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Åbsh'ttef;. We prtx.e thal, an e xponential fitting cubic splino diffcrence
sclrcrnc, r,vhen applierl rvith ¿r, ulriforrn rnesh of size /¿ 1;o : et¡" -ltt(r)y':: Jþ:) for' 0 <*;<1,'p(,r) 2 p)0, ø(0) and,u,(1) girren, is urrifolml.\. con-
vorgenl, (i.e. 1,he eltol is bounclcd lty tthzlþtla) rvith the const¿¡ttL lI
inttept'ntlent of l¿, ¿rnd e. 'fìrc con\r(,rg'encc bottrree.tr i,hc gricl points is
consitlelt,tl . 'l'ìris l'esu11, is jlustlatt'd b¡' ¡1¡111er.ici'rl expeilments.-

i\IlS Subjccts Chssitica,tions : 651,1-0

l(e.r' tvol<ls: Splirre rlifft'r't¡lrce scìrcmc, singula,l pcr'l;ulltation, nrtiti-
c¿tl r¡iscosi1,)¡.

l. IttÍrotlttefiort :urtl nr¡taf,iorr. \À,'e 'w'isb to introrluce ljle concept of
ellploJ¡itts cubic spline collocation r.vith úúall,ifical'r'iscosity" in tìre npproxi-
matiol of the singula,rl,y per'l,urbed problerrr :

(1.r )

I'¡1 : e!t" -l p(n)ll' I t1(,'t:;)y - .f(t), 0 < ø < I
y(0) ._ ò0, y(1) : 8,

tvhere e is a parilmctcl in (0, I l, 8o artd 8, are given constiÌnts, ?, g,.f e
Caf0,1l, pQ,) >p )' 0, q(ø) ( 0. Unrle.r'thest¡ assurnptions, (1.1)ìras auniclne
solntion i7 rvith zr, bountlary la,yel at u : O for,((small" e.

[]l¿r,ssical cubic splinc collocation methocls rvhen applietì {o (1.1)
oIr a uniforrn gritl have an inhelent Tolrnal cell Iìcvnoltls nurnbel lirnitatiolr,
Tlris le¿t'ls to thc spulious oscillations or gross inaccruacies ilr 1,lre apploxi-
ma1,ei solution ([1 l, l4], 15-ì, [7]). In orclel to ar.oicl theso rliTficulties
onc illtroduccs e,xponont,ial functions into the spline basis (spline in
tension [7], 7-elliptic splirrcs anrl y"-splines [4], acì.aptivcr splines [11],
finite elornt'.nts f3l, [13]). fn this't)a,per, the exponcnti¿r,I l'eatules of the
exact solution ale transfen'ed to spline coefficients bytbe (aa,r'tifical visco-
sity)' o; : (hp¡12)cLh(h,p¡lQ e)). In that n'ay, a spline cliffercnce schemo
(2.7) is obtainetl. In the casc p(ø) - p: corìst, q(n) :0, its local tmn-
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(2.2) o,,*t(lt!,') * l¿oj,3)) I p,, ,(¿.fl 
) i iir.;,r -¡L /iri.1,r)¡.ll r

l- q,*r('u11) -l lut!]t -i- lt)t(,i) f2 I li,:Ìr.',jri¡1;¡ --, .l'tì t.l

oi -- sl?j eth p¡ ¡ p¡ -,= ltp¡ iQe), ¡t,-.= p(,ì'i), q¡ = r1(t:¡)

(2.3) 'url,i ujnir -i- /iu!lì, t, ii¿r''¿t 1i2 ',- ItÌt,','j.t , f ti, i ,.'. I (l)ir,

(?.-1) .xr(rr) ..= ti(,'), * ir l),ì, -¡ lt2t:i,,]! 1f2, j . I (l )z
(2.:i) .o!zt .,-,,'r',, ¡ /iul!Ì,, j - l(t)rr,

(2.6) 1)[oi : o*,,, irj,o], =: À,

Ììqtttl't,itttts (2.1 ) atrr.l (2.2) rrlo ilill'otluccrl irstcatl of i,hc collocatitin¡;-
n'-tluati<lrts. lìc¡ualities (9.3)-(2.0) ì'€sull,ll'ollr the ler¡uilt'rnent 1,lr¿1, u(;,) e
O'?10, ]- larì.('l fl'otÌì l,lteÌlotuttl¿u')¡ con il,ions. lì.1'tJttr c'lìnlinal,ion oli u(li, r'f )

antl'utÌl frorn l;he ¿ì,bove e(ìtìâl,ions ari ìrr l1()1, x'c obi,¿-¡iu i,ho schtlue:

(2.7) Il,,u, '- Qr.f .;, j - 1(1)1, l,her,e

rj -- þ¡1,,i^f , -l- l¿tt, ,l(2o,-.,), ¡'ï -. s ju"¡¡1f"¡i+r

rj == cti\i-rtl yi.+r -- ltiø",f-¡, t, hq¡l(2o¡),

eti - | )¡- 1. 1o,, bt == 1 - lico; 1¡ (ù; .- ALÍ ç,¡,
'ct i -- 1 i ltttq¡f((xt¡o¡), lJ¡ - l -- lt2c¡ ,*11.1¡1,¡o¡ - hp¡)lQ2n,¡o¡o¡_t)

"( j-l .- iì<'.r;-.(ci, l- l)/(l¿,4 ,¡ t), ,l¡ : llro;*, t¡- 2tt, - 2co¡,, - 1

$.¡ h¿tt,I p¡h l+_ |
6'(, lr z "r- , o, ,,, o¡. t I 2o;. 

