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r is the numerical fixccl point of iteration (1) cornbinccl ri,itli (2). y is
the numerical fixecl point of itcration (6') combined rvith 1?,). Aftbrí aieiv
ibelations, in bclllt cases r\-e get tìre le,srrlts , '
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ON itIIIl NUI\IIBER OTr' LII\IIIT CYOLES I'OR SYSf[lEl[S \4/ITI{
SDYIIRÁL SINGULAR, Ì'OINfllS

(ì(r) : ,1,0 -1!
NICOL¡\IE I,I-INGIJ

(Ctu i-Nnpoce)

Tllgsg,lpltations u'cle pcrfolmecl on ¿ uricr.ocornpntcl Apple //e rvi6r aPASC]AL So svstem (see-- f8l). Trris crrnrJrìe r:nu'bc founìl'io'î.,t.. l?t.

l,.liFIilìliNctts

\Ve cousitler â'lì &utonomous s"Jrstenr in 1he case rvhcl it has one or
mole t,han one singular point. Such systems have been very wiclel)r stu-
died ancl arise flequenbl¡. in a1;plicntions. Iìeferences [2], l4l - fSl give
the conclil,ions for a Liénarcl s)'stem to admit fu limi1, c)¡cles srlroun-
dirrg an odcl number of sine;ulzlr'poinl,s. frithis pâper,rvegeneralizefurthel
clolvn the svstem stucliecl in rels. t4l - [8] and give exisbence condi-
tions lor /c limit cyclcs sr-Lrroundiirg 2n !.[ singular points.

Cionsicler tho system
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lìcccirccl 2õ.X1.19fì(i

,(1 )
a:h(*)y-I(u)
tj : !(r) 1- "(u)u,

\yhorc Zrr(r) : l(,r) rl,r, g(r), .f(n), lL(n), a(ø), aro continuous funcl;ions

I¡ acl tl¡ere íah f,,I ul ltcmtil il¿.
( I ¡ti oersil tiL Ol dc nhurg, D- Z 9 00

Oldertbttt g, IAesl (ierrnan¡¡

which sa,i,itity all bho conclitions ensrìr'ing the solution unic{ueìtess for any
Oauch¡' ploblen. \Vc consiclel lhe conclitions lor g(r)

glat) - 0, i: -- 1,0,1, ...,2rt, - 1; d_r ( qo { ... { ozo_7,

(2) g@) > 0, Vø e (orr-r, u.z¡ -z), i,:'l ,n,^trtlY n e(arn-r, æ)

çl@) < 0, Vr e (azt-z¡ a2;-1)¡ i :7, n', ùtr(I Vr e (-æ, 7-r).

Trr¡ronut 1. Let l,he fu,nct,io,ìL g(t) sutisfl¡ cc¡ntlitíons (2). T'he.re euis¡
the Jtrltctions gi(n)t i: I¡lq h ) 2, [o.(r) -.- ql¡(r) h(n)] * 0, tha systrerns
ol tutrnbers fr-t. { ü-t;.r< ., .

) u.zn-tt &tltl tlte Jtmctiotts

Ir1,(,¡) ,-- I¡(¡r') - lt(u,),p,(r), Ø¿(ø') =- -- ,!!tq-) qi(4 
----

a(.r;) -- <21(r) tL(n) 
'^ çt @) -

s(r) . llre impose tl¿e follozt,irtç¡ sttpltlctrtentøry conditiotts:
c/.(n) - ei@)h(n)

(i) p¡(0) :0, [o(ø) -- p'¡(n)h(n)l'(--1)t <.0, .i 
== 1,k,

u e ln--¡, n,l,
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(ii) ll¡(ø,) (-'1¡'n' <Ø,(r)(--l¡it' ( P,(ø,) (-1),*',
e;eln_,,n¡1, i:1,lc

h(r,)lt,(t) (_--l¡o*t < 1r',(,r,)( -1)t*t, (--1)n-t t F,(r_¡) (
( ir(r-t) l',(r)(-1)i+r n e ln_,, r¡f,

(iii) 1r,(ø,)(--.1)i+t ;, l',(,rr_¡*r)(-1)t tt, X'r(r_,) (-1)' >
; -1r,.(ø-¡-1) ( 1)', i : It li:.

Tlt,etr,, stlstcm (7\ hcts /i: -- I li.nút, ct1cles sut't'ounilin{J2tt, )- 7 sinç¡ù.ar ltoi,ttts.
In et-ert1 tlon"¿ctin, fl-¡{n{ui, i.:L,L', lhere arc at nt,ost i-L limit
cycles, ottt oJ tt¡lt,ích lil2l are stable uxl l(i - 7)12) m'e u,nstctble.

Proo.f . let ii : 2. \\re substitute in (1)

(3) t:y -l-?1(ø).

llhcn ' sys[,em (1) becorncs

,) ln h(r)q - h'r(r)

ly -f(o"(ø) - qi@) lt.(r:)) (y - Ør(n\).

\\'c l;uilc1 l lcctanglc l, lilr-ing thr¡ lcgs parallel to the coordinir,te axes,
rrrrcl tlrrr leltices ßr(e,r,.É'r("r)), I]_r(t'_r, -Itl(er_r)). Also, the tra,jectolies of
sysit,em (4), rvhioh closs thc lectangle le'gs fôr'iicreasing I pcnetrate insicle
the r<'ctanglc.. lhcn, u'c snl¡stjirLtc in (.1)

(ir) y :,!t I ,pr(n) -- ,pr(r)

urcl oirtajn ihr: s¡'stern

I r lt(,r) ,rj /".(n')
16l )t'la (o(r) * e:,@)h(r)) (y -Ør(n)).

