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. _l.-.ll\e inequality of Jessen is a gener,alizatio. of ilrat of Jesson
'(see.[1]). rn rvhat tollorvs *e n'¿rnt to elenct this incquarit¡r þ¡. 

"rpto"irìg.the isoton¡' lec¡uired in Jessen's inequalit¡, rvith a .n,"dkn" cbntiitioir. t¡iìsallols thc passage to incqualities Tór coive* functions of ¡igher o"¿""*.

2' Le1" us rccall some notations ancl clefinitions. We consicler the."! 
9_ 

:-cla, öl .of all continuous re ¡l functions definctl on [ø, ú] anrt thò
,sei; 1l of convex functions (from C).

r.,,et also a¡(lt':0, 1, ...) and eo" (*'itrr c e(a,,0)) be the functio'stlel'inetl br':

er(n): st, Yn elrt,, bf
r espectively

ru"(n) : l* - c l, Var ela, bl

A functional A : C --' R is lincar if :

A(qf -f bs) : e,A(,f) + bA(s), y.f, 0 eC ; a,b eE
and it is isotonic it:

A(.f) > o, Y/ > o.

\\'e conside' the forlo*'ing for'm of .ressen's inequarit¡- :

lnnornrr l. ,Ihc_.futctio_n f eC is co,,aen i.f u,nd onty if .for anyisotonic l,itteat'functional'A, wítþ, Ãeo) : t, ¡ uei,6tàs,'

(1) .fØ(e,\) < -4(/)

llom,nrh 7. As w" is convex for any c, ne have also:
'{2) u"(A(er)) ( á(to")

,- ,.,,W,i]:.rîj,!o_g-royo ilrat (2)"ca.n reptace the condition of isoi,ony of áln ( r). fl'or tnls wo necrl üre follorving theor,crn of I(. Toda l.6i ancl
'î. Popovioiu [4]:
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GlI. 1'O-,\DE1ì

[.)rrt'ti .l ttt¡<'íirtn ,l e l( ,i:: [lte tttti,l (,rtt¡ liníl ,,.1 ,,. ¡t'qu(ttt,,

'l'lr.r: ,l'rtttr !,i.r¡¡t ,f e ('l ;t,ts <:ul,ttt,.¡: 'i,!' ottrl, t,¡¡tl..!j I:i .i oi' t'"tty

.l'(,1(c,)) > -4(.f).

:ì. \¡r',vr. li¡.i.t, l..rt.¡rr.t.rl itr 
it'ìnralli'r'izr'il lrr' i,lrc slin¡t, r'r,11.1 iotì

r-cli1'.r' tlrl r'orrrii l.iorr,i

l(r,,) - 1, .l(r,.r) -. I,i(r)1.
li,tttl, rli'('otll';i(" lì¡'t'ltoi isototrit'. lrr i¡,lln,I l'r¡]Lot's \',,(ì \\:jrli l6 [.i,lr.,rrs1t';<*Illtol't'ltl 'i lil ('ttltyt¡:':ìtr'.oi'ltir,.]l(.r'olrlcr'. \\.tr rrl'<.rl ilrr'lr¡[ou.ing r,(,suli I'rr¡ru
ll I u lrìr'lr lltrrrelir,lizl's il.hi,t.¡ì,cuL :].

Irt.I ris rìr.rrott lrr. .¿¿,il Iirt lLr¡¡rrtioir ilr.rl'inrrrl lri- r

.J¡rass llN S iN ItQ tI_\ t,Ì],\-
1 f):i

I I,

(l)
I ltr' <'i¡t t-trri t ,.' oi oltìr'r' t u.r; rurL,, irr:
rlli rl I'ol so I ¡lt' 1i n t'il,r, l'l r r r,1 io: I ;rl;r,tll, i,.h

(:l) !J,, ... ptrl . î0 't (1,,1 .(t )-, ¿,,.,,, tLt,,, 
,,,

tul¿r,t'c l),n, Ç,,, e ll . 7t,.,,, ) 0, t,¡,,,, e1rt, ltl.
[;sirrq' tlri¡, thcrllc'nL, irr l7 | i1, is l]r'or'('(l i.]re i'r¡lltit'irìs t,csul1.