t
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('tr.2) rr( r) = ¿¡(rl) l- ù'(rl) (ru '- ,r'r) -f-

ca,tioìr cn'rll J'ol l,ìlo fulrtrr,ìotts 1, ,t:, t'x¡l( ''r'¡tl e).is t"rlrutl i''¡ zq:;¡¡' Ill tllc
¡.ii,Lììrc ciìs. tirr. spli.r¡ iii [*u,,i,irt ¡i ¡ i,. ,l 1'ìlteiu'ttrirtiritrlr,i,irrlt ltl 1'lttl {,rtL'{trnc-
l-ioir,i I , ,r', cx¡r( -- ,t'pf z),0xp(.r7i¡ e) Glt ta|lt s;rLl.)irrt,ct','¿r'l'

llìhc s¡rlirrc .uit.,,,^l-i,,,i rrrctlro¡l t¡f' tlti¡ i..)'p¡ ì;r tlclivt'tl in lli i lrlrstxL

orL thr. rr.irirlr-sis Si.'*'iì'ttìO:1 :irì1t 1'Ð ¡. t\rr oii{lirrì: 'l t¡c 1;t'<xt1'o1'llltt'ttlirrrt f'

i* Ui1:trìt iD l1(i I. ttcrr,, $r. Ur¡ilsiri,rt' ùlt.llpl)1cì);ilrl:ltc solLrtiolr lli (l '1) in i'ho

case q(,i,) .: 0, iir ,¡lì"'ir¡r,1,ì r,l tlu, cillrii'¡iirlilre lfuiLc..tiorr ¿'(r') e C'rlt). .L l'

1llÌtt' olttiritrctl t'stiliri-tt,c 1'tx'tilt:('r:) =' ll(i)') -- t'(l') sltorls t{lt rtlril't¡r'l't'l tott-

!'ollì(¡n(rc oti the l'it's1, ol'clet' !u e ¿rl' thc glitl ¡loitrt's'

ll' s is 1¡¡çrtìr thc tllll,aittctl csi'iulilt'os gi ve tìrr: r't:strl( 'fu<lttl llli i il'1rich

is thc st¡lìle às irL Il0 | 1¡rl1¡rtt o¡ "'= e' llht' trrttncl'it'iltr r'(riìrl1t's slt'lì'g('s1' tl):ì1"

wìrcrr q(r') + Ût (2.i) a,lso llcltit't,(.s tllliÍ'oi'tlr fit'Èt'-t¡rtlol'i.Ì{Ìctll'rì'('1¡'

Let thc ¡lr'ìt1 
'poiLrt,s 

i'r'.,} be p¡iYotr b¡' 't'.' ''.:j 'lt' 
j'- 0(1)rr l- {t

þ - 1, l(,r -1, t). ll'htr s¡llitttr l'tltLt-rtitrlr u( ,r') rl;r 1'lrc it¡ttl'r-ill l;í'' rl j'-r I h:llj

1,htr folttt

trtr'

2t

tvlrt'r,. ,t.J,r) (l;, -- (). l, 2, li) ltt't'tlotrst,lltrl,;l tcl llt' llt'l;ttlltltit'itrtt' rll1li' l¡plilLt tlifitl-

t"ì't" st'irt'"tc r-tll t'li ti-"'tnt'" grlittg to ttcl'i t'e l-r¿ls i'ltLr {olltc'

,- , -t, t1'j.f i )- gi.f ,,'t , j -' I (t)tr

It0r. n,rr n,i,lril,r,zrr,¡, rrrosh Jutrr.tiotr {íil $'t i¡'11'rorlittc tlit: nt¡i'tlt'itltt

(1.1) llt, ll ¡ - t't {l ¡ t 1 r'i {t , ¡t't ¡1 itt

(1.¡) Qntl¡-=Çlil¡ t-l tt'jit¡'t'-qlgitr

1l'ho lotr¿r1 tt'Ltrlt::r[ìtti¡ <:t't'ol' t,(ø) o'i strltt¡trt' (i'il) 1'oL' i'irt' ilr"lrii'r'i¡r¡- ll:tictiol

1(t') eOri0' I I is ttcIittotl ir¡'

(1.{i) r,(í) -= /;'¡'(rr(rrr')) ()1'('í'r¡i't'¡))

.\\'iiorr it is cltriil' il'tritr ilLc tx;i'tl'r:l- tltt' j f\tililllrl'ii)l'fi irl t'" "' ' 
(l¡ ''t'i11

lrr t.rl ¡ii i.1ctl.
|llli'rlii:lÌlrtttl ilrt,il¡.ilt.t.Ì1 iilr<] ,],i' r..'ill |;1' 1i:..i,tl Ll¡ tLi'tlt¡it' :;il;.ri111.i'

tÌil'l'r,r,,.ir1, ¡¡r:i1i-, {.\ ('r)1ìì11all'i;l iiirlr-';;'.'liíll'iil' ¡ll' e ttitti li'

:ì" :;l,r,,.ititlr:¡ ('r| ill:r, tltl'iil;;,ì lli:11 r;,11,:;i1 i)litiii'rii¿"r' \i't' "t 
rliir i i ril;i.iLitr

tìre roli.;l-i(}ir Ji iire ¡r;,Ûi.,i t'lir (i.1) rir illi.'i'ot'itt ol illt'tri: i¡ii'rr¡iii;t1 (f iì)'

li.ltr.,¡,llt'ì'iir.illrl¡. ¿'1r'), (À' -- {}r i?1,'ì,.:i) liIl'rlt'i'l:l'tlliitcil 'i'oril iltc l'i¡L:''"iìoirS

(il .i) L; Ì'('r) | Trri:1,') '', q, t''" - I', -i "'' 0(1)ir

,rl:,!

