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Abstraci. We prove that an exponential fitting cubic qphnu difference
scheme, when applied with a uniform mesh of size & to: Fple)y’ =
= f(a) fol 0<a<1,pa )>p>0, #(0) and w(1) given, is unlfonnl\ con-
vergent (i.e. the error is bounded by Mi%/(e+-h) with the constant A
mdopvndent of b and e. The convergence between the grid points is
considered. This resultis ilustrated by numerical exper 1ments
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I. Entroduction and netation. We wish to introduce the concept of
employing cubic spline collocation with *artifical visecosity’’ in the approxi-
mation of the singularly perturbed problem :

Ly = ey’ + p(x)y" + qx)y = fle), 0 < <1
y(0) = 3y, y(1) = 3,

where eis a paramneter in (0, 1], 8§, and §; are given constants, p, 9, fe
30,1, p(2) =P >0, g(x) < 0. Undel these assumptions, (1. ])ha.s a unique
golution y with a boundaly layer at & = 0 for ‘“‘small” <.

Classical cubic spline collocation methods when applied to (1.1)
on a uniform grid have an inherent formal cell Reyuolds number limitation.
This leads to tho spurious oscillations or gross inaceuracies in the approxi-
mate solution ([1], [4], [5], [7]). In order to avoid these ditficulties
one infrodueces exponential functions into the spline basis (spline in
tension [7], y-elliptic splines and y.-splines [4], adaptive splines [117,
finite elements [3], [13]). In this papel the exponential features of the
exact solution are transferred to spline coefficients by the “artifical visco-
sity” o; = (hp;/2)cth(hp;/(2¢€)). In that way, a spline difference scheme
(2.7) is obtained. In the case p(x) = p = const, ¢(a) = 0, its local trun-

(1.1)
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cation ervor for the functions 1, x; ‘exp(— wp/e) is equal Lo zero, dn-the
saime case the spline in tension [7] is o linear combination of the four func-
tions 1, @, exp( = wpfe), explrp/e) on each subinterval.

The spline collocation method of this type is dervived in [15] based
on the analysis given in 107 and [9]. An outline of the proot of Theorem
is given in [16] Heve, we consider an approximate solution of (1.1} in the
case g(x) = 0, in the form of the cubic spline [Tunction w(x) e (0, 11
The obtained estimate for the (x) = y(a) — o) shows the uniform con-
vergence of the first order in e at the erid points.

I eis fixed, the obtained estimates give the resualt from [15] which
it the same as in [10] when o; == <. The numerieal results suggest that,
when g(a) # 0, (2.7) also achieves anitorm fivst-order aceuracy.

Let the grid points {r;} be given by wy = Gehy == 0 44,
B = 1/(n - 1). The splive function o(x) on the interval |, x| has
the form

- ! pt R
@.2) v(x) =P 4 Y (@ ) & ‘)"J"i (rerp-_ 2Bt — (@ =)y

where o (k= 0,1, 2, 3) are constants to be deterniined. The gpline diffe-
rence scheme which we are going to derive has the Torm
P70y 150 A 10 = ek G A g 0 L (Mn

(1.3) {ay = 8y, Vugy = ;) Whine

0y = i‘{f” = a()); ﬂn"’;] = fi

For an arbilvary mesh function {g;; we introduace the notation

(1.4) Ry gy =75 14 7560 T Goes
(1.5) Owfs = 47 Gi1 -+ G -+ G Fin

The local truncation error =(g) of seheme (1 23) for the arbiirary faimetion
g(x) € 0210, L] ix defined by

(1.6) o)) = Balgla) — Qul L)
When it i eleay from the context the J subgoripbs In a7, oo @5 will

