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' Abstrnet: We consitler ilerati'r'e methods for improving bounds lor the inverse of a
nìî[rix. r\ modilication of the rvcll-knorv¡r higher-orrler inter'\'a] Schulz nlethods is proposed.
Its computational efficiency is âs for the original ¡nethods but it is preterable rvith regard to
the accumulated rounding erlols. Furthermore, for practical applications, a sufficient cliterion
fol the tnonotonicity of the methods is given and thus talcing intersections after each step
can be avoided.

Let A be an (n, n) rcal nonsingular matrix and let X(0) bc an (n, n)
interval matrix u'ith

A-t e X@.

. fn Ìef. [3'1, Qhapter 18, rve can finrl iterative nethods for improving
,\tol by means of the intcrval arithmetics. these mcthods can be consi-
dered as inten¡al versions of thc higùer-orcter Schulz methods a,nd are
tlefinerl as follows :

r-2
(1) XQt+t' : rn(XÛ)) I ({ - 4m(Xrrt¡¡t + X(h)(I - Am(X<ht¡¡'-t,

r-2
I
I

(2) ?f(r+l) ._. nx(XQ)) I ({ - 4m(Xtr't¡¡r + X$U -  m(X<tt¡¡,-t' n T(e).
i:0

"where 1 clenotes the unit-matrir and

m,(X)-- nt((Xà) : ((nl,I î?r)12)

is the miclpoint matrix of an interval matrix -X. the integer parameter f
is to be grcâter than 1. fi, can be. shou'n that

4-, . ){(t), lc > 0

holds t;r'ue for (1.) ¿ìrd (2). OJ¡r'iouslJ'r for (2) rve havc the property

(3) -ll(o) r .I(1) = XQ) 2...t
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is the 'wiclth-matrix of an interval ma{ri-.x- an<l lf ,ll denotes an arbitrarymatrix norm. rn the above-mentioned rheorems,' it is shown that ioi
method (1) as l'ell as for rnethod (2)

0o(4-', {Xrþt}) Þ r

rvhich means, Lhat the itctates of 1: ¡ are founing a ncstccl seqnencc ofinletval matrices, As_!,o the convelìf enco of bhe ñiettroJ* Lo A-'L it canbe shown_(conr.pare Theorem 1ancl 2 in ref. tsl, chãptcr rã¡ trrït]ämethocl (1)

p({ - Aru(XQ))) { 1 e 
}im Xrrt : 4'

is valid tvhcreas, for methocl (2), the stronger condition
p(l{ - 441) ( 1 for 4 c X,o, *or11 XØ -, A-r

holcls. The -R-ord"".9l-.g^9+yerq-ence is measurecr as 
'sual 

by the Ã-orderof the sequence { lldiX<'';ll}, #here

tl(X) : d((Xuì) : (u?¡ - nI¡)

(4) is also a suffi-cient conclition for the monotonicity of (1). No.w .wc can
conclude in the following way. (4) is equivalent rviih

Inr(Xttt¡ - nx(x@)l * + (ct(xror¡ - d(xo¡¡.

For blre ser{uence {nt(xtr>1t, after a sim}le rc¿ìrrangenrenl, of terrns, we
get

(l - tLnt(X(1))) : (I - 4nzlXrot¡¡'.
Tlüs leacls to thc ecluation

m,(xrt>¡ :4-'G - ({ - 4m(xrot¡¡,¡
and oncc this is substitutecl into 1,]re al¡ove inequality, n'e htuve

l|-t(.1- (f - Ant(Xtot¡¡r¡ - ø{-\1tor¡l < +(r1(lror¡ - c1(,((1))).
2

Sincc

d(,Lrtr¡ : d(x(O)) l(I - ant(x(0)))r-rf

is valirl, rvc linall¡r get

(fr) 114-t({-({ -Anz(X<ot¡1')-nt(Xtot¡¡ ç,1-¿1t'ro,¡ (t - tG -A,rz(,ïror¡¡r-r ¡¡\
âFj a ncccssar¡'_ and stfficient condition ftu' tht¡ monotonicitl' of (1). This
iuecluality enablcs us to proof the following

.Lnl\rrtrÂ. f,et A-1€ tr(o) and lct lll - tLnt(X(o))ll < 1 |1. ll rlenotes
th,e cr¡lu¡tut-srutt ttot'tit); then, (7) cotmerges"to ,4tt tinA ij aiXr;rj ts ctriien
accot'ilin,q to the ru,ia

