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L.I. C\'1ì'l'IiO\¡l(l an<l l). I lìltì(llìC;
(Nor i Satl)

I. fttlroduclirlrr. We consider a system of lincar equâl,iorìs, wlitteû,
in tho ìniìt,t'ix form

Ar:h,
ì\dìcre a e c''" is a nonsirlqulàr' rnâtlix \vith ììonzcr,o diasonal cntlics,
?ìtld Í.r, h e C" u'it'h r¿ unkÌlo\\¡ìì and /, ì<norvn. Ilor'the rrumt¡riiial sohLtion of
t,his system ryc use i,ht¡ accelelatcd orrcLrclaxa,tion (,\olì) rncthod, r\¡hiclì
is intt'oducelÌ by I{n'cljitlinro,s in [6], anrl rn4rich is ¿¡ two-par,âmeter's g'ener¿ù-
lization of thc SOIì tncthod. Since 1,hc -AOP" lnethorl hatl been intloclucecl,
rnzì,nlr propeltics as \\'ell as nurnelical lesults concerniltg it have been given
b.v sevcr'¡,I arì.tors. Nurnerical examples frorlr f1 l, f6 I shorv the superiôr'ity
ol'tho AOIì rnethotl. rllot oT pa,pers ale refcllerl to the lineal s-vstems rvitir
rìlâtlix \\rhich is stricti-1' cliagona,lly clominant (S DD), irrecluciÌ¡le diagonall¡'
tlominant (rDD), gerìerrùIizcìcl tliagonall.v dominant (GDI)), an l[: or aiì
-I/-rnatlix (of. f1l, [6.], [7], [9.j, f101, J11-|, |-12]). In l2l, l8l sorne nerv.
classos cil lincar systems ltavc been consiclerc',d. I{ere, rve shaf õonsider the
class of 1/-matliccs, J:ecause u'e hacl proved in [3 ] that alt of the mentioner,l
olasses ale J{-matlict',s. lJv using a ne\v technique, rvhich is bascd on ¿1,

g^enerauzation of Sassenfelt.l 's criteria, rve¿ùre goin¡; toget an improvement
for 1,he aroa of convelgence of the AOR, mcl,hod fôr all of the mentioned
classcs of rnatlicei;.
. __ 

tìlorrr no\À¡ on, rvithout loss of getrcrality, rve ca,n srìppose tÌrat o,r¿ :1r'
ieN.

Let, A : lt - L - {I be thc dccomposition of the rnai,rix :{ into
its _diagonal, stlictly lorver antl stliol,Iy upper triangular parts, respectively,
and let cù, o e Il,, a I 0. llhe associatt¡tl aorl method can be written áú

, frh+L. : ll[o,,o nr l_ d, lt : o¡ 1,. . ., no e C",

_ r,vh._ere )l[_o¡o. _ (]X - oL)-t ((1 - c:) IX | (. - ") 
L_¡aU),

¿: a(Lt) -- oL)-t'¡.
Some special- cases of this rncthod are: for,ô.=_ o SOR method, for
cù .: o : 1 G¿r,uss-Seidcl, for o : 0 JOR and for. o : 0, <¡ : 1 Jacobi
rnethod. As one can see, the Aorì method is an extrapolation of either the
Jacobi methorl (case o : 0) o{ the SOIì methocl (case o I 0, where the
extrapolation parameter is co/o).
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2. Itrclillrilrirrits. ]\rc shall use the follou'ing notations:

rY : [1, 2, ..., ??1, ¡tr(i) : X\[il, i e rY'

For an.1. tnatrix t1 : latÀe Ctt'tÙ (: set of all complcx n x 11' llrn'trices)

;and i e N, tt'e define

/,,12[¡ _: 
r],,,1,r,, 

l.

I)nrrrNr.tlron '1 . A reu,l squ,(tre nt,ntrin uh,ose o.f.f-diugona,l eletn'en'ts tt're

øll ntnt'-Ttositi'uc is cctlletl L-nt,utri,n.

