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1ì..bstract-'. 
Thc m¿rin pllrpcse of this p:rpor is to give soìne replesentation theorems for flre con-tiúuous linclt functionals ou smooLh leflexive Blnach.pa""s by use of the semi-inner-productin tlrc sensc of [,¡.rrncl or 1'apia t4l, t7].

In[rotluetion. De¡'rNrrroN 1([4'1, t1] p.8g6). .I-,et x bo a real or
complex linear spa,ce. A rnapping (.,.i"i ZxX *K i* calletl a serni_inne*produ.i 

_t+, the sense-õf -Luméi (tr-se.rni-inier-proarici¡f- ii-inìïollon'ing conditions arc saüisficd :

(i) (a -l !/, ø)n : (u¡ ø)¡. * (,A, z)n) u, g, ø e X.;
(i) (|'r, U)¡. : ),(u, y)a; À € K, u, y e X;
(iii) (æ, r),,> 0 it n * 0;
(iv) l(*, y)r,|, ( (ø, r)t (y, y)n; n, y e X;
(v) (n, ),y)¡, : ),(u, y)t ; À e K, n, y e X.

We note that the mapping' X = r X p, n¡rtze [pa is a norm on X, and.
the-f unctional given by x = * & @, y)re K is a continuous linear functi-
onal on the riormed linear space (X,'ll" . I) a-à¿ ll/, f I : Jl y Ll,

,,, Ttn-ooÊnu -{ (161, lll p. Bs6). _L.a! (X, ll,lt) be a not.meit tinear spa,ce.'l'hcrL eDertt L-semi-i'nner-proiltt,ct which generates the norm is git:in bE .
(1) @, y)r: (J@), *,) a, E e x,
uh,ere i ir n sectiott oJ tluatity mapping on X.

.. 
(lcinor,r,an.. (l1l.p. By), Lct (X,ll.ll) be n *ormed,line,,r sqtace. ?hen(i) there euists a u,niqtte L-semi-inner-pìocr,uct tuhich generates- th,e nor*

ll..ll il.f _('Y, ll 
. ll) is a stnoot.lt, normed, tiíaeør sp&cei

(ä) ct'n J'-semi-itmer'-prod,u,ct 9rt, x w'ltiah, genàrates the norm ll .ll is a saa,la,r
prod,uot ill é,ll . ll) is a preltitbertiøn space.

_ rlnrtlrer on, by using the notion of the continuous L-semi-inner-
prodtr,ct, i,e. an L-semi-inner-proiluct which verifies the condition
(C) Iim lle(y, u * tA)¡, : Re(y, n)¡;, n, y e X,

l+0



20 S. S. DRAGOMIR

a, cha,ïacterization of smooth normctl linear spaces will be establishecl
(t1l p. 387).

Tnpomru IJ. f,ei (,'li,ll . ll) be a nonn,eil,l,inear ppace antllet (',')t, be

cst, L-senti-inner-prod,t¿ci whiclt ¡Ten,erntes tlte nortn ]l'll. fhen(',')¡"i,s cott'-

tinuous ilÍ QY,ll . Il) ¿s ct' s'mooth' ttot'mecl lineut s?üce.

DpnrNrtroN 2 (3), fl'l p, 389). Let (,Y, ll ' l[) be a real normetl linea,r

sprùce andletJ:X--,R,/(r) :]ll*ll', neX. Then the mapping.
2

@, tJ)., : (I'*l)@)', - rr^Í0 t tn) - l@)
,J0 t

n¡ !/ e,l, is callcd a setni-itruer--plocluct,inthe senscof Tapia, or a ?-semi-
innelploduct.

So-e propelties of the ?-serni-inner'-prorluct are given by (11l p. 390) :

(i) (n, n)r: llrll', r e X;
(ii) l@, v),1 < llrll I[v ll' u, v e 'x;
(iii) (nn, \y),t : qþ(n, q), if o.þ,)0 and r, y e X;
(iv) tìre f',scmi-inncr-plorluct is subarlclitive and, continuous in the first,
algLrrnent.