(1 +flI-4nt(Xrot¡¡'¡ rr.Lqx lä,,1 J- uax þn(Xliì)l
1,1 N,td(;r,g)) : h2 2 1* ll{ -Anr(Xo))ly-r

u:'here P? :4-,, tlten, (I) is tnonotonic.

lroo.f: The proof can be clonc b¡' simply sul:stitlting c](X['|ìty: lù
irr-fo,úhe lightJranil siclc of (5) anrl therr, estirnaling tho result'as'Úelorv
which gives tho left-hancl siclc cxpression of (5).

trlomalks : fn the abor.e formula for /¿ one can sirnplif)' the cxprcs-
sion by realizing thzlt

ll! - Ant(X(o))ll' < lll -, nr()lrot)ll

lrolcls true. Ilol the case rvhen 'r :2, it is possiblc to gct somo shuper
borLncls for /a (sere [5]) ancl ii; can bc sholrr ùait in i,his óase Urc altorña-
!t"^tr1' gcneratccl rnatlices ,li{o) i1 the pt,ocedures given in lef. [2] ancl
[3] alu'a¡'s plocluce monotonic scquences of itcratcs.

- \o'l\:,- rvc consitler. the second" ploìtlern of constructing an optimal
mcthod with respect to the computal,ioiral efficiency ancl to thdaccumutaterl
rouncling oÌ-rors. As n'as statecl earlicr', the optirnal choices arc ?' : B

oan be estimatecl.
tr'or practical computations, it seems reasonable to stalt the iteration_
once r has been chosen - with meurocl (1) because the convelgence cri_bly wearrer thanthat of (2). After some iteratiãnì-wtrãn

he convergence,of !2.).to 4tt_is tuiuilIetr, flrenlzj *r,oîiä
e or its rnonoto'icity which leads to a quitò 'natural

rarameter r, it can be shown tlnat r : B
y (see

iiiJ;
the choice r - 2 should be taken. these'

_ Before d.ealing with the probl
first the aspect of a comt¡inecl m
that the proposed srvitching from
cases. This coulcl sarve a remarkabl
of (1)'necessary for the test of the

Numelical examples showed t
in the procedures of [3], Appendix
already monotonic behaviour. On t
condition for the monotonicity of

(4) X(o) = XÍ)
ib follorvs thaü in the ca,sc of monotonicit¡', il(trror) must be sufficicntlv
large (see [6]). t'he question remains horv iar.ge ct(*ror¡ should b"-¿ù;ì;iso,that (1) Tpy har ct(Xror¡ rraì 

"ãinlluence on l;he is only a ôonclition
9n {h.e qualil,y of An iniportant stãpin l,his clirection ere it i$ shown thai I

l
l

rrl

tl

.:
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and f : 2, ïespectivel)'. flhe proposed methocls hercin try to gombine
troi;h choicäs b¡r clefiniñg highei-orcter methocls u'hich tse only lortnulas
comparable I'ittr thc cÀstt lr'lten r :2. Our methotls are thc follor'ving
ones :

,ttur+r,ù :,t(Xo\) + í(È)(/ - {ra(fttr¡¡,
(6) ,g(h+r,i) :\n(x$)) -F ?(À+f 

i-1)(l - Ånt,)(x(t))), 1 ç ri, i ( s,

-r'(Âj F1) : tn,(X(t,)) + !JØ+L'ù(I - Ant(X{k>¡¡, (s fixerl)

!Je'+l,ù: {nz(IrÀ)) + ,\:(t,({ * 4m(Xrtt¡)} n ,\,{r),

(7) ,t1(t;'tr't) : r,nt,(Xtrt¡ -l ytt;+t't-rìlrl - 'lrrr,,(.ra(r)))) î, y(tt+t't-1), I ( d, ti { s

ry(t;-t7\ - {,r,(,Iii'l¡ itfl'+r'a¡.7 - tlm(xtÀt1)} n 3¡r,,*r'^r(s firecl)

Ágain, (7) is the rnonotonirl velsion of (6). '\s for t]to jtlterv¿r,l Sc]ruìz
methotls, orle uses tìro ctlualitl'

A_r _ - _t_ 4_1({ _ _+,!)

