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ProoJ. "(i) * (ii)''. ft is er.iclenl,.
"(ii) = (i)". By lcmma L2.IJ, n'e have

Ile(y,u)a:1t*ry
uliclr_imp_lies that ße (y, î)r, : Re(n, y)r.
,. It (x,- ll'll) is a sniootü Banach'space ovel ilre leal number, fielcl,then the theolem is proven.
.. .- tt (.T, ll'li) is aimooth lJauach sp¿'ce ove' ilre cornplex 

'urnber,fielcl, rve havc

(y, n)" : Re(y, n)t -f i Im(y, n)t, :Ile(y, n),l- i R,e[_i( !/¡ n)nl:
: Re(3r, n)" - i lie(iy, n)r: pue(y, n)" - i Re(ø, iy)" :
: Re(ø, y)t, - i Iìefi(r, U)rJ : Re(a, y)y. J_ iRe[i(ø, ?ìt-] :
: R,e(r,.r t/)t, - i fm(ø, !l)t, : (n, ù"

for every lt ll e x,.*'hich implics flrat (.,.)" is a scala' pr"ocluct on ,r.The theorcm is proven.
The theorem of Lincrenstra*ss-Tr,atrti [B_] (see alsr.r [ä], p. 19g) isweIl knox,n :

u cro .l;'rt, jr';",1i,1,;J1,',r!,i*"rol:,";!:;,,î,;ii, 
f[ nf ïil'l*f,"7¡ktoa

_^,,.._..lJl"ï,{1 y.Ìiig the Li.clenstrauss-Tzafriri ilreor,e'r, \\¡e can pro.r,e ilrerollol\¡ltlg lr.lìeot'ern :

3.4. Trr¡onntt.,,f,.e.t f.Y, ll. ll) be a sntootlt__refleriue I:lu,naclt, sltuce oJ(N)-tA2g. Tttan 
^(X, ll.ll) 1s isomorphic ø a n¿tUeit iplirir*

Thc proof results florn ilreót,crn 2.8,'1.
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(Clu j-Napocn)

1. Introtluction. Consicler ilre problem
(P) Linimize Re ,/(ø) subject to z e X[, g(z) e S,
n'lrcrc ,?r is a nonempty set in co, ¡s is a nonernptv set in c," and, f : ll[ _+ cand g : ll[ --+ C^ ùre functions.

S

a

¿:

, rn this p¿ì,per, n'e sha,ll shon' that thc conl.e,rity liypothcsis can l¡etveakenecl.

2. Notation antl preriminaries. r.tet c" (J?,) clcnote the ra-dimensio-

A set s in cn'iF said to bc a polyheclral cone if it is a finiúe inúer. -
section of closccl half-spaces i, c;, claci cg"tri"i"g õ iÁ it* boundary,i.e.there exists a naturãI number q""d, q pointsìl .'..,"i i" cr. such that

B : n {II(ut) :h e {1,. . ., 4}},
whcrc-ã(ø*) :,{g,. 

,g'" :Ru.(a, ur) Þ 0}, I:e{1, ..., Ç}.
^_Ir ^S_' 

: n {H(u^) :.lr e {I, . . ., (l}} ií' a pòtytreclíai' conc in C,n anú,a e C^, then rve denote

ñ(o) : n{Ir(u}'): Re (o, u,,) : or¡.

. .. T\" pola. conc of a nonempty sct rS Ç C,,,, denotecl b), S*, is thc setot all ø in C^ such that Re (ø, 
") 2 O fol each ; ¿ 

^g; 
ì:;. 

''

,Sx : {ø e C^ :zeB + Re(ø, u> > 0}.
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Ii¡¿l', ll[ be an open sel; in C"' T]rc function .f : M -+ C'' is cliffel'entiable
nI øo e l)[ il

î(ø) - lþo): [v,l(zo)]'(z -- zo)+lvzl(zo)l'+@ - zo¡ olllz - ø0ll),

for all øe l'1, rvhere Y"J@o) ancl y7/(a0) denotc, respectively, the ry\11r
matrices s'hose k, j th c,lernents ale tho partial tlclivatives

JML nn¿ -'ligo) -7 rì:r, .., ,ttt,; j: tt ...¡,tx¡ðz¡ L'ø¡

ancl o(llø - øoll)/llø -- ø0ll * 0 as ø -, ø0.