Tnnonun C ([6.], [] lp. 392). Let (X,ll .l[) b¿ urealnormed,lineørspace
entd lat e betlte set o.f all L-sem'í-inner-protlncts wlticlt, ç¡enerate the norm
ll. ll. 'I'hen, tue htt'ue

(2) (*, tJ)',:, ,1[l¿"(ø' ø)"' n, .t1 e x.

Conor,r,tnv ([1] p. 292). T'l¿e setni-inner-prod,tr'ct in, I'he sense o.f

llø1tíø is nn.[rsenti-i'iner-prod"uctwltiah,remerules tl¿e not'mll'll i',fl (Xrll'll)
ís o" smooth tt,ot"tt'r,ed, litteat' sp&ce.

It is $-ell kncu'n that the nor retl linear space (X, ll . lf) is a smooth
spzr,ce iff the nolm ll . lÍ is a Gâl,ea,ux clififerentiable function on X-{0}.

flu¡or¿nlr D. (t1l p. 392). I'et (X,ll.ll) á¿ ct reøl norm,ed lineør spüce.
?h,e !olloto'ín¡¡ senl"ences are eqtr'ittalent :

(i) the nornt,ll.ll is Gîvteuu,n eliJtercntiu,ble on, X - {O};

(ii) (r, o.!/), : o.(n, A),r, o. e [R, n, y e X 
1

(iii) (oc, y), : ø.(nt !l)r¡ o e [R, n, y e X;
(ir'¡ (øn -l þll, z),t : o.(n¡ z)t i þ(y, z)r, ø, [j € fR, n, y e X.

Further on, l\¡e shall prosent thc representation theorem for the
continuous linear functional on a real normecl space established, in [7]
b)' R. A. lapia ([1] p. a00).

THnonnrvr 'Il. Let (X, ll.ll) be u, real not'tned lin,ear sp&ce. Ihen the

f ollowing sentences ar^e equiau,lent t
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(i) (X, ll. ll) is u, sntor¡tlt reJleniae lJctttttclt, spüce;
(ä) f or e.uery f e X*, tltare eni,sts u,ta a7 e -Y suclt, tltctt
(e) /(o) : (c, x:t)r, ll/ll : ll,iyll, n e X

In lef. [6], I. Iloçca intloducecL the follorving ilcfinition (sce also
l1l, p. 401) :

l)prrNltroN 3. An Z-semi-innel protlucl, (.,.)¿ has thc Riesz-repr.e-
sentation propet'ty iff for evet'Jr I . X* 1,here cxists ârr f¡ e -{ such that

(4) l@) : (n, nt)", ll/ll : lln¡ll, a e 'Y.

Finall¡', rve plesenl, the replesentation thoolcnr clue to L .Roçca [6 |

(see also [1 I, p. 401) :

ll'snonolr I¡. Let ('Y, ll.ll) ¿t¿ ct reu,l nornteil linear sp&ce. Th,en, tlt,e

follozoing nssert'íons ttr"e erluiralen,t :

(i) There enists u surjecti'ue section,Ï oJ futatitu trtnltping on X;
(ii) tluere enists an L-satni-iu,tter-product on X ulti,clt, generates th,e norm anil
ult, í c I t, lt ct s th, e R,i e s z- r e'¡t r e s en t ct ti o n p r o 1t er t u .

. Cor¿or,LÀRy. Let (X, ll. ll) ¿t¿ u, real norntedlinec+r sp{tce. Tlten the Jollo-
toittg tr,ssertion s are eç¡uioalent :

(i) (X, ll'll) is u, stnootl¡ r'e,Jlenice P¡cnto"cll space;
(ä) tlrere cnists a wñque L-se'ni,-i'n'ner-ltrocluct o% ,Y toh,ich, generates tlr,a
n,or'nr, ll.ll antl tolticl¡ ha,s th'e Riesz-represet¿tatiott ltropet l,y.