'lltllirltltìrl ;1. Lel ,l be u Iincttt'tuttl (:ot¿1,[.n1tí)1(s opct'((l(tt'
ntt¿ (1. 'l'it¿'1¡,

.l(/) > 0, y.l et'{

'[ f ,r,tul o tr[.ry i.l :

'l(r'r) ,- .l(c,) ,- 1¡, ,l(irr,) ). 0, Yc eltt, bl.

rI t.l:í. u.er I

-\irrlil:.ul v r\¡o (:iìll l)r'o\'(' tlle lilll<ln'irrg gerrcr':llizt¡bion of 'llJrr:rtlcnr l .
\\'o tlt¡l'incr ltr,' /,r t,ìlc st'1 ol' litrirl a lì(l (r(xì1,irì rìous I'urr(jtionals - [,

rvhit'lt srut,isf¡'-,[(r,,) -. 1 antl thc lrrl:Ltiol (2).

'l'lll,ÐtÌ,lllt .l . 7'lte Iun,ct,íon, l'e(1 is cou,[(,)) iJ'*nr[ otrl,.r1 i,[ .l'ot, att.t¡
,A el,t,.[ rerí,.l,ie,r (1).

Itt fa<t1, l'o (i2tìr plove i-ù stlortgt',r' l'ostrli,. lrcl, AS' tlt'no1,o iltci sr¡1, ol' ¿rlì
sttpet'acltlit,ive, posil ivcl¡' ltotltcl:l^ett('ous, u1)p(x' senlri(orìtiÌl uous I'urrrc-
.i,iotrals 

-,1, llrirr)r s¿ltisfr' (2) :rrrrl ÁQte,, -l be,) >; a I lt. A(er).

'l'lll,ttltulìr 5. 'l'ltc .l'rrtr.ctíon .l'e(l i,s t:r.tu,,¡;t',r í,f art.d. onl .t1 i.l'.fot,tr.tr¡¡
-4 e iS+, .l' ue ril'ies (l).

J)roo.l'. illllo srLtl'icriclrr.r' is obliousir' : 1,ir,l<e .,1(.f) , sl'(;i ) ¡ (1 s)/(y)
'lvil,h s e (0, L), ,r:) ll elrc, hl.

li'lr<' ttcccssil,r. ' fril' Ír g^i \.cn ('()llvc\ 1'rtnr'1,iorr./, leL 1,hc s(ìqìrcrìc'e (¡1,,,)r,>t
given lrr'(lì), l,lricìr (,()nv(,1'gcs uriil'rilurl\'1o.1. ll'I e ,S'F. \\'c lì¿rvt'.:

.,1çt,,,) > 1t,,, ! r¡,u ''1(cr) I í-l ,,, ,,,' tl(r.0,,,.,,) -: g,,J..1(etD.
/i: (r

-,\s -l is ul)[)('t'st'nrir,onl,irruons ii, f<illoqs:

.'L (.f ) >.,1T:'' ((/,,) ),1,im ¡1,,,(,1 (tr) ) - ./'( ".t ( ",))

\\¡<'r'ttit¿,rlk tir¡,i. 1hc (ioll\'('r'¡i(ì irrotlr,L:rìit,\'of Ii)inav Ire ¿1ser nst¡d f'ol'
T,lto r.llal'¿¡ct,tliz¿¡t,iol'r of tho i:orlvcxil,r'. Frìr¡" lt:l, iS'" <leriot,t';'r,lrr: sc1 of all srtìr-
¡.¡t[tlii,irrc, ¡rosi1,ivc.lr'ìtonrogetrsoris. ].o1,<:r'iicrni(loulilliious Í'Llrrc,iiolr¿ils,,1 .

riltich s;¿r,tisf'r',1(rr .r,.., ¡ 1) .c,) { ø i i;',1(r:r) rr,rril :

(:ì') ru, ( . I ( r:r)) ,. .t (to, 
.\

lr¡- ./',,, iht ¡t'l r¡l' lrr¡[t'll.trriitl¡r ,f ilt:q,l¡'r, ¡il, .l.si, l¿ a,.rl l¡r-
IiLt'sr'1 ol ;rìl i¿-r,oilyr':r l'¡¡(rti()tì¡i (t,6t¡'ex 9i ¡¡,rlt,i,i¿).