He o omitled.
Throuohoul the paper &0 @ A A will be used Lo denote

sibly

1

different pox
2. berd s We wailt to obiain
fhe solulic ol e form of fhe cubic spline (1.9).
The coofficients of

e dotorinined from the equations

3 NUMERICATL SOLUTION
2‘9 5 2) PR L t Bt ) 1)
(2.2) Gup (T ) 4 pogq (o) - Bl - h2ey2) 4

- ¢ ( oo . "y
!_ q""‘l(/v(") -%* h/v)(;l) s h;'l’ill) /2 ’]l’ /L'I’L‘,‘,O),y"'()‘) il fli—h]

o = epjeth pjy pj == hip; [(22), 0y == plr), q; = ()

(2.3) of = oty - holDy S R j2 4 h3e® Jo= (e
(2.4) o == o el - R, 2, J=11)n
@ o) == vy 4 he, J =11
(2.6) oy = 3y, iy =8,

- V.Equa_yt.‘mn.x‘ _(2_.1) and (2.2) are introduced instead of the collocations
etgqatmns. _Luc;_ua,htles (2.3) —(2.6) result from the requirement that "UéiJ‘) .;
C?]0, 1] and from the boundary conditions. By the elimination ot /v‘” Cp
and v from the above equations as in [10], we obtain t.h(%. ‘saluxmro Y 5

(2.7) Ryv; = Quf;, 7 = 1(1)n, where
Fio= B by R [(20000), 1T = a0 ey
1= — ;8] Yier — 0%y, - hqi/(26)),

Gty = ! i -}»/(')j, bj =1 — ]/(0,«7], W; = cth Gis

w; =1 -+ B¢ )(6a;0,), B, =t — hq,_(da;0; — p)j(12a;6,6,_,)

it e ey - DA ), A = By - 205 — 20, — 1
k¥ pib 2 h
qi =P )y
Ov; \ 20,4 0, a; Gi g 26,

2

2 ; 1 1.9,
2

G, \ 26°% @, - 3 {
v, \ 205y a; Gvivy \20i0504, a; G;
) 2 ]
gt = (__?____ __Pah
! ., € 2
Gy G+ 20741 Qg

- > N

©g 7= Opy Vg = 8§,

" = 3wy —1)f(hA ),
a7 =i Ay ), ¢f = 3/(pj4y A)

05 = (20, — )[4, - (2o, + D/A4 )} (o,

f::.g((\)j,ll »{— I)/(}[ji l)

y Payma 10 (maximus principle). Let (Vi be a set of values ab the
/'1, ‘; ' /-”7 ”;/‘ ‘; !./rr o /":/u‘ v-r - ,/7 H - f . . Ta v " ,M/ Sl 4 v
gruc ‘J()ZH'[S v <('c_ fysng Ve < O, Vayp < 0 and Iy 1,2 0, § = (. Phen
Vi, <0 forj = 01)n |}

Proof. Bee [1], Rarark 2

)
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TamMA 2. ((20). Let f, p € C3[0, 1]. Then the solution of (L.1) can
be written in the form
yl@) = (— ey’ (0)/p(0))exp(— p(0)a/e) 4 w(a), where
(2.9) [w® ()] < M(1 -+ e 1 exp(— 23x/¢)), + = 0(1)4,
M and 3 are constants tndependent of h and e.

Lmara 3 ([127). Hquation (1.1) has @ unique solulion and there are
positive constants 3 and M, independent of e, such that

(2.10) lyO(x)] € M -+ Metexp(— 28x/e), © = 0(1)4.

As in [2] we use two comparison functions ®; = —2 4 a;, ¢; =
= —cxp(— Pwyi/e) for some B >0 to be chosen. I‘mm Lemmag 2 and 3
we can conelude that

| y(@)] < Mexp (— p(0)af€) + (@) )
and because of that we consider 2,®; and I,¢;.

At the beginning, we introduce some relations and some estimates
for hyperbolic functions.