1. IIIìI'RDSENT..\:fIO,\'I'IIEOIìIììIS IN SIIOO'I'II IìI'IìI,EXII'E
ll,\À*.\CH SI"tCltS

fn thissection, (X, ll.ll) willbe anolmccl linear spaoe ovcl K, x'here
[l( is the real ol complex nurnbcr fielcl.

1.1. I-.¡DIr[t{Ä. I-,et (X, ll. ll) ¿,¿ tt, nornted,li,near s

l,-sen¿i-intter-procluct tuh,iclt' generates tlte nornt ll.
setúences a'e equ'í'uu,lent :

(i) (,Y, ll.ll) ¿s ø stnootlt norntetllinent"spüce;
(ii) f or auer'y xt, U e X, tltere enist th,e lintits

ace ancl let
Th,ett, tlte

(',')" u'tt'

follotoing
'p

il.

(1) l,]Tuuto,nlttÐr,lyW
Proof. "(i) *(ii)''. If (X, ll .ll) is a srnooth nolmed linear space, then

,,* Uotr, n * tA)', : Re(/, n)7, lor €vet¡z a, y e X.

On the other hancl, u'e ltâ\'e

(2)

for

lln l- t,yll, - llnll, _Ile(n, n *'t'!)" - (¡;, r)" 
flìe(y, n l_ tÐt.tt

overy n,31e X ancl üe [P, Í I 0.
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Jor eaerl¡ n, y e X.

- _Proof_, L¡et us consider the rrapping' | ,,._]": XX X + [R gir.en b¡,
lg, n), : Re(y, ø)". Then [. ,. ]" is a 'eal I-sómi-innerr-¡r'oc1uc-L rvhicír
gene_rates the nolm. since (x,- ll'll) is a snrootìr lo-r'rnecl Ìinear spacc, il,
results t'haf, ly, n)r,: (y, n), foL ever). r, y e X.

On the other'hand, by rela,tion (2), rn'e ìrave

2(!J, u)r: liry R*(''-' -l- t'lt)'' - llnll' ï ltt, n),r+0 t
frorn 'ri'hcre (ll) is immecliatc.

-. lgt (X, ll.[) be a normed linear sp¿rce over'ffi and lcL (,,.), bc u,rr
-t-semi-inner-plocluct rvJrich genelal,ers the notrn ll. il.

1.3' I)npl¡rrrron (l6], [1] p, a01). thc clemerrt" n e x is c.,allec] J,-olilro-
gonal over thc elenrent u e X ili (y, n)": 0. Wc note ilrat a;Ly.

. - The follorving orthogonalit¡, plopelties in the scnsrr of L,urner, ¿ìr,c
evid.ent :

(i) OLu, nL}, ueXi r

(iÐ nI-'n+fi:0;
(iii) ¿eKr nTry+a.rLy.

1.4. L¡r¡,nr,r. Let (X, li.ll) be a sntootlt, not'meil lineur s¡tace u,ntl lct(',') be th,e L-senti-itr,tter-ltt.oclttct wh,iah genercr,tes tlte nortn ll. jl. # lor eaen¡)'e( we ltctae

(4) llu 1- xyll > ll,rll,
then
(5) nT,y.

Proof . a. Lel, ), : ú e [p. 'Ihen, we have

llu -l-'tyll, - llull, ) 0, f e[R.

Applying the J-semi-inner product ploper,ties, one gets

(6) Re(r, n * tU), - (n, u)" -l tl\e(y, r ,F tlt)t ) 0, rt e tI{.
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If I > 0, tt'e have

R,e(r, a, I ty)" -- (rrr a)" f Iìe(y,r { L'y)" Þ 0
t

I1 ú '+ 0, l)0, rl'e oLrtail P,e(E, n)"
Let t : -p.r $) 0 in (6). 'l'hen rve o

Ile(n, u * rr.(-y)), - (n, n)" * ¡-,. Re(-!J, n) f- tt(-y))r, > 0

flotn n'hele that Be( -!1, ü)¡, > ö t irnmecliate.
But Re(-lJt t)t : -Re(y, ø)1 x'hich implies thal' Iìc(y, ø)" : 0'

b. IteT' 7, : it¡ ú e R. llten l'e hal'c

(?) \le(r, r t t(iy))"- (t:,n)r. f f lle(iy, n -lt(iy))" 2 0, Úe Jft.