'l'lit'lolìilt i . iitci'r¡ .l'tr,it.t,[,.ion .l'rrtnt, /f,,(ri > l ) t,(t,tt. í¡r
,)t'i,.f o)'tìtlU !))t l{!) lt I Lty ttplitti: .l't,t.t,iiott.s r,/' itì c .[,,¡.,,,' ".

tttil;17
{) il rrr:-t.

(.i, ..- r:)"'1 iI ;.¡: -ì,,: 1:

{i, ,-. [r',,¡',n, ¡., 
¡

u, ¡t¡tro t'i ttttt,l,ti,{,

(:)' )
I "-1

!1,,, ¡(.,r'1'- l.r,,,u(,f') i' \ {J,,,,,,,,,,,' rt',1.,,(,,')

^-1
tultrt't' 1t,,, ,, e 1t,, _ , tltt! (t, t,r.¡',.-:. l).

['i¡rittt{ this i't'sLtit, tt'c t¡bi.¿tiiL ¿ tlilct,l gt.rrrrr'¿¡lizlilion oi fi,]¡u¡ltln 1 iti :

'l'rtt:tir¡r:ii iì. 'l'lt¡'../ ti¡¿t.íir;¡t .f e (l ,is i.t¿ Ii, í,1 rttt,.! ottl..r¡ ì,f..f.ot, rttt,t¡ r:r.ttt.ii_')tuout li,ntrtt' ,i rrtt.iirttu[ -l : l, -, !i tt:il.lt, !itr ¡trr,pt,r,lit,,; :

(1) 
'L(¿r) 

::. ¡r(.1(r,)), y¡t e t',,.,
ttntl

(¡l til(..It,t,,¡,¡ .< ..l,(¿¿'1,'), Vc <=(.it., it)

llti' .l u tt'!it'tt I i,,,i't',1 itt :

.i(-1(r,)) <.1(./)
i¡l i'¡r'ir_ \\o ('i[!ì trl'oi t' iltr' íollor',iirr¡ :¡r'rlr,r'lrl lcslll, ii.liir,]l r,ril,rrrl.r iilii;rl'lrt'ol.t'nr 

:.1 ; ìr,i i/.r' ,¡l¡1¡1¡ri, tlri, rii,1 r;l ali':.rri¡rli,itririiiir.t,, ¡lrl:liiii trl.\. lrrrrlr,-
,11('ir('ort:i, lli)r)i.i, ¡i(ììììi(jr)lti.ittLlouij lÌlit(,1iolllls, ..1 : {..! ., f',Ì, il hir,,L .,liiisl. 1. (1)rtirrl 1'r¡,

'i'lti,0r¿,;r; f), '!'itt,l ir trrrii,;ii,! e ( is,i.:t l(,, i,f'rurt,t rt,tlt¡ ;.! .f oi,¡t¡¡,¡1 .1. ,_. .:ii 
,l1 ¡','; l/'irr ( ! ).

. Ilìi'iltll'ltlI il') iiÌiLi jri':'1,,1;i,.i,rl; l{,i ,,¡', ll¡il¡ir,iltt,,,t,i r¡i.rl:tr,,,i,ìi_
iìt'r',.¡1t):iìlilr'lYiìoirrt:lr1'lri,oil;. lr;r\1,i,;r1':1¡ic,irriìil!r{)¡,ì i'll¡riijrii¡r,ls,1 : í' , i,l,
ir irit'it slìl ì,rl'i' .

