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'l'he l,heory of extenclecl geometric progrâmming is based on the ab-
stra,ct geomctric inequaJities introduced by R. J. Duffin, E. r,. pcterson
ancl C. Zener in ref. [4].

J)nrrrvrrrorq 1. an ineqlaìity is said to be an abstract gcometric ine-
quality it it satisfies the following postulates :

(i) Thc inequality is a scalar procluct inecluality of th.e form

(t) f *,r, < t(y) G(n) - I(y),
i:r

n'lrich. is valicl for cach vcctor fi : (at, . . ., en) in an open convex set
C .: 7l a,nc[ each vecbor U 7 (Urt...., A;) in a cone I( - h,", where -F], À:
K --+ R ancl G : C -, B are funclions,

('l'r) rlor any vector cr e û, there is ¿ù nonzero vector ø e 1l such that
irreqnality (1) becomcs an equality for each vector y ontihe ra¡. emanating
lrom the origin through the point ø, i.e .

Ð *'y,: l(y) G(n) - I(y), lor alI y : o.ø, a. ) O

(üi) I}re function À i¡i nonnegativc on ilre set, K.
(ru) The function G is clifferentiable on the open convex set C.

_ . 
Th9 abstlact geo-metric ineclualities have some usef ul properties sta-

tecl in the follorving lemmas f4l.

- LDlrlrL r; rl. un _abstract geometric ittequ,ality is uctu,ally un equ,ølity
fot' ø aectot' n ,in C a,nd u aectc¡t, t¡ in, K, tlt,etr-

ltt:t(r¡)-P-t*),for any ie {1, ..,,n}.
(),1 ¡

- IrnmltÄ 2. I.f u is a ttector in, C o,,tttl q. is un, ørbitraty +tou,-negatiae
ntttnber, tlt,en tJ¿e þector

Y : uY G(n)
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is i'n' K at'cl llte absl,rnct geo.nrctríc inequalily (r) ltecornes an equalüg lrtr ærr.ttrl 1¡. ,1[orcote)', U+0 rclLetr, a¡0i.
LnlrlrÀ s. .þ'or euc_lt, abstract geontetric inequal;itu and fnr ea,clt non-ne-gu,tíuc t¿tttnher o., lltc Jullotui+ty¡ itlei¿tilías ur, ,nii,¿-r'-" 

'-'- ' '
(2) ),(øVG(a')) :- ø, ,for ølt, n e C
anrl

(3) -ú'(øVG(,r)) : o.lt'(y1(r)), Jor att n e c.

T,nrrl'.-t 4. Trt'e J.tut,ctiotr, G u,ltpenrin¡¡ itt, ct,n, ubstt,uct geornetyic ilequu_
lit17 ís u, col1,¿^efi Junciiort,.

rn [2 l, nuc¿r, cstalrlishccl arL inoqua,lit,v given'by the follorving lemma.

tlre eqaality baing oulitl iJ a,ntl ont,y í!

-'(äu,): u,, Jor uLt i e [1, . , ., ,]x].

(ä) Inequality (õ) is not cr,n, ctbstract geotnetric inec1,ualitr¡.

. ProoJ. (i) l,art (i) of the theorem is obtainccl applying lenula ¡l to bhe
systenr of numl¡ers :

71,7: gxt, )ün: e,n)yt ) 0, ...¡ll ,2 0 rvith \y, + O

. ,. (i!) rne.quality (õ_) can be exprcssed as a scal*r'Irocluc1, inequarit"l,
ol l,he form (1), if in tlefiniti'tr l ivc takc C : Il,', 1,hô cono K :"Rî as
the.non-negatjvc orühant of 1?, ancl the functions ,úi, ),: I{ -_+ R, G : C _. l¡
defined 'l:y

n(ù - (É r,) t" (É u,) - I ,, r,, t, t- i rr,, y e r{,

À(v) : ,är,, yer(,
fl

x 0Jr1l

)'',å,.., = r,, [(É ,,) g (
G(n): l, u',, n e C.

tl

au'¡

'a¡

lÌrc equ.ulit,tl lteing ,tu,[,itl iJ cntd otttu í,f

tti /å \'' lt¡ (à r,J t !t¡' r¡lt r e [], ...,/r,].