I'utting ? :: iy, from (7) l'c obtain

lìc(ø, ø I tz)"- (n,t)t f úße(4, a !tz)1, >- 0, ¿e IR'

n'lriclr irnplies that Rc(ø, nh - 0.

Rut Re(iy, n)t. : -Im(y, ru)r., ancl thcn frn(y, fi)r, :0. \lre obtain
(ll, n)": 0 i'e. nIn1.|lb,e lemma is prot'en.

1.õ. I)nrrrN,r'uroN. Let (-f, ll. ll) be a uonuecl linear spare ..ancI let
1',. ), bc an L-se,tni-inncr-plocluct,l'hich ge-nelates the norm ll' ll. If A c X
is'a, norr-eurpty sei,, then we denot,e b)' á" the set given by

. tl'' : : In: a; e X a;ncl n'In¡r for clcly y e A)

ft is c¡asv to see tha,l, 0e :lt tI l' ÀL:0 if 0e ¡l ancl øell(,
n e tLr' implies \L'tal aue rlr'. \{re remalh, that in genelal, lllt is uot a liuear
subspace in X.

Fulther, ou, \\¡c sh¿úl est¿r,blish a replesentation lheorern for the
clernents of ¿r, srnooth retlexive llanach space rvhiclr geuelalize a well-
knon'n lesult at n.ork in Hill¡el't spaces.

1.6. 'llnr,:c.¡nr¡;u. Itet (X, lt' ll) be rt stttootlt' reJleniua Banach' s12ü9a

ttt¡tl let (','), be tlaa lrsenti,-irtnet:-1trod,tr'al, tulaicl¡ geû,erates tlt'e nornt' ll'.11.
Tlr,en .l'or' euef¡¡ I) rt, closerl linectr sribsTtcr,ce in, X, nttr| ull' fi e X) th'ora enisl'
u' e II tt,t¡ú fr" e llr' strclt, tlt,rtl,

(8) ü: N' * u".
ProoJ. Let, ll be a closccl linear subspace in 'IJ aucl let ¡u J:e an element

ofX
If neIl, l,hen fi:ü'lc)" n'ith u':øell ancl n":0eb)r'.
I1 n $,Ð,' then thcre exists ¿tn elerncnt ¿u'e E such that cl(a;r -Il) :

- c1(ø, n'): lfn - fi'll. Putting st' : ç - t', rve obtain

lln" t Àyll : lln - *' f ryll : llæ - (r' - Ày)ll > lln - ü'll: llr"ll
for eyer')' yeE anil ),e K.

-Appl¡'ing lcmrna 1. .L. I'c oJrt¿tin il"ILy, ts¡ s'\rs¡¡' U eE, rvhicirmc&ns
Lhal' n" e llr'.

5

since the norm is Gâüeaux-clifferenl,ial¡le on x-- {0}, ib lcslLlt,s t,hrt
rhe limit ,f:W4*_ (n, r)" 

exists for e\.erJ, r, y e x.
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'(ii) + (i)". It is eviclernt by relation (2).

1.2. L¡nulr¡. T,e.t (X, lt. lf la ct, s¡nool,lt, ttot'tnecl linear sqt

l',')" be the L-sem,i,-ituter procl,u,ct wlticlt geu,erates tlr,e nonn lil.
Itctae

(3) (A, n), =: Re(y, #)r, : lim
l+0

Re(a;. n; * tll)" -. ll¿ ll'

4

ctc:e tt,n,tl Iel,

ll. Tltctt ue

>0.
J:tain

t
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1.7, Rnlrlnlr' I1 Itr is a proper closecl linear subspace in X, then
therre exists Drn fro e -Ðt such thaf, no * 0.

\Ye can norv prove a representation theolern for the continuous
lineal functionals on a smooth reflexivc Banach spaces ovel thc real or'
complcx number field.