(2.11) [teth ¢t — 1| < M3/ + 1), 1= 0,
, . Pk — ) . .
(2.12)  cth LA cth 2% = sh Q— i hf (sh ey, sh —p—’k)
2¢ 2e 2¢ 2e 2¢
(2.13) Mt <sht < M, 0 <t< M,
(2.14) Me! <sht < M, My <1< 00
These estimates are taken from [12].
h? 1
(2.15 @5y — 05 = — —— p'(E) —-
( ) 1 J Dz Pp'(E) sh¥(7) )

¥ is a point between p;yy and pjy #; < & S @j4ge

el nz o,
M*};; sh 21:}) (&) ) whenh<e,m_y < & < oy
{2.16) |A; — A;_4|<
M be (E)e 2"when e< b
€

% is a point between the points p;_; and p;4y.
Mhe for h <«
Mh2exp(— hB/e) fore <h
{2.18) T =177 (pj-y p3) = T (pspes) + (p1-1 — e D= (pires) +
+ (pio1 — p)? »Dg‘(:’J‘uPi)/Zy

(2.17) ooy — 205 + @;_ 4| < {
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wlere 7, is a point between p;_; and p;, and
I'r (2,0,)

i

Pi — y DI (a, D) is a value of D} at the point (a, 8).

0z
3 (0f —1) (0 +1)

h (Bws — 1)

(2.20) v =1" (oseyy i) =10 00) + (pivy — 01) Doy (o1 p1) -

4 (pivy — p))2 D% (1,01)/2,

7 18 @ point between p; and pjy,.

(2.19) Di_(pives)) = —

3 (0 — 1)(e; — 1)

(2.21) Doy (p;5,05) =4 o8 T N9 77 &)
+ (pHPJ) L (3(0? T
(2.22) Dp-— Dy 18 e — 1) s
b (3w) — 1)2
(2.23) r (e e/t (o1 1) = exp(— hp,/¢)
r
(2.24) e =exp(—hpife) — v (g, p) R (05 p1)?

Pt

+ Cfr*(psryy o) A+ O(R2), b < Me,
R = ( Pict — Pi) Dr‘(:’)_UPj),, 0 = (pi+1 — 1) Dry (0, ei)s

(e agﬁ p P
(2.25) o= (e — D@est 2) (sl
/-1
0([" ; .
(2.26) 79? = (@ — 1)(3w; —2)/ (P Al
J+1
~ aq
(2.27) 0(; = (‘”5 F1 A, + o M(pio;A%)
i41
, aq(,‘
(2.28) ST (of_y — (A, )(pso;47.,)
Y li-1
_ Sujg
(2.29) ¢ < M(EWyexp (— day/2€), 8 >0, j # 0.

LEMMA; 4. There are constants ¢, and ¢, independent of h and e,
such that for ' h < ¢, 0 < B < ¢y § = 1(1)n,

, h? .
a) o = M ——for b < e
k . € e

b) Ry,

v

M for €< h,
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¢) Ryby = Mu(B)/h for h =

d) R [u(p) = MY B)/h Jor b = ¢
1 , N

¢) Ry = M- u'(p) for b < e
et €

o(B) = exp(— Bhf<)

Proof. a) Lye; = — r h - rth =3 (

0yq +1 Wiy —"1_)
A; Ay

9

o i ,
> M hecause of (2.12), (2.13), (2.16).
"

by Ruo; = My(L/A; + /4,2 = al
@m%:mewu~mmem—f)

Tiet ¢ < hey, then vt = M/

-—Ai . lim F; = _,l._’
A; (o5 + 1) o0 2

ot = Hy (o — 1) ;=
w;_y — 1 =2cexp(— 20 )(1 — exp(—2 0ioy)) < Mpexp (— 2pi-1)
1 — () = My and p(B) — 2 M exp(—Bhf€)

for appropriately chosen ¢, and ¢;. Thus, ¢) follows for e < hes.

i I . , .
ey 1t = Mfe, L — p.(.i)-”l-'- exp(—O0RB/e), 0 < 0 <1,

1

e = Osh

w(p) — ):F > Mlexp(— hp/ &) — exp(— hpsf &) -+
7

477 (g po) Rl (i )

h ,
Gyt (pran p) 12 M exp (— Bh/€) (seo (219), (2:21), (2.24)).