togethcl ri'il,h the inclusiotr plo¡lert¡r in tlle inten''al alil'hrlretics to pltlvtr
by cornpletc inclttctiotr the pt'opeltros

,!-, . u!':t)t -L < i < s, :l-t e-T(t'), l¡ 2 0

fol rnethotls (6) and (7),
On closér inspecîiotr, the ilrtcn'ztl ma,tlices i7(r''it 

^oO 
-!(i') in (6)

tuln o11, to bc just the interrnecliate lesLrl1,s of the Ilolner.'-schun_e colllptl-
t¿r,tion of (l). flole^'err this is not truc for (?). So, \\'e can conclurle l,lr¿l,t

the sequence {X('ri a,ntl - as it simple consequeiloe ' thtr scqrtcnccs

kJut'¿)j ð,onvc,lgô to /-1 ii't p({ - '1"n1(X@)) < l. Also, by c'lirect proof
it can easily bc showlt tìral,

p(lI - 4'YD <1 Ilor -{ € .r(o)

guaranl,oes the convolgence of thc sectuerlces r?(i'i)l aJtcl {-Y(/0} oJ (7) t9
4-t. ft rve appl¡. the r.vitlth operator: d to the-equations in (6) rr,nd ()_*l¿
lhe¡ esl,im¿r,te the light-hantl-sicles as a,bove like for thc itrl,clv¿tl Schulz
rnethotls, tve got thc loliorvillg systcln <lf incqualitios :

d(yrr rr,or¡ 

" 
.t. n1t,'r) l:l lt-t(ìt 

(tr)

c1(r7{r+Ð'ir¡ ( -l- r11¿¡tt'+r't-rr¡l;l lcliït'a¡, l. ( i, ¿ ( s,'2

rl(I{r+rr¡ * t- 
o1o.**t,Ð) 14lcl1lftr¡.

Now, rve appl¡' a monotcluic and multiplicative rn[Ltlix norm to these
ineclua)i1,ics-aru1 becausc of the ecluivalonce of all mal,rix nolmsr rve get

l¡ COMPUTA'¡ION-{L .\SITECTS

the follorving s¡'stern of recrtrrcnces for an arbitlary norn:

lld(yG+r'or¡ ll { o(o)l!d(,Ir/,r¡ 1tz,

llrl(,r7tf+t'it;ll ( o,trll cl(ytr+t,r-t')ll. ll .t(X,t)ll, 1 < d, i < s,

llrT(,lrr'+tr¡l[ ( at'r1) ll cl(y(À+r,t,)ll. ll .t1X,",¡¡1,

Such a sJ'sbem rvas l,reated in lcf. [4] and it was proverl that rve have

On(Íl-t, {Xr''1, ) s * 3, On(4-t, {y,r'u,}) ) s f 3, 0 ( i < s.

.Ihis means tltat a,ll t,he intermediate results of the Ilorner-scheme g(t,d)
behavc like ,Y(r).

If n'e rneasure the compubational efforts in terms of the necessery
matrir multiplications in (6) or (7), then we get for the computational
efficiency the lorver bouncls

1

(s a 3¡t"+st

rvhich havc it,s maximurn lfS ,t I . 0., The optimal choices rvith respect
to tltese lorver Lrouncls ¡r,r'c both methods of older of at least 3 :

q(h+D :,m(x{ttt¡ f ìrr^r1 I _ Ant(x(L))),
(6',)

J(/;a1¡ :7¡¡()¡trLt) * ,a+rt(I _ 4*(X,rr)),
?t(E-rt¡ -- {nt(Xtt't¡ + XØ)(I _ Arn(Xh))} n Xr,*,,

(T',)

xQ;+7) : {m(xtttt) | y(t+n(I - 4m(x<nt',)} n yro'*Ð-

lhese metirocls can bc considered as the interval versions of a methocl
ploposocl in f1l. The accumulatecl round.ing elrors ale alrnost the salne as
for the c¿ùse r' :2 in (1) or (2) bccause of the similar structure of Qhe
collesponcling itelation folmulas.

tr'or pra,ctical pruposes, one can ag'ain combinc (6') and (?') in the
siìmc \\'iì-,y âs (1) and (2). Furthcrmore, for lhe monotonicity of (6'), the
samc is tnLc zr,s for' (1) rvith r' : 3.

lVc conclurlc rvith ¿r, nurnerical example rvhich gives a comparison
l.rcts'een a cornbination of (1) n'ith (2), resp. of (6') rvith (?'). Fõr sim-
plicit¡-, \\'c choose 1r -- 3.