1.r: -.t';)i:' ,,t, ,r' -,i'¡):i,

4"¡ -
t¿,'o

o'' t
(

(p ¡Ìt

2o'j u"¡ o¡

1

)- i;,i; (

'þ ¡rt lt

2 o'j.r1 &i.tt

¡t t *rlr 2

2 o ¡.¡1o ¡(( ¡¡¡ o ¡

I

2o,

. It,ztt,, /..r 't t(¡ i I
,. lt¡7.i r r \ aitl

1)0 .,= à0r l)¡,., , ,'-. fi,

hbr q(rl) : 0, lJtis srth,-rurtt letlrrec-r¡t 1,tl

1), r,' --¡;1.oi1y -l l)l(h'1¡)

- | i(ìt'*' '4 ')
- i (;)co, ,, -l i ) I .t ,) 1(,:,¡t ,)

Ll,lr\lll./'. I (rtrtirinturit ltrittcilrÌi,). l,r,ll l t.'rl. 1,. rt set, oJ t rt,[,trt::i o,t llttt
qt"íd, poiit,t,,s ,;;¡ ¡:t¡,!,ix.f u'ir¡tJ 11 a <í (J, [,',,+r ( Lt ri¡¿¿i [lt, l'¡> (]1 j-=. i(1)tr.. 'l'lrr'tt
¡2, ç (Ì .¡¡,' ¡ -= (t( I )ra I f

l'ror;j. Fìi..c [1 l, R'ein:u'll 2"2.
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fruilrrÀ 2. (i2-l). t,et J, p e Ca[O, 1.). 'l'hen, the solu'líon qf (t.1) (&rù

be toritten, in, the .fot'nt,

y(:n) : (- uy'(O)lp(0))exp( - 7t(0)æle) i- u(n), ultct'e

(2.9) þuti) @:) I < ¡f(L f s-i+r cxp(- 28*;/e)), i:0(1)4,
tl[. anrl 8 øt'e constants ind,epentlen't of It' ctn'd e.

I-,r¡rnt,l 3 ([121). Eqtuúion, (LL) h,as a, un,iqrt,e soLtttion anrl llt,ere a,re
'posí,t,fue constcu¡ts ò o'lt'tl lI , ùtclependen't of e, sttch, l,ltu,l,

(2.10) lrTt¡r(r)l < r1{ ! n[ e-¿ exp(- 28:tf e), i : 0(1)4.

¿!s in f2] r'e uscr t\\'o cotnparison Tunctions q)i: . 21- r¡, þ¡:
- -oxp( 

* þ.i,le) I'ol sorrro p >O to lrc t'ltosc¡1. Frotn Lòlturtas 2 atrrt 3
\\'0 c¿ùn conclutle that

ly@)l ( ,'lfcxp (- p(0)rle) -l- lzu(nr)l)

anrl because of that rvc consicler /¿/¿q)i antl -Il,,Q¡.

Ät 1,hc bcginuine, n'e intlocluoe somo rclations and sorne estimates
tor hypelbolic funci,ions.

u,llere q, is a point betlv€€rì pi-1 anrl pi, rnd

hi o't (z,tg;)¡l,,_*,Ð|.(a,Ö)isrr,v:r,1rree;r]}].a1;thcpoin1;(ø,Û)
Az,

(2.1e) D,-(?¡,p¡) - ,,] 
,"tr;;i,1.i; t,

(2.20) !'+ : t'+ (pr*r, p¡) : rr(p¡,p¡) * (p¡*r p) I),., (p¡, p¡) -F

* (P;*, - P¡)¿ D?,+ (r,,p¡)12,

4

It NUN{ERICAL SOLUI'IO;v 7l t,

'4 is a point betn'een p; tnd p;*,

(2.21) D,* (p¡,pi) -
3 (col - 1)(co¡ - 1)

lL (:JG)j - I)a

cor2 - 1) o¡(2.22) Ð,--tr),*:-6
(3(ù; - 1)?

(2.Lr)

(2.t2)

lrcrh¿ - 1.1 < Mt2lí + r)7 t > 0'

ctlr n/' - - t,l,rr 
p ¡h :.1' (/" -.'r) /r / lsh o/t . *1,

2e 2e 2e \ 2¿
P¡lt,
o-

(2.13) llll<sht<Ml. 0<¿41[,
(2.1+) Met { shl ( l[ret, l[, ( f ( co

These estitnates ale talten flon [12]'

(2.15) (ù'+1 cùi: - Trr'rel ;'fu'
r1 is a point bottvecn pi+1 a,ntl p¡, ø¡ ( € ( ,t¡+r'

(2.16) lA, - 1¡-, | (

I is a poinb botween the poitrts p;-1 and p;..r.

* Ït-t (# e'@) rvhcn /¿ ( e, ri-r ( 4 ( ø¡, 
¿

1,9

M 'o p'(l)e-2ntl/rten e( /¿

e

et

t(2.17) l.;*r - 2at * o¡-rl ( Mhe for /¿ ( e

Mh,zexp(- hþ|") for e ( /¿

{2.18) 't'- - r- (p¡-r' p;) : r-(P¡¡p¡) * (P¡-r - PòD,- (p¡'p¡) -1-

* (p¡-' -- Pr)? D?-(it,e)12, b)R¡gt>Mfore(0,
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o) illt,'lr > lIy.'(p)lh .l'or lt' Þ e¡

it) Il,t,þ¡lp.(lt) ) l['¡'¡-t(())llt' Jor lt' 7 e

r,) rl,Q, , nl;'t *'(1l) Jor tt { e'

t¿(9) : exP(- P/r/ e)

I?roof. n) Il,n(?i: -- r-lt -l- r'+/r': iì ( 
o¡;+t -i-1

\ /l¡

jì. l)l,or¡li oI lh0 turi f¡ruu (rollÏol'fltll(le ltI lltt 1¡rid poirrts' 'l'he 1't'ttttcriì-

l,ioLr ellot of 1he sohtilllo (2.8) is t.lefiutitl to btl

(3.1) r¡ : Il,n ll!:) - ()¡(t'¡1('t¡)) : Iln !l('t'¡) -- Il¡'rt¡: Ilnl¡'

zJi:U(Ïi) -'ui
l\ccolt.ling i,o ll l, l2lrvc use the ftlllos'ilts l'oLltt oli tltc ti

rj - r¡(tl) : lllo, y(:t:¡) !'I1, 11'(:n¡) +' "
!l'0,:Y¡ 1_ri..rt
'1:\ : h(r! - ri) - (qf 'lt,*, -l- rl'i lti . lti 'Pi -)

Tl: tr¿(r! + r¡)12 -- ,(li I q"¡ I q,) - lt(r1i 1¡L¡*,- qi li-t)

T3, : ttl(rj -'rl)lß f (e/r - p¡-lrf2\Q¡ - (lt¡rrh-"12 I elt)r¡;'

llxpancling ort1, t(r r7({)(;l) tcrtttls, r'tl hal'tr (T"l =- 0' 7'i :1¡¡ '