1.8. Trrnonnw. Let (-tr, ll. l[) l¡e a sn¿ootl¡ reJlenioe Battaclt spsace and,
let (.,.)" be tlt'e L-semi-inner-procluct wlticlt, generute the nornt ll.ll. Then,
Jor euery I e X*, th,ere enists (L %¡e X such th,at

(9) l(p) : (n,w¡)', ll/ll : llu,¡ll, n e X.

In, arld,itiotl,, il I 1 0, th,en, th,e reltresetttation elentetú w¡ is git;att, lty

REPRESENTATION OF CONTINUOUS LINEAR FUNCTIONATS

Proof . ft is casy to see that (:t;, ?l)r: Re(ø,
everJ¡ n, ll e )[. Bub P"c,(n,11)1. : @,ll), (see lerlma
theorein 1.8.T, the corollarf is proven.

b 2:o

)" - i Re(i,r, y¡, for
,2,L), ancl appl)¡ing

u
1

(10) ,ttrÍ : lþu)
llwll'

Lt)

where w e Ker(/)t and, u * 0.

Proof . Let f e X*. If .f : 0 ancl putting LL¡ : Q, then relation (9)
is satisfie.cl. If / : 0, then ker(/) is a proper closecl linear subspace in X,
and there exists ã 1þ0e Ker'(/)L such that uo + 0.

Let w e I{er(/)t, tu # 0 à;nd. fi e X. Then, u'e have

l@)w-Í(w)neKer(/),
whích impiies t:hat wL(f(u)w - J(u)u). We obtain

(f(n)tu - l(tt) n, w), : 0

for wery n e X,, from r'vhere il, resull,s that /(ø) : Y (n, u)", n e X.
lþ'olí'

Pulting u, : J!Ð- æ, it rcsults that Í(o) : (r, wt)", n e X.
llwll"

On the other hand, rve have

ll@)l : l(n, u¡),1 < lløll llø¡ll ancl

llf ll : "P 
JljfIJ- 

' 
ll@òl : llurll" *+o llø lj llllrll

'which implies that ll/ll : llt¿/ll.
The i,heorem is proven.

1.9. OssnnvÀTroN. This l,heorem extenrls the implication rú(i)+ (ii)"
of Tapia's theorem to the complex case and provirles rnore infolmation
in connection rvith the rcpresentation element ø¡. We also nol,e that
if .X is a Tlilbert space, one gets the lìicsz l,heorcm rvith a similal proof.

1,10. ConoLLÄRy. Let (X, ll. ll) be u, smooth' reJleniøe Baltacl¡ spüca oler
a complen fi,eld. lh,en, for eaa'y j e X*, tltera ení,sts a, xtr € X such, that

(11) Í(n) : (n, w¡), - i(iu, ttì,, lllll: llr¿¡ll, n e X.

1.11. Concr,r,¡lny. Let(X,ll.ll) ll¿ a smoolh re.Jleniae lJattu,clt, s,püce ouer
a complen field, ancl let (.,.)" he tlte T'-setti-iu,ner-procluct wh,icl¡ generates
the nc¡t'm ll.ll. Then, f ot' e'uery l. X*, lh,ere erists cr LLr e X sttclt, tltat

l@) :1'-t @ -tl!)"-l\ll' 
-i lim

(L2)

n e X, ancl,

(13) ll/ll : llt¿.'ll.

Proof . By lemma L2.L, \'e har.e

(n, Y),': lim !"@:-Y-l-tn)'' - llall'

ancl applying corollar'¡, 1,10,'i* 
"Urrur ,trl.

2. RnPIIIìSÐN'l'¿\lt'ION TIIIìORÐìIS lN SIIOOTII RIII¡LIJXI\¡Iì
B,\NÀCTtr SI"\CI'S OII (N)-TI'II]I

Lel, (X, ll.ll )be a srnooth normecl linear slrace or¡el K(K : R, C).