Thus,

Ryb; = Mp/(p) h?e? and e) is true. Tor ¢y < efh < 1Irom the last
inequality we obtain c).

d) By division of the left and right side of the ined uality ¢) with u(p)
we can conclude that d) is true.
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3. Prool of the nniform eonvergenee at the grid points. The trunca-
tion error of the scheme (2.8) is defined to be

‘(31) T = ]‘)'h L’/('11;7) - Qh (L'/('TJ)) - Rh ,’/(-'r'j) _" Rh vi= Ifh-’%’y

2; = ylwy) — v
According to [1], [2] we use the following form of the =
= w(y) = Dy(x) + Liy'(@e) + -
19 = of 405 + 07
Ty = h(rf — 1) — (@ Poer + @ Pr A4 Pi-d)
T2 = h2(rf 4 07)/2 — elgf + @5 + @) — M@ P — G Pi-1)
I = WAT — 176 A (h — Pk — (PiehTH2 A G
Tixpanding out to y () terms, we have (19 =0, 1 = 0) :
(3.2) o = T2 () T3 yP(@) 07 Ryl @ — by y)
At Ryl @ 4+ My) — O elty(wyy oy — hy y''y —
— ¢ Py Ry (g 25 — hyy') — eqt Ry(r, @+ hyy''y —
— gt (P Bolis, @ = Iy y'), where

b
Ay S
(3.3)  Ru(a,by g) = ¢V (8) [-(](l],—JI_'q;)—,Z %,‘S(b — 8)" g (s)ds,

£ i a point between the points & and b. We shall use the above expression
when b < ¢, but when e < b we shall use

(3.4) 5 = T22(x) + 7 Ry(ay, &;— hyy) 477 By (@@ + hy y)
— q Ry (2, x5 — hyy') — eqt Ry (@5, x5 + ¥ 4
= q .pi—lRl (mj’ ryp — h7 L’/’) - Q+ Pi+r 1"51 (a".ia €Ty i hv .1/’)
and the remainder terms in the integral form.
The technique of the proof is outlined in (2] for Bl-Mistikawy and
Werle’s scheme.
It is based on the comparison function approach of Kellogg and
Psan [12], 1.e. on the following corollary of the maximum prineiple.
CoROLLARY 1. If y(h, €) = 0 and kyh, €) = 0 are such fumctions that
Rylygs + kods) = Balk2) = & v for j = 1(Ln, then 2] < Filos] +
+ kyly; . So, we look for suitable T, and Iy for
2y = u(w) — Uy, (@) = exp (—poale)
bwy = w(w;) — W, w(x) is a function defined in Temma 2 and Uy,
W, are approximate solutions of w(x;) and w(zy), respectively. In that
way we prove Theorem 1 because of |2;] < M( |2y | + 12e5]).
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THEOREM 1 Let {v;/] = 0(1) n ++ 1 be the approximation to the solu-

tion y(x) of (1.1) obtained using (2.7). Let p, f €03 [0, 1], p(x) >P > 0

and q = 0. Then there are constants o and M independent of h and e, such
that for j = 1(1)n
(3.5) {|fv,- —y(@)| < Mh(h <) + Mh2et exp (— oxi/e) for h < e

lo; — y(z)| < Mh -+ Meexp (— oxy. Je) Jor e < k.

Proof. We start with z.,. Let b < e, Here, ©; = 7;(w). In view of

(3.2) and after several Taylor series expansions, at a;, we have
T2 = 3h [(0;y — DA, (@54 4+ 1D/A]2 - /A,y — B]A; —
— e[ d;) +1(pind) 4 (205, — D(pid;_j0;) +
+ (20 DA A 0)] = Q) + @, + Q, + @y, where
Qo = M1/Ay_y — 1JA;) + (BRp;_1ps Pyir 05 — 2ep;_y Pii)( Ay — AR,
R, =24, Ay 1 PiPi P o
Q1 = 2p51 Pirg (B0 — 2e)[A)(w; 4 — 20, + ©;4,)
+ (Ayoy — AN — @) 1/ER;
= {3h% iP5 (24, p" (&) — p'(E) 4; + 24, +
+ 2ehw; pi[(A;n, — A)p' (&) + A, (P'(E) — p'(&y)) —
— Ahp"'(E)A; + 2hp'(E)P'(EN(A; — A;))[py —
— 4A,_ hp(E) TR, |