DnnrNrrroN 1. I-¡et ,1r' be a nonetnpty set in C" and leb ¡S be a¿

nonempt¡- set in C'". .Ilne funct,ion f : M -- O"' is sairl to be:
r,) convex at ø e Jlf rvith respecl, to S if

SADDLEPOINT NECESSATIY CRITERIA 31

I.f , irt, atldition, one of lhe f ollctzuing cond,itiotts hold,s,
r" !^satis.fies tlte Ámrnu-rrut'tuicz-[Jzarua contplen const,t,uinl, qt,tnliji-

crttion (CCq) u,t ø0 tuitlt, respect to ,Y : {z e M : g@) è M1;
2" g satisJies tlte Kul¿n-Tttcker CCQ ctt øo witlt, respect,to X;
3" g satisfies l,lt,e ret:erse-concrúDe CCQ of zo tuith, respect to X ;
4" g satisJies tlt,e ueah; CCQ ut z0 tuitl¿ resltcct to X;
5" o sutíslies Slq,tef s CCQ uitlt, respect to ,Y, utttl gis cctnurae cLtø0 tuith

respect to S(ç1@"));

6" g sutisfies th,e strict CCQ uith respect to X untl, g is cotr,ca,aa at øo
toitlr, respect to B(g(2")) ;

7" M is coiu)en,, g is cou,caue on, tr[ tuith, respect to S u,ncl g satisfies
Ikn'l,itt's CCQ uith, respect to X,
th,en, r> 0.

The ltrooJ is given in ref. [5, Theorems 2 and 4].

3. Rcsulls. For l e 11, let L,.: M X C,,' -. C clenote flre function rlefi-
nccl l¡J. the forrn'Ia :

L,(2, n) : rl@) - (g(ø), u,) lor all (2, n) e M X 0,',.

Trrnonnlr 3. Let lt be a nonentgtty open set iu, C'r, let za e M and, lel
S_ le a polyltedrul cone itt, C"' ruitlt, tic" 'Let 

f :

tlilJerentictble fu"nction, ctt p0 lt, p0 tuith,
ctncl let g : M --, C"' be u diffø cctre at ø
to B. If z0 is a locat oyttitiiøt tlt,ett tlt,et
und uo e C" sue,J¡ th,ut

(4) r e R*, r0 e (S(g(ø0)))* q S*, (r', xtÍ) + (0,0),
(õ) Re (g(øo), øo) : 6,

(6) Ile .L,,(20, ø) ( Iìe L,.(20, u,0) ( Iìe L,(a, ,u0),

lor all ø e XI ancl u, e S*.
It, in, ctd,rliliott,, on,e o! th,e lotlotuirtg cottditiorts hold",

. I" lt satisf'ies tlte Arrow-lluruicz-fJztnua contpler const'ra,int, qualiJ,í-
ca,l,ictn, (UUq) ut zo toillt respect to X : {ø e II : c(ø) e B} ;

2" g sa,tisJies tlte l(ul¡n-Tu,cl¡er CCQ ctt øD tuitlt, respec't to X;
?f g satisfies llte reDerse-coll,cuue CCQ a,l, øo tuitl¡ respect to X;
4" ç¡ sutislies the ueølc CCQ at øo tuit'lt, resltect, to X;
5" g satisJies Slatetrs CCQ ouitlt, resltect to X;
6" g sutisfies th,e strict }CQ tuith respec[ to X;
7" M is conl)efr) g is concø,ue on M uith, res,pect to S cr,nd g satisJies

I{arlin's CCO witll, respect to X,
tltett, t > 0.

Proof . fn vicry of theoreln 2, tltere exist r e B ancl n0 e Cn' so that
(1) - (3) holcl truc. Sinoe (4,) is (.[) anrl (5) is (2), ineqralities (6) neetl 1;o

l¡c clernonstatccl.

2

) (1 -'t)f(,z) *'¿l('u) -- /t(1 --t)ø 'l lol € 
^s;

ii) concave nL øe llf f ith lespcct to B if / is convex at øe ilf rvith
respect to -S : {u, e C" ' - tl e S};

iii) convex (concave) on M wir,h r.espeob to iS it ill is coDvcx ancl J
is convex (concave) at an¡r 2i e M xith respecl' to B'

when referring to the objectivc f Lrncl,ion of a programming probletn
in a complex sp¿ùce, the conve-rity of the rcal part is of intclesl,.

I)nntNrtrorq 2.].tet M be a nonetnpty set in C" anc1let lf l¡e anonempty
set in -R'. The f unclion f : lI '-, C"' is saitl to have conve,\ real part at
z e M(on ll{) rvith respeci to ?' if / is convex at a(on '4f) rvith respect to
CT:{ueC'":lìeøe?'}.