2.1. Dn¡'rwrrroN. thespace(f, ll'll) is called a smooth normed. linear
space of (À/)-t¡.pe of the ,/l-semi-inner-plotluct l-Ìrich genelates the nolm
satisf¡' tÌre relation

(N) l@, y I z)" | ( l(n, y),1 l- l@, z),.1

f or ever'¡' n, y, z e X.
Since (X, lt.ll) is a smooth norrnod lineal sp¿ìce, l'e rote thal, couäi-

tion (ï) is equir.alent l.ith the conclition

(J) lQ@ 1- z), n)l : lQ(y), ¿ri) I l- lQ@), u)1, r, y, z e X

where J is the clualit¡' mapping on -li.
2.2. Rnlm.nr. Every plehilbertian space is a srnoobh nolrned linear'

space of (Àr)-type

2.3. Tnponnw. Let (X, lj'll) ä¿ a smootlt reJleniua Llanu,clt, sltace o!'
(N)-ty1te. Tlr'en, Jor emry E closecllinecn'sttltspu,ce in X, we ha,'ue:

(i) EL is tc closecl linear su,bs1tu,ce itt, X,

(ii) .for eaet'y n e X, tltere enists a unique n' eH cnrd ct, urticlue ü" €IlL
sttclt, tlt,at fi: fit I fr".

(iiÐ X:n @D" (u topologiccr,l sunt).
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Prr¡o,f. (i) Suppose Lltal' r, !/ elI".'l'hen, fot' ct'elJr 9€D, rve havo

l@, n I yi"l'< iþ,*)'l -F l(¿, i)"'l -0, rvhich irnplies T'lnaí n -l lJen''.
Sincc ø e fl(, tr elXL => o-n eltrL, one gel,s that llt is a linea'- Sr1l-¡-

space in X.
L¡el, us consiclol tho rna,pping' 1)" : y -' [R, 'p"(,t) : l@, :n)"..1, tt'helc

ae'Y ancl a + 0.It is eas¡' tolsee Í]nuï 1t" is a semi-nol'ln oll X, fol evel'y
eeX, e+0.

I.teL fr,, --+ ro in X. tl'hen

ll@, n,)"1 - lþ, r)'.il .: llt,(n,) -- p"(a;)l {. p"(n,, -- ø) .:
:l(e, n, - rr)rl < llelì ll¿,t, '- æll, x'hat implies l@, ru)tl --+ l(e,'tt:)tl.

If 'y,, e Ðt ¿r,trc1 ll , + ll in Il, then, f oL clter'¡' ú e Z, tve lt:lt'e

0 ,-- l(¿, !t,)"1 : ltlå(lr, uò") - l(r, l*1,)'l: IQ,tt)"t'

rvliich means LhuL y e IìL.
Consequently, D'' is a closccl linc¿l,r' subspacc iu -f'

(ii). Lct or e ,Y ancl lct,

fr : fr' I n", cJ' e IJ, n" e IìL;

n: !J' | !J", Y'elt)) .r1" ellr'

l¡e ts'o lcrplcscnl,atiu¡s of o.

One gets

II=r'-!J':n" -Y"e 711"

Since L' I ItL : {0}, tve obtain a' : !l', ç" : y".
(iii). Ib is eviclenl, by (i) ancl (ii).
The theolen is Proven.
Anothe¡ ploper,l,y of smooth leflexive lJanach spaoes rvhich satisfies

corclition (lD ii iriclucictl in the follon-ing' theorern'

2.4. Tr¡ponntr. Le[ (r, ll. ll) be a smootlt, reJl,etíuc,IJcmaclt, sltuce o.f

(N)-ty,pa ancl 1et (.,.) ba' ihà_ i,-setni-ittner-prctdtt.ct tolticlt, genalules the

ìroíu,iil.ll. Th,en, for: ert y T e X,,,, there enists ct, ruticlu,e element uf e 'Y sl.LclL

fi ,[ + 0, thcn bY thcorern !.8.1., lhcre cxist,s ?]. elctnclll, tt,.¡ * o

suclr b¡at rclition (1)"is 
'aiicl. 