where

g _— i
ZTjoqy S & S By @y < &y < Ty &y < & < 8y

Qs = 6[200; A; p; (05 — €) +1(Ad;_; — A)) @; p} (03— €)1/ Ry
From (2.11), (2.12), (2.13), (2.16), (2.17), we have

19,11 Mids2, 0,] < MRte
1Q,] < Mhie?, Q5] < Mh4e72(h + &)t
. Then, from (2.9) we have .
(3.6) | T2w® (2;) | < Mh*e (D &)1 (1 -} 7 exp(— day/¢))
T% = R4 (@541 — (*)n';ﬂ + (Ao — A)olf(24; 4;_)
+ eh[(Piqg — Pix) Asoy — i (Ay — A3 D (Praapididi )
(3.7) | Tow(2,) | < Mb*e (1 + e~2oxp(—duy/))
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Now we consider the remainder terms in (3.2)

1,4
38) 1T Byws, ayopy w)] = | w'( a»i% Pl < MM (1 4

+ e73 exp(— 3&;/ ¢)),

%1 < &5 < @y, because.of |17 [ Me7t and exp(dh/e) < M (the others
‘being similar).
From (3.6), (3.7) and (3.8), we obtain

e

(3.9) Low)] < M~ (le L exp(— o /.)

e h g?

:and by Lemma 4 and Corollary 1, it follows that (3.5) holds for |z.,|.

Let ¢ < h. Then we have (from (3.4), (2.11), (2.14), (2.16), (2.17)).

Qo] < MhPelexp(— chp;fe), Q] < M ePexp(—chp;/e)

Qs < MA3, Qs < Mh* e+ h)7! and
{3.10) (T2 ()] < Mh¥ e+ A) 71 + e lexp(—ax,/¢)
As before, from the remainder terms we consider only

Y= —q pioRy@i, @iy w).

-8 ' o .,
|Y;| = - (x; — $)w'® (8)|ds <——— \ (1 + e 2exp(—38/<))ds
Aj~—1 Af~1
Fjq i1

< M (h2 4 h2e 2 exp (— oxy_4/€))

‘By partial integration for j = 1 we have

Y;, = —qpiy[hw”(x)) + Bo(x), @4, w)] and

| Y] < M(h + eh™tu(c)’™). By Lemma 4 and Corollary 1, one
#finds that the contribution to the error from this term satisfies (3.5).

Estimate for zy,.

Tj(u) — Rhuj b (),)],(I/ll/j), L’llrj = Py E—l(po — p;)’ll/j, w; = u(mj)

+(3.11)

(W) = T - T
AAsin [2], we obtain that 7, = 7, + 7, (sec (2.20), (2.18)), where

7, = w;|r(psy ps) eXD(Ph/e) — 1) + r*(ps ps) exp(—poh/e) —1)]

1y = w;)(psmy — N De — (o1 p)eXD(Poh/ ) — 1) -+ (p141 — 09) Dislpsy 0) *

- exp(—poh/e) — 1]+ N,



K. SURLA 10

134

i i sanerty that | N < Mhde™
N denotes different expressions with the property that | N| € MhieTu

B, and D, are determined by (2.19), (2.21).