4ã4

/I
1

- 0.1
0.1

-0.1 0.1
1 0.1

0.1 1

[1, Lzl [0.1, 0.2] [-0.2, 0.11

[0.1, 0.2] 11,7.2) [-0.2, 0.1]

l-0.2, 0.l l f -0.2, 0.11 [1, 1.2]

r-(0) --
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r is the numerical fixccl point of iteration (1) cornbinccl ri,itli (2). y is
the numerical fixecl point of itcration (6') combined rvith 1?,). Aftbrí aieiv
ibelations, in bclllt cases r\-e get tìre le,srrlts , '

,t,r, - ( j
1

10

I

1

1

.t0

.l 0 -12

202 2

220 2

2220

ON itIIIl NUI\IIBER OTr' LII\IIIT CYOLES I'OR SYSf[lEl[S \4/ITI{
SDYIIRÁL SINGULAR, Ì'OINfllS

(ì(r) : ,1,0 -1!
NICOL¡\IE I,I-INGIJ

(Ctu i-Nnpoce)

Tllgsg,lpltations u'cle pcrfolmecl on ¿ uricr.ocornpntcl Apple //e rvi6r aPASC]AL So svstem (see-- f8l). Trris crrnrJrìe r:nu'bc founìl'io'î.,t.. l?t.

l,.liFIilìliNctts

\Ve cousitler â'lì &utonomous s"Jrstenr in 1he case rvhcl it has one or
mole t,han one singular point. Such systems have been very wiclel)r stu-
died ancl arise flequenbl¡. in a1;plicntions. Iìeferences [2], l4l - fSl give
the conclil,ions for a Liénarcl s)'stem to admit fu limi1, c)¡cles srlroun-
dirrg an odcl number of sine;ulzlr'poinl,s. frithis pâper,rvegeneralizefurthel
clolvn the svstem stucliecl in rels. t4l - [8] and give exisbence condi-
tions lor /c limit cyclcs sr-Lrroundiirg 2n !.[ singular points.

Cionsicler tho system
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lìcccirccl 2õ.X1.19fì(i

,(1 )
a:h(*)y-I(u)
tj : !(r) 1- "(u)u,

\yhorc Zrr(r) : l(,r) rl,r, g(r), .f(n), lL(n), a(ø), aro continuous funcl;ions

I¡ acl tl¡ere íah f,,I ul ltcmtil il¿.
( I ¡ti oersil tiL Ol dc nhurg, D- Z 9 00

Oldertbttt g, IAesl (ierrnan¡¡

which sa,i,itity all bho conclitions ensrìr'ing the solution unic{ueìtess for any
Oauch¡' ploblen. \Vc consiclel lhe conclitions lor g(r)

glat) - 0, i: -- 1,0,1, ...,2rt, - 1; d_r ( qo { ... { ozo_7,

(2) g@) > 0, Vø e (orr-r, u.z¡ -z), i,:'l ,n,^trtlY n e(arn-r, æ)

çl@) < 0, Vr e (azt-z¡ a2;-1)¡ i :7, n', ùtr(I Vr e (-æ, 7-r).

Trr¡ronut 1. Let l,he fu,nct,io,ìL g(t) sutisfl¡ cc¡ntlitíons (2). T'he.re euis¡
the Jtrltctions gi(n)t i: I¡lq h ) 2, [o.(r) -.- ql¡(r) h(n)] * 0, tha systrerns
ol tutrnbers fr-t. { ü-t;.r< ., .

) u.zn-tt &tltl tlte Jtmctiotts

Ir1,(,¡) ,-- I¡(¡r') - lt(u,),p,(r), Ø¿(ø') =- -- ,!!tq-) qi(4 
----

a(.r;) -- <21(r) tL(n) 
'^ çt @) -

s(r) . llre impose tl¿e follozt,irtç¡ sttpltlctrtentøry conditiotts:
c/.(n) - ei@)h(n)

(i) p¡(0) :0, [o(ø) -- p'¡(n)h(n)l'(--1)t <.0, .i 
== 1,k,

u e ln--¡, n,l,