(,') i(iit ,:.,r'( i(r ))

',r,¡

(.',') rr,'li li ,),, :. .lr,r.it t. .,./t, ;..:,u. l,¡,
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velil'ics (ti) ¿r,nrl
Ì)(cr) -- 0, l¡<ur

veriliie's (-1) a,ntt (5)

Adltotuledeentnl:
on [his topic.

lìcccivccl I t.\¡ ll.l987

tJ(.|) : rt(.f) _.Í'(A(c,))

(7). Crttrvct'sclv, if J,l lrts l)rrlpclii(ìN (6) :urrl (7) :r¡cì.

A(f): B(.f) +.f(B(e,))

ìL\'l'ltJi\t,\'t'l(i,,\ tìl:tYt t:. t),,\N,\i,\.SE NUÀlIitìtet:ti
Jtt.t)f.t 1.iltltot,. lli l)ji t.,-\t,t,¡ìoxt\tr\.f loN

'J,',rx:ttìsE ruttliRIQIIÐ tì:t'L.\ :t'ruiìonttì tìu t,,1l{ìÌfioxtrùt¿\.t.Iût[
'lÌnnr, l(;, N. 2, IÍNti7e ¡r¡r. lg5_1gg

COìII'UTltIi 1'lìOtl lìSSfu\G OIvllI{tl /f-Spz\L'lÐS il¡1II¡O{ì1-

ALlix.\NI)tìt' zl,t,\Itt.]i
((ììrr 1-Nlrpot:u)

il'ltc /rl-s¡ttrt,cs tllcolr- is an ll, c t,hcr¡1,1, cs¡tcci:lllyclealetl .1,o plcscnt, Irlr-N (linc u.r,it,i¡g fo,ig.,iog.,i.Ilel'cl'r'trrl.ll I to oi,ht'r'. [)1r,1]('r.s,- follori,iiig. o "Þ-/-
- ¿ì, lnìil'i(ì(l tleitl,rltrrrt of' thr¡ L,,.r,,.
' a rrorrrlilel,tr l'olrnrrliznticn ol' 

ìiìg("

- tlte suìltll'tlilta.l;iott o1 lolur¿rtiolr lules to f'ullcl,i9rr¿rl infsr.gltcle r.ulcs;-- tllc liossiJlilil,r'to tloscl'iltc all notions of uL¿ltherlra,t,irrs irr r,el¿ll,ir.dv tho
s:un(Ì lììa ullol' ;

:- !!,ì ¡rossiìrilil,r'of corn ssirrg.
hr f 2 | n'o hzìrrtt ¡.tL'escrrtcd cr iógclhcl u,it,h a 1turt, o[ tìrrr ilroofo¡tellllols, .rrrcrrl,ionìng 1ìr of titc cornprr{r:r ¡ìt,oct,ssirLg ,ri t,lrc
1f-s¡rirccs tlrcor'.v. Irr l3 | \\ lterl all l,lrc pr,ool òp<,r.zll;or,s ¿ì''(l t¡ot'ottL¡Ìtl,trl l)l'ogl'2ìllls. ll'lte list, ol sl ¿t(ìlr(ìn1,s oI t]ri /f-s¡rzlces tlleor.r. lta¡
ll::t:t],_,.1t':t!t'tì t_Lsing tltc ¡rloof l)r'oq^r'iìrìì l'r,it1,en iri lrotìlhll71N ti-;, ;fï,INI)lìt)lìN I)ììN'l' ì()llr t'rr.rrt.pui ,r'. Irr 1,ltis pa,¡rt:r', â. sL¿r,t,enrcrìl is 1lr.çsr.tlctllrr- ji,s or,tlt't, lturrrltel nnrl Ibllou,crl b.y i1,s 1x,ooll.'il'llc list, ol' st¿rt.t'ltrcrrLs
1

12 [12 (;;]2I(23S1 3Ii'tLl"t
;\ \lO\l-.\
2
L2lll I't2s'.t
,\_\ IOùl,r\

i)

t2l tt2tI2ct2ti,tlsz
:t U2Ìr2 I S I :J21:J S2 it
I

I 2 lì2 S I 21 11221 Iìlrl I 2 L l î22 t,t I¡ fiXZI S./t
,\ NIOùl;\
i)

I 2 tI:i2 \'.X2 Sr\ilPZl l"l
.\X IOùIr\
(i

t2 tì1s3 I LI I I YXZ2S;t2 Li l2\¡IZ t p,t:lt,z
(i[I2lr']152lI2'll;Jt23¡i2iL'2tì'¡")152112!1.13.13S2õ\r:t2\r2TZl ll2fll6Lr2lflts2u2
:llil 123S2 1l2 l¡rl I 52
I 12 illt 3 J :l s25v:-ì2 \'2'17 l. I )2 il. L1 5 \¡ 25\r + tI{X52^,1,35 252'I

GII. ?'OADER
4.