DnnrxrrroN Z. A t'egr+lar -f,-tn'rttrir A, fo't' t'ult'iclt' A-r >0 i's ca'llccl

llI -utntt'it'.
For auY I-na,r'ix ¡: lcr'tÀe C""', rve dofil-Le XI(A) : ltn'i¡le 'Iltt'1, ^!

lollos's

'tt7¡¿ : lu,il, i e Arr'tn'¡i : - I Q'i¡lr'í€ Àr, j e ìr(i)'

tL nttttt'in A is cct'llerl Il-nt'atrit i:f.f n[(A) is an

.l)ur¡rrq1,¡rorq 4. tl m,atrix, A is c7tlled ¡Terr,erctlizetl cliagou'ally dont'itt'ut¿t

(GDDI;.f/ tltere erist's cr' t'egnr'lur cliuqottc('l' tt'itt'it' M' so thu't Al[ is sDD'
It is cas¡' to sec tha1 the rnatrlix ,4 is G DD iff it is an ¡I-rnatrix.

gV 
"si"g 

tliis iact l'c ,sliall conclucle that it is sufficient to consicler onl-v

fhe class of SDD matricos.

3. 'l'he Couvcr.tlenec oI ;\Olì llethotl
tt

r,rirri\rÀ r. Let ?,(o) :'2, lo,,l (11-o'll- lolp,(")) + I .la',¡l,i'eN,
¡:t i:i'tr

p(o) : nrax pi( c). Tlten .for th,e ntatrin l'Io,o, (t úl¿¿ AOR nt'etltocl it lt'olds l'hutr

llil,I.,,"ll- < l1- colf l.lp(o)'
Pt'oof: l'rotn the cLefinition of the lnatrix norrn ll ll-, there exist

iù veclor i . C" sttch tllaL

llyll- : 1, llM",,oll* : lln[",",Y11*'

We denote z : Mo*, q. flence,

.(3.1) (I) - oL) z: ((1 -') E + (ô - 6)L + ^U)v'
Norv, rvc are going to prove that for eacJn ,i e ÀI it holtls that

(3.2) I z¿ - (L - a)y¡l < l.lp,(o) an.rl lztl < 11 - o¡l + | <'rlpr(o)'

Tor i : 1, Try using (3.1), .we have

zr: (l - a) U¿ - " É ütt lt¡¡
j:2

:anrl (3.2) holds because of lyt I < 1, i e ll.

THE .AOR METHOD

Suppose tltat (3.2) holds liol i, < h - L (lr :2,
tlial, it holrls fol i, : l¡. From (3.1), rvcr obtaìn

2
J 11I

, n) ancl pro\¡e

h-1

h-1

X ír¡,¡!/¡ - co f, n,¡,¡[(1 - ") yt -l a(ø¡ - (1 - a),y)lø1,
j:ii j I j:t

ø,,-(l - o)'!Jr, - - cù I ccr¡ll¡ [ n,,¡( coy, I oz¡ - ol1i)
i:htr j:t

tt

::-ú)

I)nrrNrt'rox 3
II-tncttrin.

and

lzo-(1 -a)!t,,i <1.ì I lø,'l*
j:h) 1

h_1
-l-l.rl N lø,,i1(11 - "l+ I ollz¡ - (1 - o) y¡lllo'l)Ì < lolp,,(o).

j:1

Nou' it is casy to scc that

lu,,l ( l1- col* l.lfir(").
'Ihc secorrtl inecluality frotn (3.2) gives llell- ( l1-.1-1- l.lp(o) and
proof is cornpleto.

Oor¿or,r,¡rlv I.l. I.f 1 - lol1, )0, 'ie -Y, then

llM",.ll* < rnax (11 -col-l-( larl l1-"1-l ol l1-col) 1,* lolir,)/(i - lolli),

rcltere I, - l'o(L)1 't.L¿ -- Pr(U).
Proo.f : Obviousl¡r,

p(o) < (11 - "l + I "lp(o)) 1., I'tr*,
for nt, el\I for ¡'hioh \yc have p(o) : p-(o). Ilence,

p(") < y" (lr cl ltl u¡)lÍ - lol-I¿).