\Ve ¡ave (tt, tt'r)": l@) : 0 1o1 e\¡er)'

r e I(er'(/) rvhicir implics tinat u', e I(er (.f)t.
If lu, e l{er. (,/)t is anotliel elemc,nt, u'hich satisties relabiotr (1)' sirrce

I{cr'(/)L is a onc-iiimensional lillcal srtbsltaco irL Il, thelc oxist's a À e [('
), + I) such bhat r¡ == )'1¡r,

One gets

(tr, tt,t),, '- /(,lt) - (n, tt¡)a: À(rr tt',)", n e 'Y

flout tvhelc ib results bha1, )r : 1.

Thc theolttrn is Plot'eIl'

2.5. Conor,rrrtlìy. Let (X, ll.ll) be u, stnootlt ref l"enirte l3_c11tua!, space.oJ

(ÌI)-tyqte ot:er tltc cr,tntple,n ,ìrríu|, :¡'írltl' 7'ht,r', for euery l t X", tl¡era e'nists

u tt n,ír¡tte ele¡¡ten't u, e X s¡¡çl¡ ['Ir'ctt

(3) I(r) : (,r, ør)' - i(i,r, ?A)', ll/lf : l[u,ll, r e X'

2,6. Coft,or,r,ÄR,Y. f'et (Á1, lf ' ll) ¿,¿ n tr¡sstlt' refle'niue Ban'uclt' spclae o.f

llr¡.typõ oier th.a cont,ltle:l ìntttber.fietrl urutl Let, (',')" be tlt,c frsenrí,-i¡t'ner'

p,"l,ärlit 
"rlriclt 

oe,,eratös tlt,e_,,ornt ¡i ¡. Th,en, for euery Í e X*, tltate ea'ists cr'

ttniqtr,e elen'ent ut'e X su'clt th,ctt

r?,'(i!, 'r.1r l_tù, _- llÜ - i u,o I{þ ,,, f-it'a;)r --!!¿r['¿
(l) /(i') ' littt ^]l--- -r+o t t-'o I

jot' e'tery rt e X, cnt'rl'

(5)
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ll/lf : lt¿¿,lf

,)1
I

th,at
(1) l@) : (','uì", lllll : liørll' r €r'

In addití,otx, il Í t' 0, n,¡ is gí,aen' bY

lt(to\
't(¡: vx}t' 

ll¿u ll'

rultore we Kcl (J)L utr'rl u # 0.

ProoJ. I'eLfeX*.
If /:0 ancl if rvc suppose 1,hal, g 

=/irr¡ 
: (r,,trr)r; rvith n e X

il,,r['ur 7 0, .ve obtai'' O -/(ìi) - llu/ll'rvltic]r irnplics 1'ha1' or: g'

3. AI¡I'LI(:..\TIONS

fn Ïef. tz] M' Golomb ancl R. ,'\. Tapia (soc a'lso 11.1, p'283) plovecl

thc follorving' theorem

3.1. .l.nuon]\\r. Let, (r, Il. ll) be u recil, .IJtt,ttttch, s'puce uít'lt, a unt:uocal

r¡talitij7n,i1t1tt,,r¡1. 't'l¿ey,.I ¿i à t¡near cpucrl,or if antL otr'Ly iJ (,Y' ll'll) is u

p r eltilb ertiatu sP u,ce'

Furl,l1er on, ìr,e sìrall givc a ch¿r,r'aatelizabiori theolctlr Îol the Hilbcli;
sllacc -1:¡' t,ao of lernnla 7'2.L'

3.2. 'Irrnonn;tr. Let (x, ll.ll) b¿ tr, stt¿oo|lt' ßtt'ttualt, s'pcrce. 'f'ltott, t,lt'e

f ollotuitr,g sen'tences ure equ,iaalett't :

(i) (,r, Il' lì) is ø Hilltert s'p(rce;

(it) Jor e'Der!/ ü1 Y e .Y, ue h,ttae

Iilrr
Pue(r, a I I'y)" -- lføll' :'If,e(n, U)r,t

uhera(.,.)" is tnu l,-ro,,rí,-itutr,er.,¡trutlncL tolliolt gutaru,les ['lt'c ttr¡rttt"