(3.2) r¡ : :Ifille) (,r;) * !t'l y(Ð('t¡) f t'- /13(rr¡' ;¡" - h't1) |

f t'+ /lr(ar¡,,¡', f /t', !l) - ll- ellt( r'-¡, '1:' - lt' !l"l -

- (1 PJ-t Il'z(,:ti, Jt¡ - lt,'!l') - eq't 'R'('r';' rt;; I lt' !/") -

- Q* (Pinll2(.ti,, e:i * lt,'ll'), 5'11çt'cr

(3.3) ll¡,(c,lt, g) : g(r*t) (L)
(tu f 1)! /,; I

(1, - s)t'g(i'+il (s)(1s'

( is a ltoint bctrvcen tìte poilrts r¿ ntrtl D- \\'c shiìll usc the a'bot-c exl)reìssron

*¡,¡l ¿ ( e, but tt'ìteÌt e ( /t tvt' shall ust'

(3.4) rr : rfl2tJ9\(e'¡) -l- t'- Rr(r¡, r'¡- h,?J) )- r+ Rr(t'1'';t:i ) lt' ll)

- I- "Ro(*,, 
*,, -' l', y") - sqn 1lo (c:i, ni I tJ''!1")

- q- p¡-rlÌ1 (r¡,:r'¡ - l', !l') - Qn I¡¡*t lìr('t''¡' 11 f- lt'y')

antl tht¡ r't:rt-raintler terrtls in the' integral form'

||lrc t,echniqrre ot l,lre pr,oof is outlirleti in l2l for.]ll-l\,tisbi]raq'). and

\\¡elle's scherncr.

It, is basetl on thc conrparison g zlnd

lllsan [12], i.t-'. on the Tollowing corolla
Oonor,r,,tnY L If tcr(tt, e) Þ T:I'Y

R¡(l;rrpi -,u hrQ,') > Rn( I *,) .: .! rY/ | |

+'hr lì,1, l. Sõ, rue ltxlt .frtr suil'ablc

zu, : u(n)- fJt, tt(r) : cxP (-Ttorle)

2,,: w(t;) - 1lrt, ar(r) is a fu.ncbiolr ctefinedin '['emma 2 anú (I¡'

#y .; i;i;i; lli;;;"'' I ¡"'"'rse ot' tá, t < III(12", I + I3"/ l)'

.t

= ^O 

!!-beczrusc oli (2.12), (2'13)' (2'16)'

b) 1t¡':¿¡ > rtlt(1 l'1, * TlAt-r) > '1t

c) -Il¡{¡ : P(p)i-'r'*(1 - r'{fll) (r-,{lll - i. )

T-.¡el, e ( /rc,r, [,hcn r+ > ÌItl lt

A¡ litl
e+0

'Il 
¡

,4¡-,(o¡11 f 1)
.)

(ùj-r - I :2 cxp(- 2p' -t)ll - cxp(- 2 p;-')) ( lf'c'x¡r {- 2P¡-t)'

rt - p.( ()) > t\t, atttl p.(p) - ',r* > ltn"*p(-ptl/e)

fol ap¡;toplittt'ly clìoselì c, tt'trtl cr' 'I'lrtLs, c) lollorvs for e ( ltct'

¿) ,'*> trtle,L-t-l'($) 'l t'*U, }trþle),0(0{1'

e > C"lt,

rr(ß) ,'l - >lllft,xp( - hþlù -exp(-hll'lu)1-
1''

-f- r-' ( ?it P:\ R¡l(t'* (P¡' P¡))t *

)ì>i-11 1 ""0 
(- þh'le) (seo (2'1e)' (2'21)' (2'2+l)'

{l'hus,
r¡ autl p) is true. F o¡ c5 < ultL { 1. florn t'hc last

inc
lett a,ncl riglrt sitle of 1;he irrequalib5'c) rvith. ¡r(p)

wo is tl'uer'

r- f r+ : IN¡ (a¡-, - l; ltr¡ -
l(i,-u)'*t_ 1
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lrrnonnrt 1 I'et lu¡:.j :0(l)ø lI he the approrintation, to tltc soltt-
liotr, q(a) o.f (1.1) olttcti,ned u,si,ltg (2.7). Let p, ,f eC" [0, 1,], p('t:) ]'tt > O

an'd q = 0. Tlten tl¿ere a're cot'¿slaruts 6 ürrd ill indepertcLutt qf lt, ct,ntl e, suc:lr,
tltat .f or j : l(I)n

r3.s) I l¿,, y1,r')l { ililrzlQt, -i .) * Mltze-r erp (- or¡f e) .for tr, { e

' ' Ilr, ]J@¡)l < ì11l¿ -f lleexp (- ou¡_rle) for e < ¿..

Proo.f. \\re st:r,r'1, I'ith e.r. I'el¡ l¿ ( e. IIere, r¡: ¡¡(u). fn yiety ot
(iì.2) ancl after sevcral îa¡'lol series expansions, ¿rt ci, $re ha\rc

'l'2 - 3lt, [(.¡-, - I)(-4¡-r -| (o;+r 1- 1)lAr]12 ] tt,lA¡_, - lt,lÁ ¡ -
-rl7l@¡_t {¡_r) * 7l(p¡nr-1.¡) I (2^¡_, - t)l(p¡A¡_ro,) *
-l- (2.;*, -17)l(p¡,4i c¡;)l - Qo I Q,I Q, | Çr, rvhere

Qu: h,(IlA¡_t - IIA¡) | (3lt7t¡_r1t¡ ?¡+ta¡ - 2rp¡_rp j+)(A j_r - ;:L)lIlr.

