', l@, !t) - D,,'B,,,of(n,?/)l <'i "f' ln,,'l{*,ù -i= 0 j:0

- D'''l(4,,0¡)1p,,_,,0(n)?,_u,t (y) * {L - C(nt,,r) C(n, s)} llD"''/ll
l'irstly, we prove thc relation

(2.2) L - C(nt,,r) C(n, s) < max

Bccansc 0 < C(nt,, r) ( 1, we havc

r(r - 1) s(s - 1),-_-_...._
lnn

n

(2.3) I - C(m,r) 0(n, s) < {1 f min (C(nt,,r), O(ø, s))} X
X {1 - rnin (C(m,,r), C(n, s)}< 2{1 - rnin (C(tn,r), C(n, s))}.

l\foreovcr, using the inequalit¡. I -- C(m,r1 ç 1.0'-1)ir. (Z.S) (see [14]),' 2tn
we gel,

?'- 1)

(2,4) L * C(nt, r) C(ø, s) <

< lnAJX

iÎ C(m, r) < C(ø, s)
nù

s(s - 1'), fi c(m, r) > c(n,s)
,}T

r(r - 7)

n?,

s(s - 1) I
I

!1D,"¡-¡,,,8,u,, J'1, * (r r_ I; *y), (o,,,, ,

lìhus, rclation (2.2) is true.
Now, rvc esi,irnate the sum S(n, y) given 'by

1n-f |tr- s

Q.fù B@, y) : E E lD'"'l(n, tJ) - D'" I(\n, 0,)l þn-,,,(u) p,_,,tkJ)
i:0 j:0

I-,_et 8r, àr-) 0 l¡e t'wo real numbers which are independent of i and. j,
Thus, applying an inequalil,y clerived from T-¡emma 1, we finct that
(2.6) lD'"'l@,y) - D','l(1u,ït)l ( co(Dr,f ; ln - E,l, ly - 0¡l) <

< (1 l- ln - 1,18r'+ Iy -- 0,1 D;1) o(D'','"f ; àr,8r).

F XI,;,',1,,1¡'¡,

'¿uherc ll[T,;:,,U) == rì1åìx
r(r -- t) s(s *'l)

1L

ì

I llD,,y'll
1t?,
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Using inequality (2.6) above, rve get

f til-t

(2.7) B(r,y) ( co(D''^/i8r, àr) {t + ¡f'E- l'' - \¡lP"-''¡(ø-) l-
I r:o

rvhere
Dt-f n -sst(*,tt): I Ej:0 j=0

anrl

D,r.[(*, y) - I)''rl( 
o 

, - J--l 
lr*-,,,(*) p,-,,¡Qt)

\?,¿-r n-sll

+ Ò'tt I ly - 0tl7t,-,,¡(Y)
j:o

1

B"(n, ll) :
1il-f ?t-s

,
111-l' n-sBut in the proof of l:emrìâ 4 of our plevious pâper frtl' rve established

that

(2.8) ,4 l, 
_ Zolp*_,,,(ø) ( ,j[rn _ j.+_.

The following estimation follorvs from (2'7) ancl (2'B)

(2.s) S(n,A) < co(J)'''-f ; 8', àr) 
{t- 

+ a.' (rf-rnt;)*

In f2l, onc of the authors plovecl that

:T It:0 i:0
Dr't,f _ D'"'|G,,0¡) Pn.-r,¡(n) ?"-t,t(A),

1L- ]',

1 1(2.13) Sr(r, y) < QK - 1) . l)','Í lln-svIn-1'

We nott' estitnate S, (r, A).
In l3l antl [4'1, lYe provecl the follorving inequalities

+ àr'( 1

n-S

,1,

1l¿ - 1'

Ç

1[n
-;;=r_1: , Ior tt,> q,
2Vn-q

o, i < Ñ o..n,,* o 
q!!-g- . {-o-, r""'l n n 2'

Applving these facts and, moteovet,

!_

nI n-s
2

ohoosinq à, =- .,j-, 8, , 
]:in (2.9), u'c obtain that

Vm-r Un-s

s(,r, rr) < (z F'J:t-: *'Ju;) " (T)"ï; d=, 6+)
(210)

r{eeping in nrincl *no'[*-- 
"Vt[4, 

Proof of Lemma 3]) ancl e'r-

nlovinEinequaiit,ies(2.|),(2.2)and(2'10),tveha,t'etlreclesiredresult.
ihe la'-st Preliminar¡' rcsuli' is