(2)



2s

ProoJ. "(i) * (ii)''. ft is er.iclenl,.
"(ii) = (i)". By lcmma L2.IJ, n'e have

Ile(y,u)a:1t*ry
uliclr_imp_lies that ße (y, î)r, : Re(n, y)r.
,. It (x,- ll'll) is a sniootü Banach'space ovel ilre leal number, fielcl,then the theolem is proven.
.. .- tt (.T, ll'li) is aimooth lJauach sp¿'ce ove' ilre cornplex 

'urnber,fielcl, rve havc

(y, n)" : Re(y, n)t -f i Im(y, n)t, :Ile(y, n),l- i R,e[_i( !/¡ n)nl:
: Re(3r, n)" - i lie(iy, n)r: pue(y, n)" - i Re(ø, iy)" :
: Re(ø, y)t, - i Iìefi(r, U)rJ : Re(a, y)y. J_ iRe[i(ø, ?ìt-] :
: R,e(r,.r t/)t, - i fm(ø, !l)t, : (n, ù"

for every lt ll e x,.*'hich implics flrat (.,.)" is a scala' pr"ocluct on ,r.The theorcm is proven.
The theorem of Lincrenstra*ss-Tr,atrti [B_] (see alsr.r [ä], p. 19g) isweIl knox,n :

u cro .l;'rt, jr';",1i,1,;J1,',r!,i*"rol:,";!:;,,î,;ii, 
f[ nf ïil'l*f,"7¡ktoa

_^,,.._..lJl"ï,{1 y.Ìiig the Li.clenstrauss-Tzafriri ilreor,e'r, \\¡e can pro.r,e ilrerollol\¡ltlg lr.lìeot'ern :

3.4. Trr¡onntt.,,f,.e.t f.Y, ll. ll) be a sntootlt__refleriue I:lu,naclt, sltuce oJ(N)-tA2g. Tttan 
^(X, ll.ll) 1s isomorphic ø a n¿tUeit iplirir*

Thc proof results florn ilreót,crn 2.8,'1.

IìEFEIìI'NCDS
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SADD LE Porr{T NE cE s sAtì Y cRr îD R T a ro R ì{o NI,rr\E Ap,
PIIOGRALMING IN COIVIPL,EX SPACD

DOIìEI, ]. DUC¿\

(Clu j-Napocn)

1. Introtluction. Consicler ilre problem
(P) Linimize Re ,/(ø) subject to z e X[, g(z) e S,
n'lrcrc ,?r is a nonempty set in co, ¡s is a nonernptv set in c," and, f : ll[ _+ cand g : ll[ --+ C^ ùre functions.

S

a

¿:

, rn this p¿ì,per, n'e sha,ll shon' that thc conl.e,rity liypothcsis can l¡etveakenecl.

2. Notation antl preriminaries. r.tet c" (J?,) clcnote the ra-dimensio-

A set s in cn'iF said to bc a polyheclral cone if it is a finiúe inúer. -
section of closccl half-spaces i, c;, claci cg"tri"i"g õ iÁ it* boundary,i.e.there exists a naturãI number q""d, q pointsìl .'..,"i i" cr. such that

B : n {II(ut) :h e {1,. . ., 4}},
whcrc-ã(ø*) :,{g,. 

,g'" :Ru.(a, ur) Þ 0}, I:e{1, ..., Ç}.
^_Ir ^S_' 

: n {H(u^) :.lr e {I, . . ., (l}} ií' a pòtytreclíai' conc in C,n anú,a e C^, then rve denote

ñ(o) : n{Ir(u}'): Re (o, u,,) : or¡.

. .. T\" pola. conc of a nonempty sct rS Ç C,,,, denotecl b), S*, is thc setot all ø in C^ such that Re (ø, 
") 2 O fol each ; ¿ 

^g; 
ì:;. 

''

,Sx : {ø e C^ :zeB + Re(ø, u> > 0}.
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