Jl, : 2t1 .,A ¡_, p¡ 1)¡_tp,+t 6¡

Qt:2lt¡-t?¡+t(3a¡ -2e)lA1@¡ r-2<,t,¡ _| co¡*r) *
)- (A¡-, - r1,,)(<¡;nr - i.o¡.))lß¡

qr: {Bh} ajp2,(2A¡ ?" (1r) - ?'(E) A j + 2A j_t) )_

| 2eha¡ ?¡l(A¡_, - A¡)p'(Ez) I A¡*í.þ'(e) - p'(F"r)) -
- 4ltp"1E)At l2lt1t'(l)p'18)(A¡ - A¡-)lp¡ -
- 4A¡-t h1t"(1"\)) lIl,,

whe,r'e

æ¡_t { Ey { u¡, a¡ 4 1z ( #j+r, [, ( [3 ( Ez

8s : 6l2a¡ Ai ?t (o¡ - e) + (tl¡_, - A¡) 
^¡ ?"¡ (oi- ,)ll R i,

I¡rom (2.\7), (2.12), (2.1.3), (2.76), (2.17)j rve have

lQol < Mhn"-r, jÇrl < Mh,ae-L

l0rl < l|[hae-|, l0rl < Mltae-z (ii a E¡-t

,Then, frorn (2.9) tve have

(3.6) lTzxç{z) (ø¡) I < MtL4e-z(Iù * .)-1(1 a g-t exp(- àø7/e))

'I'3 - h,?lAr (o;+r - o¡_r) I @¡_t - A¡)a¡ll(2A¡ A¡-)
I elr,l(1t¡_, - ?¡+t) A¡-, - ?iot(At - A¡_r)ll(pi+1pt_1A¡A¡_.r).

(3.7) l'l'\w{Ð(nt) | < Mh4 e-? (1 f e-?exp( - òø¡/ e))
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Now u'e consicler thc rornaincler terms in (3.2)

,(3.8) lr'- Ilr(n¡, n¡-1,,1t))1 : lzor\( Z¡llr- | 4 Mtfe-.(1 {--" 4l
* .-t exp(- òl¡/ u)),

ø¡-r { 1¡ 4 r¡, because of lr-l ( ,lfe-l a,ntl exp(à/r/e) < rlf (tìrc others
ibeing similar).

From (3.6), (3.7) antl (3.8), u'e obtaitr

(B.g) lt¡(zo) l<,11 
t.t(tr!. ttz

e' \ e lh+ ',('YP( 
-o.'r''/u))'

rancl b¡r fremrna 4 and Colollar¡'1, it follol's that, (3.ir) holtls for lø"r1.

Let e ( /¿. îhen n'e har.e (from (3.4), (2.1 L)t (2.14)i (2.16), (2.17)).

l0o I < Mhse -1exp(- ohTttle), I0. | -< -;lle2exp( - oh,p¡f e)

lSzl < I[hs j l0rl < l'Ih2(e f /r)-1 anrl

;(3.10) lTzu"(r¡) | < Ll'fli'?(. + /¿)-t(1 + e-1exp( -ou,f e))

,A.s beforc, from the rema,inder tclms l.e consitlet' onh,

Y¡ - -8- pi-rIl.r(n¡, r,¡-y, 'LU').

ly,l -. *: !' ,r, - s)lru(3,(s)lr1,s " u'i_, !',, f e-2cxp(-òs/s))cts

^j 
I rj I

< lI (h2. i h,z e-z cx¡r ( - or; ¡ -rl e)l .

Ry partial intcgration for j : 1 l'c havc

Y¡: -8?¡_rlltzo"(n¡) I Ru(r,, &¡-y 'tl')l atttl

lYil < M(h +.h-t p(o);-t¡. lly Lcrnrna 4 antl Corollar¡' 1, onc'

ffinrls óhat the contribution to the error from this term satisfies (3.5).
Estim,ate for zu,.

r1(w) : E¡xL1 - 
()¡(Ln¡\, Ltti: ?oe-r(?o - 7tt)tlit xcj - It(ry')

.(3.11)
r¡(u\:T,*tq

-As in [2], r'i'e obtain t}ilaf, 'c,: cr -l- t, (sec (2'20), (2'18))' u'ltere

rr:'t!,jlr-( p,, p) exp(ptoh'|") - 1) f r*(Pj, P¡) exp(-ltohle) - 1)l

^rr:,¡tr,I(p¡-r - pùD" - (p¡, p¡)exp(Prlal") -1) + (p¡*t - pt)D,*(P¡, Pì'
'exp(-pohle)-1)lflf'

K. SURLA B ..J
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lv rlenotes cìiticr,ent, erpÏcssiorts rvith the pÌopelt¡' tìrrr,t llr | ( l{Àa e -rz '

.Ð,- anc1 1),.* tì'Irl tltlte'.lrlrinccl ìr¡' (2'19), (2'21)'

r,t : It,¡l -e-¡.)oe-r 
(po - l,¡;-,) cxp(h?ro/") - c1'1toe-r(.7to - l¡) -

- q*].)a.'-r (/o p,*r) cxp( - trtohle))

Tret /¿ < e. Alll.er expa,trrling in'Jla¡lor sct'ic's a-ctroÏdiug to (2'23)?,

u'c hzt,vtr

tj : ?¿'Lìxp(-polt,le)rn(Pi, p;)exp(JrsÌtle) - t) [crp( -l¿(pi - Pìl') - 1] :

: t¡.,(po,ltje - p.itt'2e-'12)(- (tt¡ - 1to\hle )- (tt¡ - ¡to)zh'2e-2f2\'

.(ç¡ltt"I p3lh, - pil(sl)) + iv

(3.12) rr: -?l'¡'polt'e-zpÃp¡- iuo) -F rY

(3.1:l) =z: 3't.,tqos-r¡1col - l)co.(_- Pr-r ).2P¡ - P¡*r) * (t? - '[) (p¡+r -
-- p,-')l/ (i3col .- 1)' * rv

(3.14) I ', ì 
( Jlrlt'a e-a at ¡

Furthert

- rq: rn,po 11ro - ttìlq- -l q" -l q* t Pol Ut- - q*) )-
es

-t- JII(I1- | q+)h,?e-21.

