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1í Entll. Isac
3,1 0 0 C I tt.j - t\t ttpo crt

Ilonutía

fret n¡¡(i :1, ..., tru, j -7, ..., rt'), b,(i : lt ...t ttt) ar1d.. clj¡
- 1-r . . . r ?¿) be rational numbern' Foi futulc l'efel'encer rre clefile t'he
follol'ing sets :

r' l^--t 
tt

-L : ì u - \nt¡ ..., fr,)el¿îl !.(ú¿iri < l)r i -- l,'.', tnj,

1ny : {y : (!Jt, ...,,!J,) € l¿1ll l),u,¡!, à c¡ j :t, .

xQ - x ¡, Q", ;;' : lt rt Q"',

\\'hele Q is 1,1ie sot, of ral,ional nuinbels.

LeL f : Il'n --+ l? ancl g i n* + -Il be clefinecl by

J@) : Ë r,*, for all n : (1)t¡ " .,, n,,) e nf i
i=r

g(y) : it,,V, for a,ll lt : (!JL, ...iy^) e.R".

'Wo clenol,e by (PQ) the problern

, n\,

(PQ)

ancl by (DQ) 1,he pl'oblem

(D Q)

[.f(r) + tnax

ln e Xt¡

g(y) --+ min
'!J e v8.

In this påìper', thc cluality plropelties olì thcrse pl'oblcms (PQ) antl
(DQ) are stttliecl'

IìnuÄ¡rc 1. T[e sets X0 a,nd I0 fì,Ic pol)rtopcs ¿ìndr þecause a,ìi!

(i --= 1, ...t nt i - L, '.', n), blí,: l, ..., nt) tnd c¿U^; 1,.' t'' rt') a'rc

iat'jouil nrimlicí's, arrj' of i,lrtiil vt'l'l'ic('s is ùn cloììent of 8" aud 0"1r tcflpec-

t,ivcl)'.
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The next, lemma is verv irnportant fol oul considelal,ions. \Ire rernalli
tlat.a polyt'.gne is an interseetioñ of a linite number of closed half-spacc,s,
A polytope that has a vertex is callecl a pointed pol¡'tope.

. LnrnrÀ l. rl I' c Ã2+ is u no¡ruoid, polytope, then it is a ytoirtterl'poly-
tope.

. ^ ._Proof. Suppose that L is not pointecl. From l,heor.ern gó 12, Cli. 1l
il, follon's tha1, thele exist ø1 : (nl, ).., *l,l e L und, *z =: (nl, ..'.,'il,) e J,',
u\ * n,, such that

(1) (1 - ¿) nt 1- t.az e tr for all ú e -8.

Because nL + nr, there exisbs a je {1, ..., ø} such ihal, ø} I .rl. llaking

¿.: f(-1 - n!)(r3- rl)-', iÎ ni- øl >o 
,

t(.--1 - nI)@3 - øl)-1, if nl - nj <o
y9 g"t t\ut æ": (1 - t') nr 1.-"[n2 QL, since ir"¡ ( 0. t]iis contradicts (1).
Ilence, Z is a pointecl polytope.

Using le.nr.ma 1, ì,r'e prove an interesting 1,heor.ern. Itor' futur.e r.cfe,-
rence d,enote by (P) r'espcctively by (D) the problems

(,l,rii) 
'lSccause 

1\'e have provcrl that (i) ancl (ii)"ale !r-ue' it lcsull,s

ttrat, pr:oúten (p) lias olrtima^l sclutions iT ¿r,ncl onl¡' if problern (PQ) has

olr-rtion of ploblctn (P) ancl lct z" e
m (I'Q). llecause XQ ç -Y, tt'e ltat'tr
ttalibv ctnnoi, holcl,

thölo exists a I'ational lrumbcr f
n e XIJ(.r) 2- Í) is a nonvoirl
e I s -lli). ÄpPl¡'ing^ lemna I ,