= [ —q Pos (Po — Pic) eXP(hpo/€) — Do (Po — 1) —

— @' poc Tt (Pg — Pisa) XD(— Polt/ €]

Tet b < e After expanding in Taylor series according to (2.23),.
we have
c; = wexp(— P/ ) (piy p)exp(Po hle) — 1) [exp(—h(p,-— po)/e) — 1] =

— i pohfe — pihie H2)(— (P — Po) Yele ' (p; — Po)2h3e™2[2) -

(pifh+ 91/71 — pjl8W) + N

(3]2) T, = U poh,s"zm(pi o }70) + v
(3-13) = 31.6]}905*1[((,)? — Do —pi1+ 25— pis1) + (0O =D (e —
— o)) (3o —1)2 4+ N

(3.14) l7y| < MR* e,

Further,

h
= P (pe — PO €+ P — 0
g

4 M(q™ + qh)hFeTE.

By applying (2.25) —(2.29) and after some Taylor developments, we obtain
7 /1Ng . .
< Mhe 2, |N,| < Mhte™

¢ ¢+t =2¢8 Ips+ Ny €7 — a7 <
gt + ¢ < MR® and thus
(3.15) g = WipsPohe APy — Po) + N
According to (3.11), (3.12), (3.14), (3.15), Lemma 4 leads to a term in the
error estimate which satisfies (3.5).
Tet ¢ < k. Then

. | Ll i - 77,21
vt = exp(—hpol &) + hwsp'(0g) €™ exp (— Oufipse™) - MAZeT,

0< 0;<1({=0,1,2)

[fj-mxp(_poh/ ) - 1) + expiple) 1]

17| < Mertexp(—po%i- Je)exp (peh (0, — 1)/e).
(h2aje ‘3cxp(;h8/e) - 3, § >0

11 NUMERICAL SOLUTION 1

o
o

(3.16) Tl < MehTlexp (— gw_,/e)

(BT [=ul < Mexp(— pytife) o1 p'(£) & ap'(5) exp(— pohe) 4
- P (&) exp(— 2poh/e) | < Meh~lexp (— am;_ /<)
As Defore, from (3.16) and (3.17) one finds that the contribution to the
error 110111 these terms satisfies (3.5).
The proof is complete.
The estimate (3.5) is the same as the one w huh wak obtained by
ICellogg and Tsan ([127]) for Allen-Southwel — I1in’s scheme.,

4. Aecuruey ol the approximate solution belween (he grid points,
The approximate solution between the grid points is defined by (1.2)
where eonstants 0§, j = 0(1) n can be determined from the relations :

052y = (v, — by — 8))/v5 J=D)n,
(41) (l,'/l/'(j]) =0 ,"'U}p_l —I— Fiy j = 1(1)“/
e ﬁ(z e i S h__( St fj_)
6 gj_1 g, G; 2 Giqy Gy

After that, we obtain v(?(j = 0(1) ») from (2.1), ¥P(J = 1(1)n — 1) trom
(2.53) and v‘ Trom (2.2).
Denote 2(x) = y®(a) — "), Then for 2 e [2, %41, We have

o (L i B (1) (2 — ay)* o (2 — 2)°
(4.2) z(x) =2, + (@ — )2 - e T Tfo’j +

+ Ry, @ ¥)
From the construetion of the scheme [10], [15], the following holds :

(4.3

o1} (a0 (0)
2y ='(27) —

) 1_‘?”'1//ra j:](l)“’
(4.4) @it = bz F oo, Jj=11)n

5)

)

(4. P25 = Yo -+ B2[p1/(Basy) + /6y — by, /6 — Pigprif(6a6)]
(4.6 P15 = b — Maf2 -+ W(ny_yf oy - m)a)))2
(4.7) h = Yi(e, — <)
{4.8) Yig == Ry_ @iy, x5 49)
(4.9) a2 == 0, — peP,  § = 0(n
(4.10) 2y = 2w 4+ 0) = (2 — R — ok, § = 1(1) n.
Since