]]J,applyinsQ.25)-(2.29)andaftersomeTaylor.clevtrloplrae[ts'1\'eobtain:

c1- I Q'* cl* :Zptr llt¡ * Àru lq- - q*l < Mlt'? ¿-2¡ l-rY'l ( /\[l¿ae-a

c.'* I ci- { .I[l¿? anù thus

(3.15) rq - lltp¡tott'e-2(p1- ?o) * J[

accorc-linq to (3.11), (3.12), (3.14), (3.15)r lcrl]r.na 4lcads to a tcÏmin the

error estimate rvhich satisfies (3'5)'

fret,s(h.thcn
r- fr+ - exp(-h,pole) ¡7t'uip'(00) t-t exp (- 0,lt'p¡e-1) I Å[lt'ze-t'

0{0¡<1(o:ttI,2)

r,:: ¡'*,r, f 
t- 

1"* p(pottf') - tr) _¡ exp(¡rol'l') - tl, Lf

I ", I 
( -'lf el'+ oxp (-'po:,;, rle) cxp (poh (A, - 1)/u)'

(lt"4u ¡ e-? c'x¡r( - bò/ e) l- [t'3 ] ez) 
' 

3 > 0

(3.16) 
i .. j < JI ¿lt,-r ex n ( -- 

",,,,;,_rl 
e)

(3.1?) i.oi ( 'lfcxp( - ¡tu,;,_le)l,t:i-rp'("qr) r,- ,,'¡p,(i,r) cxp( - 1to'h,le) |
),- ,t'¡+lp'(_år) cxp( - 2¡tohle) ] ( -Uelr,-r t,xp ( - o,t:i-rf e)

-'\s beftlt't', I'rour (3..1ü) antl (3.17) onc finds tltet tho contlil:ri1,ion 1,o tjtct'l'r'ol 1'rout tire.qc [.olnis satisfics (,ì.5).
,I.hc ploof is corn¡tlote.
The estitnal.c (lì.õ) is the ¡,¿ìnlo iùir 1;he olrt¡ l,hich wir¡, olrtai¡e¿ T;iylicrllogg antl ![]san (lr2l) Tor AlIc'-s'u1h*cr - ll'i*'s ,sc,hcron.

/r. Ät:otrt':te¡' oI f ht' :t¡r¡lt'oxirnalr. s<¡lr¿f irur hcf,rr,een úho J¡rid ¡19i1¡(s-,llìhc apploxiruate solut,ion 
'lictl'oon 

ilro gr,irl points is ¿ef¡rirr ¡j. fi.zjwltcrcr constalrl,s 't5'), j __- 0(1) /¿ c¿ì,n bo ìk.lterrìrincci from ttic retåticìns:
oj.2, : (rr¡ -.r¡_, - s¡)/y¡, j:1(7)n,

(4.1) a,¡a(|:[t,a,,,.),r¡r¡, j:](l)rr,
h,2

'9¡:--
(ì

Â^ffqt' lJra,t,..l'o obtnin 
.¿'11)(.i 

: 0(l) ri) lìr,orn (2.1), a,?(j: 1(1)ø - 1) f¡g¡r(2.rì) anrt ¿(,;') I'ror.n (2.2).
I)enote etr)(,t;) : 4u:)(x:\ - -.rtt(e,). lllhcn for nt e l.n¡, ø¡*rl, rve havo

þ'!:,', -:i +'t'' , '', : l) ("* * r:,)

(+.2) z(n) - z¡ | (:u - ¡,¡)zj') )- ^,rl . (.r, - ,¿,)t 
^,.,¡)-' l- j-' " upl +

(:t: 
- ''' )2

2

I Ilr(,r;¡, t-,, y)
ll'rort l,he const,rucl,ion of thc schcrne f10l, ilJl, tho follorving holcls:
(4.3) a,l1Ì, : @ll) - sjg, - qz,)f:.i,, .i : t(t)n
(1.4) a¡z?:b¡øjl)11_,jr.¡, j:J(l)n,
(4.5) ?z,i: ù0.¡ -F lt,zl'q¡-rl()o;-r) * .,1¡l()a¡) 

- þr,,16 - 1]i9r¡f(6tr,¡a,)1
{1.6) qt,i: ,Jr,, - lt,þr.¡12 -l lt,('r¡¡-rloj-r + \jf cj)12
(1.7) .rì¡ : !'i(o, - E)

(4.8) þ,,, : _ilr_¿(,r.,¡-', :r: i, 3¡r,i),,

{4.9) o¡ø(i'-.r,¡ - p¡z}), ¡: (}(l)r¿

(4.10) ;!llt --;-(3)(,r.,7-. + C)) : (¡,?)- 
"\r), - Vz,i)tt, j: l(r,) ø.

Sin ce

ll,_¡(,:t:i, ;t::r.yti)J - /lr_;.(:i,¡, r, u,o) * ),{r_i(:.r¡, :r:, uti)\ antll

lt"- ¡(,,¡, ;rjj 1L(¡t): Ë?-,+ ,,4 (? )'-^aI ,'-:,;ia(,, -- n,)a-i-,; --
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lo crxp(- pot¡) - (r - Íri)4-¿€-'1' (¡xp( ?o1l'), r¡ 11'1 r,

!, - t:l e¡ [¡ : itt¡let

Ir, rrsirrg tlrt, l'ir.sl, r'tltritliL¡' \\'ltt,ll e ( h r¡trtl Lltt' rst'cotrtl ¡'ltrrtt /¿ < Et wc

i;i'; ii,i i ,' oit) r¿ ((1.3)- (1.8)' (2'l l), (3'5)) :
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Tnlr;ortn¡l :l
suc:lt, lltut

lA,'I''j) ( ,\Jl¿1 f"

Pror¡.f . Sulipos<: the contral'1t, &tttì r:onsirlt'r'tlrrr cir,sc'fr,orrr ll'llerllcln B.

ilìlrcrr, q'' :2(q* -l ,l. ] - ,,^I,, >(], I : -l , ,- corrst. lì,our i,¡c .x¡tre-
p.'L

siorrs for' ?'l zutrl 'I'l in i.i('(,iiot'r B, l'tr ìrzr,r'e

(-1.1-i) 2r- - (- plt, t -l Z./,-r11q- ',, q" -F q*) - I¿-,,1,,¡ j 2lt--l:1,1

ì'lrrll,ipl¡'ing (4.14) ltt, pA rvt¡ olrtairr

2r- pA -:6. ?-1(- p 1- 2c) ] 0(/¿) + 0 (li)-r+", ¿: ch.