The p I'o tl f is eiyeLr in ref. l2l.
I-Ier,c¡ :l'rl f.r ri-h^,t follo*.sr n,e rlefine ú1. ¿ -: 0 if l:0.
In l2l, u'o lì¿ì\.tr tl,'r-elopctl a durr,lity thcor,¡.olì gconretr.icplogra¡rming

b¿rsccì on irrcrlua,liLr. (a).

. fn tliis pzì,pcr, n.c sh¿r,ll slrorr that ineclualit¡, ( as ascala,r p f_the folrn (f ) ancl s,e"slì ine_çralit,1 ¿rJrstract gcrrìrriotric inequ ifrîtl,he tlrta c¡l in lef. [2 j is not zr,ir thoclualit¡- in 1ef . t+ l.
fl'rtnonnll 1. (i) Let n : (s)t¡ . . ., $,) itt, 11,,, rnttl l,et

tl : (ltr¡.,,., !/u) > 0 uitlt, Er, * O. I.lten,

(i,) 
ä*,r, = (å r,) (å u,)n 2,,,rn r,- (É,rì'" (,ìï u,) * 

þ,u,,

^Pyi9"lttl', in this case, thepostulatcrs (i), (üi,) z,nct (i,u) of clefinition 1
¿¿re fulfillecl. lve shall shou. that tha postulatc (ii) ol dbfinition 1 is lot
fulfillecl. \\re sltall shorv this by contr;a,cliction ÀsÉ.rmethal, postulaïe (ü)
is fulfillcd. Lct

n: (nt¡ ..,, nn) e C rvith i r',*1. Then, ì-r¡'post,Lrlate (ii), [or,t]rc above
i:1

ø, f;bet'o exists a nonzet'o I'ector' ø e 1{ so Nh¿|,

tt

\ *,ltu: À(y) G(r) - x'(y) lor aIl y : az, a Þ 0.
¿*1

fly statement (i) of l,hcolcur 1, tìre equalit.r. in (õ) holcls iÎ ancl only i[

srt i aøt: uà¡ lcl all j e {7, ..., rt)¡.
t-1

Assume that ø is sl,r'ictl¡' .prisii,ive. 'l'hen Lhc incqr-Lalil,y in (r)) is va,licl if
and onIS' if

?¡:2! for allje{1, ...,n},

i..c., if and onl¡' if the coordonates of the vcctor. 3 : (2t,
tion 1;o 1,hc lincar ilnd hornogcncous s¡'stem

, ør,) zve a solu-

lt

a*tÐ
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- 'Ihe ploof of the lemmas is easily obtainecl flom theor.em 1 and the
clefinition of the functions ]1, À, anc1" G.
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Since fì e'¿ * 7t we have D + o; thus, s),stem (6) a,clmits only tJre trivial
;_1

: . . , : zt¡. :0. Then the vector z : O, rvhich conlra-
hesis that ø + 0. Trrus, axiom (ü) of definition 1 is not
inequality (5) is not an abstract geometric ineq*ality ancl
proven.

, -^__ Thg pr-operties of..tþg ab.st'act,geomel,ric inequalil,ios exprcssccl b;v
Iemmas 1 and 4 are valicl-for ineq'atity 1r¡ too. To flre pr.operiies of thä
a-bstract geometric ineclualities 

""þr"ssóa'ny 
terrrmas ã a'n¿b 

"orr..po"othe properties of inecluãIity (5) g'iien by thä folo*ing tómmas.

..-." !|.gt^ 6. I! æ.is an arbitrary acctor in, C antl a is an urbitrary
no_n-negatiae tr,urnber, th,en the oector lJ : ayG(n) is itt, I(. Moreoter, y * "e

ulren a # 0.

rf the øector u in c has the Ttroperty thati a"¿ :rt tlren inequ*tity (5)
i:l

becontes an equality lor n au,cl y : aVG(n),

Lplritlt 7. For ccn,y- %on-?xegatiae number a, th,e ltmcrious x,, r,, .,trrG aerily the Jollouitaç1 iìientities J
(7) À(øvG(ø)) : afi(n), fctr att n e C,

and,

(B) F(avG(n)) == øî(y1(n)), lor alt a e C.