Ra_lxs, @, 39 = Ry_i(ay, 2, u®) L Ry w2, V) and

0, € - k(3 — iy :
Ry ity 0 ) e %—f S ( ) L oL gl L P
- =9 (o - ¢ "
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s (_po.)lcxp(— Do) = (2 — @) et exp(— pobfe), @ < £ <
€
= afe, 1= xife,
< g WO

o neine the first cquality when ¢ < h and the second when b < e,
R ;hi i)l(lf)b45(1('1(14,L.1§§'L(41..8), 2.11), (3.5)) :
Metexp(— oti_y) + 1477, e < hy
el < {M[‘h,‘l”" e texp(—oty) + RV, b < e
o Mh{e + h~' + h¥e ™ exp(— atis)]y b < ¢
l-zj s {Ml_l 4 ohemtexp(— oty ], e < Ay

@ < Mhe™ (e + W)™ -+ Weexp(— ol ], h < e
s {M['(e By 4 e exp(— oty ¢ <h,

)| < M[eYe+ Mt + ke P exp(— ol ]y I <,€’
VS AMATY e - BT R R exp(— ot)], e < I,

o is o constant independent of e and k. Thas, from (4.2) we obtain that

the following theorem holds.

TaEOREM 2. Let p, fe 0?0, 1], p(w) >
there are constants o and: M independent of h and e, such
§ = 0()n, the estimate

Mh¥(e 4+ B+ (2 — aph® e exp(— ox/e) ], D
2 — o) < . e, .
ly(a) — o] { Mh 4+ (¢ — @) he™?exp(— cafl€)] e

>P >0 and q=0. Then
that for @ € [xj, ©11]

IA
®

h

IA

(4.11)
18 valid.

Thus, for @ = x; we have a u1;11f0
for € [«, 1], where « is @ eonst'zant- inde .
convergence in boundary layer is not achieved. »
TuROREM 3. Let p(a) = p = coust, p >0, ¢z) = 0, f = Q, SOI :t 1,
8, = exp(—1/e). Then spline v(x) s an tnlerpolation spline for solution
y(x) = exp(—pa/e) with propertres :

Mz — axphdetexp(—p0/e), k<
{M(m — whe texp(—p0/e), e <

rm convergence. The same holds
pendent of e and . The uniform

€

<
h h,

(4.12) ly(z) — ()

we @, @i, ¥ <0 < Ty

(4.13) y'(@;) — o = exp(—ph/)y'(@i1) — i), 7 = 0(1)n.

. = 0 (see 3.11). The matrix of the syitem
0 — o(@y) = T, j=1(1)n is inverse monotone, and we have

ﬁﬁg(i)y(m;){, ;)}z 0(1;’?3 ‘zi~ 1. The estimate (4.12) is obtained from (4.2)—

(4.10). Since, r; = 0 in (4.1) and by/a; = exp(—ph, €) We have (4.13), i.e.

Pi,3 = 0 in (4.4).

Proof. In this case 7, = <
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Treores 4. There are no constants M and o independent of < and I,
such that i

LA 1% < MIs
Proof. Suppose the contrary, and consider the case from Theorem 3.
, 4
m ¢ o + k| P d 4 ) i
Fhen, ¢ =2(¢" +¢7) = —= >0, 4 = 4, = const. From the expre-
pa '

sions for 7' and 779 in seciion 3, we have
(4.14)  2r7 = (—ph™t + 22072 (g7 4 ¢° - ¢*) — BT - 2R 72 5
Multiplying (4.14) by p4 we obtain

2r pAd =6-p71(— p + 2¢) +O(h) - 0 (hy™1*° ¢ = ¢h.

For 'c < p/2r Wzm'ld I sufficiently small we have that r—~ < 0, which is & con-
tradietion. This suggests that 0(k) is the best uniform order of aceuracy
for our scheme.