Fol c < pl2 atrr'l /¿, sufficitrrlly snrall u'e,halg t[u,t, r'- { 0r rvhic]r js i.L, co'_
tladiefion. îìtis sttggt'sts th:l,t 0(/r,) is thcr bcst urrifolrrr olrler, ef agcuriìcJr
før' ortl schcnrc.

.,,iro."i. "t; il" r:;:.TlHl"ì,
\\¡er nset sh rvitlr h, - I 2,,
tlcrrote t, oli classic¿r,l con\¡e
for dif f'r'r'cnt /,r a,ltrl e :

lJ t,,. - log"(ø¡,,.f z¡,+1..), \\'hol'c 2t,,. : -r?* jor,,, - nz¡,¡+tlt

alitl 'u nale soht he step lù : 1 12r,+B . p,r'lc¡not e of the e of clasËical .or,-íc"g.,,rä"1for a, cstimato sical conrrcrgence"f" isl,alcen e, and tho oldel õt unit.oinr
convergeìncc p" ìs takelr fol, the srnallest e. ilablos 1 ancl z co"ti;r, 1i,,,,"

Problent 1 (l5l) :

,!J" + (7 ! r;z)y' - (,¡¡ - ll2)ry : -4(tl¡P - Bt: -lt)((c - 712)2 +2),
y(0) : -1, U(1) - ()

'1'ctltle 1

'l'lttt'c ora n,¡¡ crnt,sl,an,t,s lI u,tu[, o itt,tl,e pen,tl.cnt o.f e cr,n,d lt,r.

72K. SURI,A

I ù',1 <
lIle-i cxp(- of7-1) f /ra-iì, e ( /t',

M¡¡,t-t e-a exlt( -- ol,) f lta-'], /t, < e
I
I

I ^(l) <.
t¿i | \ f rlltl¿(e i- i¿)-r -L- l¿3e-a trxp( of ¡*r).1, /r' ( e,

l,t¿ t L ) lt e-r cKt)(- oú¡) l, e ( /r,

I[lh e-1(" + n,)-1 -l- 7Ì3e -'' oxp( oli+r)1, h ( a

I|(et /¿)-t+ u-i¡rxp(- of¡)], e (/¿,

,1,f I e-1( . + h.) -r ! lÈe-' t-rxp(- of ¡*r) ì, /¿ ( sr

IIln-r1e l- /r)-r a /t-ltrxp(- ol¡)1, e ( /t,

1".(.2)l
ltu t I

l^(iì) |t*i I

ly@) - o(e,)l (

(4.11)

.{

.{

o is a consl,altt intlcpcntlent o1 e urcl /l . thus, flclrn ('t.2) rvt'clllt¿rin tha1'

lhe follol'ing thctn'c'ur holtls'

flnuonnu 2. Lct' p, Je C3l{), Ll, 2('r) > F >0 Qnì 'r7 -0' Tlt'en'

tlterertt.ccon,str.rtt,s oi,n,rt itf'¿iutepen,ttânl;,i!ir',ttrrt e,s'ut'h'thut.fLtt' ¡ ['r¡, nr¡-¡¡1,

j : 0(1)n, lhe t:stint'ate

n'Iltt2(e + h)-i + (tr - n:¡)ltn e-'r cxp( - o*'*rle)1, /r' < e

Xlltt,l(r-r¡)/ie-2exp(- ort'¡le)) a <lt'J

I

'ís ru[,icl.
.l.hrts, I'c¡I, lr; : rr.1 \\lc havc a unifillrn converg'clìce. -fllrtl same hold's

for. r e lo, 1], n,here "';* i, ã.irsta.t, in¿qtont.le,nt oï " alld /¿. 'I¡c 'nifornl
"ã"i'.tgl."i"tr'ín 

boutItlÍìr¡r l^t.'t' is nof achieyecl'

'l'rl nolr,n¡t 3. Lrl p(,r'\ - ?) =- <'tlttsL, 'P )ll, t1(r) = 0.'.1 = 0' 8o ='l'
à, : t'xr)(- t/.). 'l:1,"r,,,'r'ltiLlt,,. í'1''') i' "'i' 

i"L"pul'iilott s¡'lîne 'lttr solttlíon

y(r) - iirp( p.,'/ e\ zoill¿ prq)(rlics i

(+.12) ly(n,) -,u(,,,) l( lTo,,'. ïlli.:;"ïi'--lou "1,' l:;
neln¡, ffi¡+tf¡ 1,¡ 5 0 (,tti+r'

(4.13) ?t'(rn¡) - Dt' : exp(*plr'l u)(Y'(n¡-,) -'u!'J1)' i : 0(1)ø'

system
e have
(+.2) -

13), i'e.

/i
0

()2

01
22
2J
02
4it
08
02
02

2 Pee

112
114
1/¡Ì
1/1 6
1 l:t2
7l(i4
7lt2s
71256
71572

2
2
')

1

1

1

1

1

't

2
2
2
.)

2
1

1

1

1

00
02
(.16

8S
tQ

86
4t)
08
02

2
2
2
I
1

1

1

1

7

2
,)

1

7

1

1

1

1

00
00
()2

97
91

47
07

04
0t)
0t)
(l()

98
92
/lt
65
48

I
7

2
2
I
1

7

1

1

s8
98
(J0

01
99
98
93
77
62

99
0(J

0l-';

02
94
79
59
40

1

2
2
2
1

I
1

I
7
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'1,¡c corrrpll,crl gstitìtrìt,(ì of tfitr olrlct' t¡l unilot'nr ¡'¡¡¡11r¡fQtrlì(re is I.l'1,
z¡titl tlte cl¿lssit'¿l otitr .t.9fl.

