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1. The inequality of Jessen is a generalization of that of Jessen
(see [1]). In what follows we want to extend this inequality by replacing
the isotony required in Jessen’s inequality with a weaker condition. This
allows the passage to inequalities for convex funetions of higher orders.

2. Let us recall some notations and definitions. We consider the
set € = ([a, b] of all continuous real functions defined on e, 0] and the
set I of convex funetions (from (). i

Let also ek =0, 1, ...) and w, (with ¢ €(a, b)) be the functions
defined by : . :

e(x) = 2%, Yr ela, b]
respectively
wl®) = |lx —¢|, Vaela, b]
A functional 4 : ¢ - R is linear if :
A(af + bg) = aA(f) + bA(g), VS, g eC; a,beR
and it is isotonic if : '
A(f) =0, vf>o.
We consider the following form of Jessen’s inequality :

TaeoreM 1. The function feC s convex tf and only if for any
tsotonic linear functional A, with A(ey) = 1, f verifies :

(1) F(A(ey) < A(f)
Remark 1. As w, is convex for any ¢, we have also :
{2) w(A(e,)) < A(w.)

We want to prove that (2) can replace the condition of isotony of 4
in (1). For this we need the following theorem of K. Toda [6] and

T. Popoviciu [4]:
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PHEOREM 2, Bvery Juwction [ e ds the wad form Hmdl of o scquence
(Fin) s, given by e
b
(3) G == P Co o G e S Dt ey,
h=1)
where Py Gu €18, Py 2 0, ¢rw €ia, b
Using this theoreny, in [7] it is proved the following result.

Puroreym 3. Let A be a linear and continuous operator  defined

g € Then,

A(f)y =0, ¥felr

of and only if
Afey) = A(e) =0, A(w,) =0, ¥Yecelw, b]

Similarly we can prove the following generalization of Theorem 1.

We define by L' the set of liniar and continnons functionals A,
which satisty A(e)) = 1 and the relation (2).

Lrworem 4. The function [ eC is conver if and only if for any
A el f werifies (1).

In fact we can prove a stronger vesult. Let ST denote the set of all
stiperadditive, positively homogeneous, upper semicontinuons fuwe-
tionals A, which satisty (2) and A(ae, - be)) = a | b+ A(e,).

Trrorim 5. The function [ e s convex if and only if for any
A eSSt f verifies (1).

Proof. The sufficiency is obviously : take A(f) = sf(x) + (I —$)f(y)
withs (0, 1), &, y €la, b].

The necessity @ for a given convex function f, Tet the sequence (¢u)ws
given by (3), which converges uniformly to f. If 4 e S, we have :

i

x’f.({/,,,) = P+ G A(@l) - ‘2; P A(l(),-l‘.,m) = Gl 4(()l))

k=0
As b is upper semicontinuouns it followsy :

ACE) = Hm A(g,) = lm gu(Ale)) = F(A(e))
W= OC Hi— OO
We rernark that the ¢onverse inequality of (1) may Dbe also used forr
the characterization of the convexity. 8o, let 87 denote the set of all sub-
additive, positively homogencous, lower semicontinuous functionals A,

which satisty A(@ ey -6 - ¢) < a + 6 Ale) and :
(2 wolAle)) = Aw,)
Tarores 6. Phe function £ e s convem <f and oaly & for eny
: _ J : . D Y
A eSS, foeerifies

‘

(i) Fld(e)) = A()).
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3. As we have proved in (b
characterized by the same velation (

verify the conditions

A = 1, Aleg) = [A{e) ]

1, the convexity of order two may be
L) valid for some linear fanetionals which

:1|ml, OF course, are not isotonic. In what follows we want to Lranspose
lqvul'vn_l 2o convexity of higher order. We need the following vesult from
[2] which generalizes Theorem 2. ‘

Let s denote by w) the function defined by -

W) = { 0 il <
(o —e)" 1 it x=e

. > e * r £ .A L 3 .- - - r b g
'h.'\ P, i.llu\ sel-of polynomials of degree at most » and by Ky = Ky|a, b]
he set ol all n-convex Funetions (couvex of order n). '
TV a0y ~ ok v/ W : - - 2
- TrisoRi i Livery function from’ Kun > 1) can be approximaled
uniformly on |a, b by spline functions of ihe form ;
]»«II-

(3% Puali€) = Poa®) 3 %0 Gugnp - 20, ()

Kiel

where Py, € oy and Gt w0,

Using this result, we obtain a direet generalization of Theovem 4 in

| HEOREAT 8. . Lhe function { e 4s in Ky of wnd ondy if for any conti-
wwous linear functional A 0 € — R apilh the properties : ' ]
(4) Ap) = p(A(e ) e P

Alp) = p{A(e))y  Yp el
and
13) wiAle)) <A@, ' Ve e(a, b)
the fupction [ verifies
JA{e)) < A(f)

A LY . i — ; L H

L Baet, we cal prove the following cencral resell which exboen
o b, TRY g 178 42 [+ o i I . PP %
Pheorem 5 3ot 57 denotie the set of all superadditive, positively Lioino-
geneols, upper semicontinuous tunctionals, A4 @ ¢ —» 2, which satisly (4
and (5), A

s also
|

f simonest 9. The funetion [ e Cis 4o K00 and ondy $f for any A e85
wivertfios (1), AT : R

yitsed s Tk

eI cs

LY may be

elv hnmepensons, &

J
1
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PHBOREM 10. The function felis in IC, if and only if for awy
A e85 it verifies (1').

In the same manner, we can give the following generalization of the
main result from [27], which extends also Theorem 3.

Tnworem 11, Let B: O < R be 4 superadditive, positively homo-
geneous, upper semicontinuous functional. In order that B(f) = 0 for cvery
Jell, (n>1)itis necessary and sufficient that:

(6) Bp)=0, wpepr,,
aned
(7) B(w!) = 0, Ve e(a, b).

emarlk 2. There is s strong connection between the functionals A
from Theorem 9 and the functionals B from Theorem 10.
1T A satisfies (4) and (9), then

B(f) = A(f) — f(A(e))

verifies (6) and (7). Conversely, if 13 has pl'dpm'ties (6) and (7) and:
Ble) == 0, then

A = B(f) + f(B(e,))
verilies (4) and (5).
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