LEMMÀ 3. lÍ I e C'''[0¿ L)z und' ttt']I't tt'> s zue haae

ll D''y - D''' lì,n,,,1 ll <

< {2r( + m'ùx 01,lrlz ¡,¡lt'¡ztl}'(p'''/ , #=' ñ=) + ttti;,::,u)'

Remarlr.Ir.or r : s : 0, the above inequality becomes (1.2), Lemma 3

is a lefinemenl, of Theorem 2'3'5 flom [1]'

Proof o,f Ilammct, S. Ttie notations are sitnilar' to the notat,ions usecl

in bhe Próof of lrelnlna, 2'
Wã have, from (2.1), (2'2) nnd' (2'5)' that

(2.11) lD'''l(",y) - D'''R^,,1(n,37)l ( 'Sçr, U) + M';:"(Ï)'

llhe sum S(n, Y) can be exPressed as

(2.12) S(r, 9) : òr(r, Y) )- 8z(;r, tl),

< {r -f max ( lVrlz l, i |/lizll} co Dr'tl;

Aflding inequalities Q.13) and (2.14), 1'e gel, the clesired result.

3. Main 'fhcoretn. V[e arc nou' reacly to prove the main result of
this papet'.

We shall consirler 1;he following real-valuccl function t(r, s) clefined

on [N X [N b]' : l(r, s) :2 +

a, q such that q . *^- (f
f max l'[ll2 l,)]/'ll2[) elservhere in [f12, rvhere 1l æ 1'08988733 .

tlefinecl in the first section.
Our martr result is the follorving

TrlnonrcM. f l le C''"10, l)2 and 111,>r) n,) st ue lt'ase

llD'''Í - D"'ßn,,,Íll ( Í(r', s) ^( n''ï;
\

(3,1)

V *V),ir min (r, s) : o ancl thercexists

ç) . 11 ! 2I( - 2, ancl Ú(r, s) : 2I( 1-

havc I <
11,

using Ijemmzù 1, \\'e can n'Lite

(2.14) sr(r, y). .(r"r, #=, #=).

t
I

I

. 'was

1 1 ¡ aï"$).
rn-r n-81r



ts

g(r, s) : min

instead of ú(r, s).
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m¿ùx

Proo!.Ifrom l-,emrnas 2 ancl B, .$,e get that (8.1) is tr.ue rvith In this situation, (3.6) becgmes

l/s(3.7) !-<2K-2+q.
Thus, rve havc proved that (3.2) is true tlr3od only if r : 0 and

tlrere exists a positive integer q such thaL q a!¿ a q -l2I( - 2.

1.he proof of the main Theorem is norv complete.
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l, *VnE, zI(-l- 
".a,x oltllzt,ttl;tzt)l

ft is thus sufficient to plove ütaL t(r., s) _- g(r, s), i.e.

'(3.2), *ry*f = 
zr(+maxqlflp rÅlfilzt)

if ancl only if min (r, s) : 0 ancl there exisbs a q e IN such that

q < max (+,U;)< q -t- 2T( - 2 o,t i- 0.77s77466 . .

Without loss of generality, l\¡e may assutne that lnax (r,, s) : s
tr'irst, 1vc consiclel tllc casc s : 4e2t lvhcre q e IN, iìi.

fn this câse, 1ve have 1l/s/Z l:l ql - q -.1.fn this situa,tion, (3.2) is cquivrìlent to

(3.3) ,rry-Fq< 2K+.q-1,
or l,o

(3.4) Ç*rrr--r.
Bttt 2K - 3 < 0 and, thus, (3.4) is not true.

tr'inally, $'c atl¿ùlysc (3.2) if there exists a ø € [N such t]rat

v,;): 
o

ltj
o

):ry< q -r- 1

42K-¡(lE
2

t1l

12)

t3l

t4l

t5l

t6l

I?l

18l

lel

u0l

[11 ]

I12l

[13 ]

I14l

q<mâx vr [r
Z,T

fn this case,
fn this situa

(3.5)

or to

(3.6)

orâ-r +

,1fîtzça.flt.llzl 
= 

ø, rvhere, as usual, f,l is the integrat part.
tion, (3.2) is cquivalcnt to

W
2

Ç*ro-2+n_-:r;
We suppose that (8.6) is true. Because ø <

<2K - 2 x 0.1.7977466 ...; hence, ?' : 0.

/;
2' tu. n*uuÇ <

z-c'1190