Lt't l', bc¡ thc closccl cur'\;e into rvhich the Jtorcler of the rcctangle
I-, l.rirsst's tìrrougìi tlle lransfounation (5). Thc trajectories of s¡'stcm (6)
crossing thr: curve I-, penetlir,tt¡ insir"lc'it. ilhen l'e builcl the recl,angle 1',
lra,r'ing the lcgs parallol to the coolcÌirra,tc â,xes, anrl the vertices Br(c*
I;'r(rr)), I) r(,r__r, I,'r(r_r)). îhc trajectolics of s¡'stem (6) crossing the legs
o I l, go out, of the lt'ctanglo. Then, irr thc lirrg tlomain bourtrlecl b¡' l,
a,ntl I, tÌrero exists at loast one unstable limit c¡'cle; thereforc, 1,he theo-
lcnr is plovcrl for /¿ :2. Iìol l; 2 3, the proof is analogous.

lnnorìElu 2. If tl¿c cond,itir¡ns o/ îFIIìOIìD}I 1 ltol,tl rnul i.f ute hnre
lh,e supplententcrr'!l con,clitions

(i) Í(n) < 0, Yn € (P-r, 0r) ;/(Ê.-r) : "f(pr) 
: 0,

9-r ( ar, þr>. o.2n-r,

x'(a,) : 0, i : -1,0, 1, ..., 2n, - r; 11(9-r) - f'(Pt) : o,

u(u)(y * çr('r))' - fgIl"t- 
= 

0, V;u e 1[ì 1, p1), t) # a-t

/¿(¿)

3¡

[n("1 cle,)0, i: J;t;
J ¡(*)
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(ii)

(iii)

(iv)

rt'ltert'c Co : nrín rt¿

( v{',) ,rr. *
J /¿(",)

7 sitr,¡¡
lint,it

rf TH
l il,s1,

i:-1,1 I
¿){t(

h(

ll'rucont¡u 3. Let' tlt,a lu¡rction, ç1(t:) srt[isfry cr,tntlitiotts (2). I'here cnis[
u, fundiotr, ctr(;r;) tt,nd the ntunbers ,r:-, d &,rt tr) u.z,-t, sttch' tltctt:

(i) ?r(o) :0, ["(r) - <¡i(;r) h(.tr)l>o

(ii) l'r(a,-r) { Ør(;i:) ( Ir'r(.r,'r), V,l e (;r,- 
', 

rr)

Ir(lr) l"r(r) ( {(rr), I'i(r-,) ( /i(r-r) l"r(r), ír > e'1.

'1'he.n, ulL tlLe lin¿ít cycles oJ nlstenr, (1), il they e;.i,st, are'l'yin,¡¡ itt, tlte
tlom,ain ,?-r ( iù < ,¿.'r,

.l'roof. llsing rl lcasoning il,nalogous 1.o thc casc of ']IHITOBE]I l"

ancl rcf. ¡i.1, lhe"lirnil- c¡cles'óf svstòin (1), if the¡' exist, are insicle I'r.

Renrurk. I1 oontlitions (i) -- (iii) in lllIEOlìE¡{ 1 arc sui-
talrly modifiecl, then the limii, c¡ cle in thc c¿tsc l; -- 2 is st'able.

l:ìEIiEIìENCIlS
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D e ¡xu' I nt enl of X I rLL ltent atics
PolgteclutÌc InstítuLc

1í Entll. Isac
3,1 0 0 C I tt.j - t\t ttpo crt

Ilonutía

fret n¡¡(i :1, ..., tru, j -7, ..., rt'), b,(i : lt ...t ttt) ar1d.. clj¡
- 1-r . . . r ?¿) be rational numbern' Foi futulc l'efel'encer rre clefile t'he
follol'ing sets :

r' l^--t 
tt

-L : ì u - \nt¡ ..., fr,)el¿îl !.(ú¿iri < l)r i -- l,'.', tnj,

1ny : {y : (!Jt, ...,,!J,) € l¿1ll l),u,¡!, à c¡ j :t, .

xQ - x ¡, Q", ;;' : lt rt Q"',

\\'hele Q is 1,1ie sot, of ral,ional nuinbels.

LeL f : Il'n --+ l? ancl g i n* + -Il be clefinecl by

J@) : Ë r,*, for all n : (1)t¡ " .,, n,,) e nf i
i=r

g(y) : it,,V, for a,ll lt : (!JL, ...iy^) e.R".

'Wo clenol,e by (PQ) the problern

, n\,

(PQ)

ancl by (DQ) 1,he pl'oblem

(D Q)

[.f(r) + tnax

ln e Xt¡

g(y) --+ min
'!J e v8.

In this påìper', thc cluality plropelties olì thcrse pl'oblcms (PQ) antl
(DQ) are stttliecl'

IìnuÄ¡rc 1. T[e sets X0 a,nd I0 fì,Ic pol)rtopcs ¿ìndr þecause a,ìi!

(i --= 1, ...t nt i - L, '.', n), blí,: l, ..., nt) tnd c¿U^; 1,.' t'' rt') a'rc

iat'jouil nrimlicí's, arrj' of i,lrtiil vt'l'l'ic('s is ùn cloììent of 8" aud 0"1r tcflpec-

t,ivcl)'.