Norv, ll ll[",o,ll* < 11-.l+Itlp(") <
< *l*¡1 - cùl+ |coll1-ol--lol 11-ol) 1¿+lcoltl¿)/(1- lolir),

rvhich complctes the pi'oof.
Oorollar¡. 1.t givcs an upper bouncl (Iet us denote it by e) for the

spectral radius of the lnatrix ,l{o,,0. So, sufficient conclitions for the con-
verl1enctl of -AOR, methotl ca,n l¡e ol¡tainerl from the conclition e.( 1.
It is elear that thc contlition

l1-coi l-l¿olp(") <1,
rvhich was obtained in l4], is mole general than e { 1, but it clocs not
give a possibility to say (in aclr.ance) hol' to choose the pararnetels c
ãnc1 co so ttrat, AOIì rncihod. converges. Il¡) sohing ineclua[ly E ( 1 ancl
b¡¡ the cxtrapolal,ion theorern (see [7]), rve obtain our area of conver-.
gcnce of the AOIì, methocl.
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fllrrr¿o¡¿r¡;.ll 2. ftet A be o, stt'ictl'¡¡ diaoonally tlontinl,nt ntat¡'i:t: a,nd lel'

I¡ + P{L)t rt¡ : I'',(Ul, i e -\-. ?l¿¿ru ÄOIì nt'eth,otl con,l)er{les .fot' :

(i) 0 ( o < 21(L* p(Mu1(t1f(-4)))) : i s, 0<co<2 ol(ilp(l["'\): : r or

(ä) 0 < ¿o ( 1, -nrin(l - [i -tt')f2lt ( o {rnin (1 -l- I, -t+¡)fZIi or

(üi,) 1< co <2 - nrax2tr,¿/(L !ui - fi) - :11,

nrax{O, rnax (((')(1 + I¿ * tt,t) - 2)l?(o - [) 1'))l { " <

4 rnìrr(Z - or(1 I¡ I tt,¡))l2It or

(itr) 1 < cù < 210 +rnax(Ii a t,)) - :t,

rnax ((ù(1 -l- I¡ * tt,¿) - 2)l2It { o { 0.

Proo.f : It is cas)r to t elify t'hat for ezìch o, rvhich satisfics ot"tc of the
conclitions (ü)-(iu), tt'c ha,\'c

1-l"llr>0,ieìr.
(i) Since -4 is SDI)rniìtrix, thcn /1(ll) is an ì{-tnal,rix, and frorn [16] it
follox's tll¿l,t for'0 { o < s it holds l,liat

P(l't,,") < L

[], is ltrror'r'rr I.lral l't¡r o#(1, llil n.,o-(, - 
tìr, 

lot Xt
\ ")" 

I 
o 

"o'o'

If 0 < t:,f o 1r, b¡. using the Ììxtlapolalion tlteolem, [7'], l'e conclutle
t}raí p(n[",.) < 1.
(i,i) -It0<o(1, it holds lcollL ol -lõl11-col:6-¡-o a,nd

1 --c,¡ -l- (.ù - o) -fi -l- tì1r¡ {7- - o[¡, i e À7 becauso of

- co(t - I.¡ -'l¿i) { 0, i e t\r.

If o )1, $,e have lorl l1 - ol - i"l 11 - otl:2oo - o'- co and

o { (l -- u,¡ * t¡)l2It
+2oI¡<1-u¿!Ii
+ 2oa [u - 6 -f otlri - r¡f¡ ( 0

>1- i.ù+(2o(Ð - (r-o) /i -l 6ui <1-- cli, ieN,
ancl from Corollary 1.1 wc obtain P(M",") 11.

ff o ( 0, rve lt&t'e l.l 11 - ol - l"l 11 - tol : o + <¡ - 2oc¡ art I

o )-(1 -lr -11,¿)127t
+ -- Zot¡ I¿ 1. - cofi - @,tL¿

+ 1 - ô + (o -l- or -2oi,o) It { c'tn,¿ < 1. + oIa, i e N.

THE -AOR, ME"ÌI{OD
1.1 3

1nl9^ Corollary 1.1 it holds that p( ,1f",") < 1.
9(üi') ancl (du) can he proverl sirni

Detailcrl ¿l,n¿rlvsis shox's th
of S DD rnatriccs, given in [1ilustlate this fact by the fol

Ir)*a,ntpla 1. l'hc ar.ea of
rctn 2 ill case tt'ltrrtL

1

-0.21¡is:
(i)
(ü)
(üi)
(i ¿)

0 o < 16/9, 0 < c,r <2"1([ f p(,rt[",,,)) or0 c'-r < 1, -1.5 { o { 2.5 ot.
1 ( ci <:l2lL7t 2.l¡ - 1.5/(o -1) < o ( (8 - Bo:)f2 or
1 < co { 1.6, (rico - B)12 < o < 0.