'Ihc follorving result may lle founcl in l)uca,'s [7 ] :

ll'rluonnlr L Let lI be ct nonempty open set itr' C", let øe XI,Iet S be

o closed, col?,befr coixe ilr C"' nn'tl tet, t : )lt -> C'o be u rli,f lerentinttle luncti'on at z,

IJ J is col?,Den ut, ø tui,tlt, respect to S, tlr,en

.f(o) - l'@ - lV,!(ø))'(a -- ø) - [V; t@)l'@ - ø)e,5, tot' tt'lL ze f,['

!\re shall a,lso 1cecl tht¡ toilorving t.csult :

1]unonnu 2. Let II be u' n'onernpt,t¡ opcn set itt, C'',let z0 e n'I,let S- be a

cone etn,ptt¡ iirtòrior anillet,f : II -' (] an'd' g : l]1' '->C"'
'tiabte .Il z'is n'local oTttint'u'I soltttiott' of problern' (P),
enist e 0"' swch tlt'cct

r e Iì*, tlo e (B(g(a0)))r' s S*, (t', 'LLl) + (0, 0),

R,e (g(ao), Tr,o) : 6,

,il¡tÃ | rvzlþo) -- v,g(rÐIt} -- Y¿g(zo)ú,0 ==0

aeJI'I,D*z
f e'l 0,1 [
(1-t)21-taeM

(1)

(2)

(3)
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Since g(øo) e B, from (2) we haie

R'e f,,(øa,?¿) : Iìe lrl@o) - (g(zo), {¿)l < Iìe rf(øo) :
: Re lrl@o) - (g(z'), tr,o)] : I\'e L,(øa,uo),

for all ø e S*. Ilencc, thc filsb inccltra,lity of (6) holcts'

On t¡c o¡r"r i',añìr, ït-tò t,,t ötion 
"/ has'convc-s 

'tral 
pa'b al z0 *'ith

.o*p""i tì il- ana it is rlitîercntiable al, zó ; then by theorem 1, rve havo

Re fJ(ø) - l@o)) > R"{[v,.f(ro)]' (z -,0)'f lvzl@o)y @ - ro)]

for all ze M.-"^ -'sio"" 
1. e Rn, from the lal,ter inequality and thc properties of the

inner plocluct, we cleclucc that

(?) Ile rff(e) - !(øo)l > T"e(rv,l@o) ¡ rVzJ@o), ø - zo),

for all øen[.
îhe function g is cliff erentiable at' zo nnd. conOa,vc at z0 rvil,h respect to

B; then, by theorem 1, tl'e ha'vc

(8) Re(g(ø) - 0@o),ru0) ( ße (%9(,T?¿o f V": g@o)uo, z - zo)'

for all z, e M, because '¿¿o e ,S*'

Norv, fr'om (?), (B) zr,ncl (3), we obtain

Re L,(ø,u,o) - Ile I"(zo, uo): Re {r ll@) - l@o)l - (g(ø)-g(zo),xro)}}

> ne<rlJØ + rvzl@o) - v, g(r\rro - vz g@o)uo, z - z0) : 0,

for all ø e M, i.e. the seco-nd inequality of (6) !91-rls, ---^ -'ft, 
in aá,aition, ã"ò "t 

tlie coïditiöns td - ?o holdsr 1,hen r> 0' This

completes the Proof.
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n)uumqtle. Consicler l,he problem

Minimize (ø 1- ø - 2)1 @ { ã - 6)(e)

subject to

(10) -øä.+ 4z l4ã - 15 e {tt eC: -rl4 < arg tt' 4 nl4}'

frct ll'I:Ct B-[rle C:_nl4 (nrg'tr<"/4] arrdlel' W):^,,
=. p l-ã 2)t (z'1 ã -'6) tntl çt@) : -zz + 4z I 4^¿ - 7r¿ tor a'll

ø e'fo.' Thcn fro[t"i'' tSi - 1rO) is of_iúc form. (1.'). I'g! ,o ": 3' Evitlcntly'
îrr" iì"ãti""*]""4 9iré aitì."éntiable at zo, lh'l- function f,has convex real

narl, at z0 tviüh resp'ect to Jl*, thc f uncbion I is concaJve at z0 'rvith respcct

iäï rìís il; ñ;i;ã;"i¿"ró in C with nonömpty,intcrior. It can be easilv

"ãtitiä¿ 
tftat øô is a local opl,imal solulion of problem f.ql - (10)' llcnce'

¿Ëi;ö";;;r.; "fth;;;i B;." sabisfiecl. îhenihe¡e exisL t' e -R ancl u0 eC

*ä;fiñrt (4) - (6) nha. rr, can be easilv s.|g¡'n,fhat 1 
:^1 nnd' u0 :64'

We remar.h tfr*t^io" p.ónf"- (9) :- (1_0), the_ore_m 2 from r-eÎ... tll
and, theorcms f aof-â frlm'-riet. t6l òannoi bó applied, 

"þe.g,,usc./ 
fails to

have convex real parl, on ,4{ rvilh respecl, Lo fl* (the dellnltlon Is notr rur-

fillecl. for ø:I, a:2 and. f :712)'

3 - c. 1100