, .u,""oTt',Ït,!l,ol), trlr'trr: 
.l'un,'Lioil .f ec is,ín, r(, íf atu.t ont,.u if .fot. (Ln,!/

Itt 1,he sauìo ììt¿ìntìct,, ìy(ì càtr g,iyt¡.thc lgllou.itrg gg¡c¡trliz¿ri,iotr 9f ¡lcrnain ..sult f.or' f2l, u'rri.h .xtcrrrìs ahr 1ìrocui,"iÌr]- "
fi'rrr¡:otilr¡l 11.. f,rtt IJ: (.1 + ll. he _u ,srt,pttrudditiue, positiuet..y ltott¿,r¡_

.f e.I(,,. (tt >- L) í,t,ís necessary rt,trl n('l:icient tlrøt:
(6) Ììe) )> o, y1t eP,,_,
at¡¡l

(7) Beoi) Þ o, yc e(t.r, tt).

ll,er¡t,t.t¡'l¿ 2. ülllur.o irs ¿-¡ stlolru conrrc<ttigrr ltetyetrt tllc Iu¡ctio¡¿rls ull'r'onr tt'hcor'(,nr r) ¿rnrr ¡rr, r'u¡cûi<rìrars /t ì;;,;; rlr,.,ì',i",,, 'r'il.
lJ' -,1 sa,l,isfics (.1) anrì (õ), tìron

ì :ùn graLt:lrrÌ [o rn¡. collt¡guc ì. lìa;a lol. inlclcstille tliscussious

ì,.lìììJilìIìNClìs

[1J lì c c s ¡t c h, P' fl ' ]1.9 i' x l'i t!, .I. li., ()n 'J(ss(,tt's irutrluttlit¡¡ Ior r:otrut.t lr¿ttlirtts, J. Àlallr..
. _. ,\nal., 

^ppl., 
I t0 (198J), o3rì 5I2.

[2] IÌ tr j a rr ic, Iì ' Il rr r'.-Í i 
"r. , ,)., -l¡tproti¡ttuli¡¡tt ol t:onot,:t: Iuttcliotts l¡tt utttut:t¿ spLítrcsartrl cotttst:,til¡¡ prrseruittr¡ conlitttious litìcut, opct.(tlors, llcr,..,\ir1Ì. .\ur¡. .l.lrúor....\¡tpr.ox.,.

3 (1974), 2, 1 4:\ r 50.

Its Iottt,liotts tonùeÌts tl,ordrt: sLLplrirrl,, llafto-
s (ltr.i 

, t(.(roclct,isc¡tl les I'ottr:liorts conu(:tts, ;\1.

ï],;,' ); ìì;,,l j,ll,, ll T ! ïì;',]i,, _lïl; 
".., r,"" p, i,, t,

ttt' 
Li] i;rt{', 

'1 ntt'lltod ol ttp¡tto.r'ìtnrtliou ol t'ottot.t:. Iurtr:tiotts, 'l'r)ìrohrr ìfrLur. .I., 49 (19iij),

[7J vasitl'l) l'1., l,âckovi(, '1. ])., i\ir¡l¿rsr.¡;r crltlet: Ittttt:listts lI: ot¡t.ottlit,t¡.ttts li,ctt¡,opcrulors tlel'itterl on 1 
-cotte 

ol utttur:.t ILLttt:liotrs, urir'. lìcogr':rtl, lrLr¡Ì. Jìlcli tl.o toì.r. J;al<"602 6:J:ì ( 197¿t), 5it i¡9.
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