4

A -0.0625
1

2
'1 0

l7',l 25 õ

(rig.
th¿rt

_\\'e.givc a g'croinebric,intelpletatiorL of rrreorcm 2 for this cxarnple1). \Àre ca,rì sco that thc ar'óa of colìvLìr'gence obtainecl hcle is tarfer
the onc flom 'I'heorcrn 4 fr,om f121 (fig'.'i).
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Fig. 2

Now, we câr use the result of rrreorem 2 in order to irnprove the
?Ì'.u* qf con^\¡ergence for t.he parameters o ancl co in case rvhcn ,4 is än g--a-
.:trix, i.e. GDD matrix,



Sincc P(l[o,r(]t(A))) : '1t('M ,1(M(ál;tr¡))) - zr'r1tl.. 1l(l[,-''('L)) :
: p1li|t,,.¡,+lf')jior.ä,t.,g.rlarr.rati'ix ll¡,ìvc obl,ain thc follos'ing theorem.

,l.ilr,:oRìììu 3. I.t A is tt,il, I-l -tn&tri,r (it. (l lDi :.t.ntL \lt.e pnrante,lets,.,o

attil, a at,c choset¿ ni'ril 'lltcol'cnt 2, tultere [¡ Pll']lr) (tt(l lLi - IÌt(Ull )'
i e ,r\r, tlten, 9(ll[",,"(:t)) < 1.

Cot¿olr,Âlv 3.1. I'et A be rt,tt' IDll ol ct'¡t' I[-nw'tri'u ot'ct tn'atrir t'ultose'

elentents stttis.fu tt't lea,st otte o,f the .follc¡t'uitt'g con'ditirttr's 
"

(i) r )l'¡(A), ieÀr (SDD)'
(ä) 1 ) P,¡,,(A), i e,Y, .for sont'e ¿ e [0' 1],
(í,ä) 7 > PiQl)QI "(A), i e N, .Í'or scttn'e ø e [0, 1]'
(ir) 1>P¿(/) I'¡(A), ie -Ar, je Àr(t:)'

(o) 1 > Pî(A) Qi'" Pi@) 8',-"(A), 'i e N, j e rY(i)'

.l'or sonrc ø. e [0, 1']'
(¿'i) I!'or ea,clt, i eN it hokls tltat

L ) Pt(A) or

1f caltl(,/) > Q,(A) l- ,[rQ,{'l), 
uhere J:: ii e 1[:1 < 0'('4)]'

(uä) 1 >min (Pt(tl), QfçÐ), i e N u'n'tl

2 > Pr(A) I P¡(A), i e -Lr, j e N(i)'

(øi,ä)1 )Ql'\(B), ieN and

P > E Pt(A), [1,egt,t for some 1t e N'
j¿tr,

(it:) There e,t'ists ¿ e Àr su'ch, tlt'at

1 - Pi(A) ¡lcr'¡il) >Pi(''t)l q'¡¡l¡ i e Àr(i)'

utt,er"e Q,@) :,fin, l',, I'

Pi.,(A) : aI'{A) + (1 - o") Q¡(A), Qf Ø) :-rnax lø¡¿ l'

e:,)(Al . ,ilp;i. 
F,]o,,t,

t' e J{ unrl 0,. is tlt e set o.f uU choices t,' - ;ri'¡, ' ,; , i,l -oÍ !'í'f 'f eren't in'dices f rom L" ''

If c anrT d (11,e cts ir¿'.I'heorem 3, then, AOP' ntetltod, cotr'uerç¡es.

Ilxamplelshorvsthatthealeaofconvergenc^e,.ol¡tainedby-Ço-ro]-
iu.v íl.iir '.titt tr"!:"iìtrot tt.r unc from Theor'õrn I T'o'r [12] (rvhich is

relatecl only to thé class of Jf-rnatliccs)'
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