I'rr¡ltle n,2. (18]) ; e!1" 1- Y' - (l -l e)y == t)

y(0) - l l- exp( t), y(i)=: crp( -- (L-l e)/e) i- 1

I'21 lìcrgrr'.,\. J:l., Solorrorr, ,I. ÀI..t(l irrrcnt, \1 . rlr¿ -lria/¡7sis ol'a Unifornrlu
-ltrttt rtlt I)ill?rtrttt f,lcll¡orl Iot tL Sitt¡ltrlru f)crlttrbaliott I)roblcnt, .\lath. Oorrrpul- . it7,
(lf)rJ t), 70, 9.1.
Iì rt gl a o \', l). J , l'rtriu:ktttno-rrt:ttosltrtr¡1rt sltrtttn tLl¡¡t I;ttt.'ooí zutlorlti s tttulurn ¡tura-
ttrclnttt ¡tri slrtsltcí ¡troi:notlnoí, Zlt, \'r'chisl. \lrL[. i l]lrL, l.'12. )l (lfltll). 8lJ7 89(;.
Cltitt,\'. (l.lì.&I(r¿rsn¡',1ì.,,lltuhtirlrtst¡rtt¡tlulít:littiltclL,tttt:trl rtttllurllotslillltoo-
poírtl lnurulurll t(lu(: I)tobl(n1s. Sl.\)l .1. Scì. Stal (ìorlpr.rt, ¿ (1983), 229 213.
l)ooìurr, ll. l)., lliììcr',,)..I. ll., Schiìrlcr.s, \\-. ìI .\., {,'ni/brl¡ I'rr¡rr¿r'/r¿rl
)lt:Lltods Ior J)rohltnts tt,illt lt¡iliul untL liountlut¡¡ Ltr¡¡trs. l)Lrbìin, lloolc l'r't'ss 191j0.
.lì rrr tr Ì'-t rt rt o r', t(. \' , O trt:rtoslrtoi slu'ntt' dl¡¡tt ob¡11;ttottrto¡1o tlíllrtettciol 'ttrtgo tttrto-
tt.utitl( s urult¡ttr ¡tatttrnr:lrot¡t, Llt. \'r'clrisl. -llat j \lul. lriz. lfl (l97ii), 1140 I1ã:1.
lfI¿rlLcr'Ir, .I. lì.&\]lIhon. \\:,, (]oLlorttli¡¡n tttillt ¡nl¡¡nontiul atttLltnsir¡us¡r/irrrs
Ior sirtrlulrtrlr¡-¡ttt'lurbtd hottttrlrttt¡ ortlrtt' ¡:trrtltltrrts. Sl \ll .I Scj. Stat. (iorrrptrt,260 21J9.
l) c (i t'o o rì , l). l'. N., ct ll c rr li c r', lì \\'., lttror l¡oLtnds Iot tt¡tottcrtlitrlLr¡ Iillul (ìak:t-
l,itL ttttll¡ods up¡tlicd lo slil'l'lruo ¡toittl lnrtntlrrtt¡ ttttltrt ¡ttoltbttrs, l)r'oc. (lolrl. otr Nrrnrc-
lical -'\rrnìrsis ol Sirrgtrlrìr'l)('r'Iurll¡Lior l)r'oblcrìrs. )lrì\ 20 Junc 2, 197[i, []nirclsitv
rtf ¡ij¡1¡1'"¡¡¡ 'l'lic Ne ilrcr'l¡rr<ìs (1'} \\-. Ilt'urkcl urrtl J. .I. llillcr'. ctls.), Nortìr-lToììurrtl,
,'\rrrstcltlurrr, 215 249 (1979).
I l'i rr. .\. l[., Ra:rroslrttttla slrcrrtrt dl.jtt tlillt:ttrtt:íalrtoy¡o rLruntterti¡¡tL s ntrtl¡¡rtt p(tr'anrc-
lronr pti slarslrci Jtroi:uothtoí, lia[. zurucllii.. (; (1969), 2:ì7 24u.
I l ' i n , ti. l'., () splairtou¡¡lL rcsltttti¡¡ult olt¡¡littotst:trttttlr tLill'crt:tt<:iul'rtr¡lt ut uutttttíi. ZIt.
\r'chisì. -\l¿rt. i. flrrt. lìi2.. (lfl78), lll (j20 627.
,Iai rr, Il. li., ñ '\z.iz,'l',ìr'Lrtuericrt[solttlion ol'slill ettd(onDC(l¡ott tlillusbtt cquuliotts
usirtrl atlt¡tlÌttc splinr luut'liorL (l)ptot:íntalion., ,\pì ìllrLlL. .\lockllirrq.7 (19[ì:ì), 57 ljz.
Ti e I I o ij, lì. tì. ct'l's a n, '\., -ll¿.rlqsis oI sontt: tlÌ l'lt'r't:nt:c tt¡t¡totíntuliotts Ior tt sütqultu
y:rlurbulirtn problcnt utilltoul luutit¡g poiuls,.\[ath Oorrr¡rrrt., iì: (1978), 102c 10:J9.
l, o l e rr r. , J., ,Slrùilìlr¡ utttl Oousislctrt'¡¡ ,lrrrrli7sis ol l)ifltttttcr: f lellods Ior Sírt¡lulur
L)crlurhttliott PtoltLcnts l)r'oc, (lorrl. orì.\rìll\tic¿rL rLrrrl Nurrrclic¡l ,\pplouchcs Io,\st'rn¡r-
IoIic Ploblcnrs in,\rlrl1-sis, ,Inrìo f)- 1:J, ]9lJ(), Iirrir-clsi Ly ol Nijnrcgcn, 'l'lrc Ncilrel'hutls
(O. ;\ xclssorr, J,. lÌr'arrli arrrl ,1. 1'¿111 rìcl Sluis, I:ìsrl.), NolLh-llollarrcl, r\ursLcL'tìntrt, 141-
I 55 (19ri1).
ll i o l tl rr n, l.ì. O., ,SÌtr¡luIarL¡¡ l)ctlLrrbctl l:íuilc lìluncttt llclltods, NuÌrì('r'. i\Iatir. /r''r
(l 984), 42o- 4:14.
S rr l l a, li., ,lccurtu't¡ iut'reusc Ior sontr.: splirtt: soluli:otts ol Luto-ltoirtl hotrtttlur¡¡ vuLue
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