9. Numerical examples. In the examples we shall give, the order of
uniform convergence according to [5] was determined experimentally.
We used the equidistant mesh with h = 1/2%43 f — 0(1)6. By pp. we
denote the estimates of order of classical convergence which are obtained
for different /o and e

Pre = 1085(2uc/2i11), Where 2, = max 25,6 — Dagare1 ],
j '

and v, ;18 the approximate solution obtained with the step & — 1 j2F+3 P
denotes the mean value of the estimate of the order of classical eonverwoncg
for a fixed e. For an estimate of the order of classical convergence 51"9 is
taken for the largest e, and for the estimate of the order gl uniform
convergence P, is'taken for the smallest e. Tables 1 and 2 contain D e-
Problem 1 ([5) : '

bt : ; (T als
ey '+ (1 + 2%y’ — (v — 1/2)% = —4(322 — 3z + 1)((w — 1/2)2 +2),
¥(0) = —1, (1) =0
Table 1
‘\\\\\f 0

1 2 3 4 Pe

e . Pe

12 202 2.00 2.00 2.04 1,88 1,99

1/4 2,01 2,02 2.00 2.00 1.98 2,00

1/8 2,22 2,06 2.02 2,00 2,00 2,06

1/16 2,25 1,88 1,97 1.99 2,01 2,02

1/32 2,02 1,79 1,91 1.98 1,99 1,94

1/64 1,45 1.86 1,74 1,92 1,98 1,79

1/12.8 1.08 1.46 1,72 1,76 1.93 1,59

1/256 1.02 1,08 1,47 1,65 1,77 1,40

1/512 1,02 1,02 1,07 1,48 1.62 1.24
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The computed estimate of the ovder of unilorm convergence s 1.24,
the classical one 1.99.
Problem 2. (|8) : ey’ +y — (L - g9y =0

¥(0) = 1 4 exp(—1), y(1) = exp(— (1 4 g)fe) + 1

Exact solution :

y(x) = exp(— (L - &)fe) 4 exp(a — 1)

Table 2

k =
\ 0 1 2 3 4 P

€ X

12 202 1.99 1.93 3.92 —1.52 1.98
1/4 1,98 2,02 1.84 1,92 B.dd 1,08
1/8 2120 298 2,02 1.99 1.82 1.99
L6 1,75 2,48 1.499 2,02 1.96 1,98
132 121 1.79 247 2,00 2.04 I.Sil
1/64 1.09 1, 22 137 2,47 2.00 1.65
1/128 0.98 1.18 1.28 1.78 2,19 147
1/2566 0.88 1.01 1,21 1.24 1,78 1 2%
17542 0.88 0.9 1.03 1.23 1.24 1.07

The computed order of uniform convergence is 1.07, and the classical
one 1.98. Bstimates for pr. departing significantly from the mean value
Lave not been taken into account in caleulating 7. Table 3 contains some

values |ez/(2) | = ely’(w) — o] for different h.
Table 3
¢ = 1/512
g 1/32 17128 1/512
.’L'j\
0 0. 8L1508711-00 0. 30043451 -1- 00 ().469]53715*02
116 0).562853615— 05 0.101098812— 06 0.761555112— 08
2/16 0. 142036615 — 05 0.205544415— 06 0.162197413—07
3/46 0222850915 — 05 0. 340059015 — 06 0.259020015— 07
4/16 0313449715 — 05 0.481988715— 06 0.367656212— 07
5/16 0. 414760615 — 05 0.6407947E— 06 0. 489226815 — 07
6/16 0.52772161— 05 0.818062315— 06 062494831~ 07
7/16 065347471 — 05 010155111205 0.7761404E— 07
8/16 0. 79317271~ 05 0.1235006E — 05 0,044233915—07
9/16 0. 9480859E— 05 0.1478568L2-- 05 ().Jl30/8l)l::-—0q
10/16 0. 11195911504 0.17483871— 05 0.13374601 — 06
11716 0, 13091761 — 04 0.2046835F—05 ()A156609.’$]1:‘—— ()f?
12/16 0.151845611— 04 0.237648213— 05 0. 18186545 — 06
13/16 0.17491755— 04 0.2740108E— 05 0.2097276E— 06
14718 ().20032221— 04 0.3140724E— 05 ().24()427113—0{7
156/16 ),228263715— 04 0).35815861E— 05 ().2742139_]}~06
1 0.2580657E — 04 0.4066366E — 05 0.311306415— 06
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