ïl"":i"'*?i?" i' 
"1 o:,, 

ti" 
;,' å.1'¿

also zeÇn. IIonce, zeX,o Qo c -{ n Q":XQ'
Similnrly, \\'e càll lll:o\re :

Tttuolìtll¡ 2'. TIte followitt¡1 ct'ssert'iotts ure tnrc:
(i) Probl'ent (D) is in,feusibte if und, onty if prabl'ent' (DQ) is infea-

sible.
(ii) Prr/btent, (D) hils no optintctl sol,t.tl,ion,s if attc only i'f proltl'cnr

(DQ) høs tto o1ilímu'l sohLliott,s.'- '' (iiù Problent, (D) /iøs optinxtl, sol/tlio¡ts if cr,ncL otr,ly iJ \n'oltlem (DQ)
h,us oltli,tttnl solutí,otts.

i¿r¡ l.f 31" is c,"tr, olttintal solutir¡tt c,/ (D) cr¡trl z" is an optintctl, sol,ttl,ion,

of (DQ), th'en g(y") : g(2"). _ r-r ^ o'r \ 
Uii"g'theõrìéms 2"¿r,'il 2' ¿l'tl 1,he.r'e'r II'E from [1], ive gcl'

,Irrnorilllr 3. Ilor Ttroblaryts (llQ) ør¿rz (D(ù), one rind' only one of lhe
{ol,lotoina usscrtion's is Iruc:
' i¿i' ba;!L prolrlents hct ue olttint,ctl solttl,í,ons cr,ncl th,e optittt,ul 'ttalues o,f

th,e o s en'e equal;
prohteirs i's feitsiltle, ¡oltile tlrc . oth'er is inJeasible;

itt, tlt, ibte probtettt' lías nc o1tl,ítrtu'! sol¡t't'iott;
eùLs úrc i.nteasíbl'e.
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1975.

(P)
g(ø) --+ min.
yey

. . "(d) 
Proble.nt ( (i.e, -X: O) ü' und.ottly i,J p.obtent, (PQ)

ls lnreâstDte (r.e.
(ii) Problenl, tnut sotu,ti,ons (i.", :Sf l@):!æ) if ønc't,

only (PQ) høs no opitirnøl solutiotls.
lem, (P) has optintal solu;tiotts i,J atrd, on,ly iJ problent, (PQ)

has httions.

- ._Qa) I¡ n" is an optimal solutiott, o/ (P) an[I B" is an, oltti,tttctl solutiot¿,
o/ (PQ), th,en ,f(n") : Í1r\.

Proof . (i) fi X : 0, then Xq : Õ, because XQ * X.
Let now XQ : <Þ. We suppose t']l¡rat' y t O. tsecause .Y is a :touvoicl

polytope and Xc -Rii, there exists, bv virtue of lema la r-crtox ø" of .I. Ifol'-
evei:, by remarh l u.e get tltat r" e Ç". Ilencernoe. X ñ8,:-I0. This
implies that, XQ ¡ O, u,hich is a contradicl.ion. IIence, -Y:- Õ.

- (ii) If sup {l@)t,reXQ}: -l-co, then sup {l@)ine X} -=-l-oo,
because XQ = X.

Let now sup {.f(ø)ln e X}: + co. 'Ihen fol each natulal nutnber
k there exists an elernent nt'e X such thab .f@')> /¡. Reca,use / is a linear
function, the set lr: {n e Xlf(u) } h} is lol evetr' Ä; e ì¡ a nonvoicl
polytope. But X ç R"*. Then X,. = R\, fol all lteN. Applyinglcmmal,
rve get ühat for every /¿ e l[ there exists an. øt' e X such Lltat zh is a ver-l,ex
of Í, By virtue of iernark 1 we ha¡.e zr eQ" for cl,ery heN. Then z/'e
€XnQ:XQ for every /,reltr. Non'r wchavel,ør)à ¿ for: er¡ery
k e N, because zb e X,,. This irnplies thal, the funcl,ion / is nol, rìppcl bouu-
ilecl on XÇ. T{ence, sup {/(r)l n e XQ } : +*.


