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TIIN ORIIM OIì },IO TZI{] I{'S AI-,TIIIìNA'T]IYE
li'Olì NONI{OIUO GIìNÐ OII S COI\{PLE )( LINIìT\ Iì

rì QIrÀfrIONS AND lNE QUAIrti|rES

l)01ìlÌL I. I )L (lr\
(Oluj -Napr,rca)

,tllslract. 'llhe classical thcolerns of the a,ll,eura,tive of l\llotzkirr,
Gcirclan ancl others ¿ì'rc extcncle¡l to ronhol-nogclleous cornplex lineal
cqlral ions atrrl irrcrlrralitics.

(1. Ilrlrotlncli¡rn. .I.he theorcns of tlie altcrnativc pla¡. an important
role in establishing oT nc'.cessar')¡ conditiolìs for o'¡rtirnal solutions of a,lnatht+
ru¿ltical progltr,tnttring ptoblenr ancl necesstury s¡n,litions fol erfficicnt solu-
t'ìol'rs of a vectorial pÌogt'amrning problem.

.I.ìro extcnsion of mathernatical prograrnrning thcor,¡' trs r:ont'¡tlex
ilface. necossat'il}¡ roqucst the c¡xtcnsion of theorerns of thc a,ltcr,native 1;o
cotnple¡ sllacc. To shou'that, the du¿r,lity theor'¡- olì line¿r ptograrnrning
in leal spaco also holds in corn.plox spa,ce, lJcn-Isr¿lcl f2],has pr,ovecl the
follorving cxtclrrsion of lr-ar,lias t]rc'olcrrn i,o cotnplex spaco : ,

'llltuoltrru (1. Let A e Q,,x,,, (L eÇ* ctt¿tl let B be a, ,pol|heclra,l cotte
in C". lI'l¿en lltc sysk.nt,

í
ì
Az:ø
2 €lst

is cctttsisten,t, i.f o'tr,tl onl.y i.f

AIru eSt' implies Iìe (n,, ?J) 
= 

0.

Iìcluiva,loìrt foltnulations of tleorcrn 0 havo bcon gir.crlr lly scrvcr-al
attthols, ?uìlolrg l'hich ri.e shoulrlrnc:rrtion : A. Ren-Isr,ael [3], IÌ. l'lonrl and
i\'1. A. IlansorL 122), 1231, fl. llond [21-l, R. N. Kaul [18], D.l. I)uca fl11,
[]31, f141, I. ù[. Starrcu-llinasian anrl D, L Duca [2]-r].

Itr 1969, A. lSon-Islatl l3] extcntletl tlio thcolem of the altr¡urativc
of ùlotzkirr f24l for' ìtoLrtogetreous lilroal eclnal,ions a,nc[ inequalitics to
cornplox sprìce.

fn this patr)crl arL crxtonsioll of the ìlotzkin tlìeorcìrn of the altornatir.o
fr¡r' tronhornogorroous linc¿r' cclual,ions ancl inequalities to cornplex spa,ce
is givcn-
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¡lrr.lirrtitt:tt'ies. lrci, C'( n') tlclloÙc tll
space, R"* : tt; e R" ¡ ,¿ : (r;) -l'

noñ-neg'atirre orthant oT 11", ancl
(r'eal) nlatrices. If ;l is a matlix or

Ar, A, á7{ denotcs its iransposc', eomplex conjugate antl conjuCato tlans-
pose lcspectively.

Iìor ø : (2,) eC,, :,

Re z : (Re e¡) e-Il/' denotcs the rea,l ltarl, of ø,

lm ø : (Imø') e1?" denotes the inr'agittcr'r"y pq'rt, of' ø,

arg z : (arg ø¡) denotcs t'7tc argunt'ent oÏ z,

lrl : ( lø¡ l) eÆ} clenotes Llte ntorlule of ø.

Iìoï any a: (aj)) A : ø j) e-ll', r c collsitler:

n<y (n<y)itT n¡4y¡ @, {y¡) for alt je {7,"',n'},
nS'!JiTTuSyandn+'Y.

For a, w e}u: (2, w) :'t'rlIz tlenotes Lhe inner procl'uct o.f z at.d to''

A nonernPt)' set ,S in C" is a :

(i) +,S s ,S atrtlif l e-tln iurplies that r¡S c ¡S;

i¿î cr¡n,e iÎ (i) and ,,9 o (-S) : l0Ì ;

i¿¿ ii 1t is à Îinit" intôr's'ection of closetl halT-space in Cn,,

ea in its bounclarY.
It.or any nonempt¡' sct S in C", lel, :

¡S* : io eC';z e^S irnplies Iìe (2, xt)> > 0) the polar oT Ñ: e'9: t2l" alll
i"tS*'- {'u e C": ø e,S\ fo} irnpiies'Ilc(ø, o) >0} tftc itllnrior of ¡S{''

If ¡s is tr, nonernpt.y set in c", then ¡St'is a closed colì.\/cx cone. since ¡s+'

coincides ¡,ith the påfal of the sírallcst closetl convex cone containing 8r'

e.S. l2l, it sufficcs to stucly polars of closerl con\¡ex concs'

If ¡S is a closecl convex cone in C", then :

(i) int B* nlY if _,S' 
is Poìnted;

Ì¿î) int s S* is P-ointecl ;

i¿¿í) i"t s p1ìes ììe \a, -{ } a\'
If ,S airl T an'e C"' I'cspectivel)'r thern :

(i) S x ? is a polyhetlral cone in Cù t 'il '

(ii) (S x 'f')*: /S* x ?+.

2. llosulf.s. Thc rnain result is :

tltrrrmßnll 1. I'et A, eC''''t", A,, eC"''th, J), eCÞ'ur,4, FC-"", Dr.e

eCttt,t) I), e},t,h, u, e C"', it e0,', tl eCo. f'et' T -he 
a, pctlylt,etlrul cott,e .'itt,

C'" tni,iÍt, ,i,orrruqtí,¡ ittterior', tet M be er, Tto\yltetlral con'e in Cþ antl l'el S
be a Ttoh¡h,edra'l cctne itt' C".

'1' lt,en,, tlt.e s11 stetrt,

(1)

Ar?"lAru-aeinLT
llrz!Brw-beÌ'I
D&-lDrw:d
aeB,
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is cot¡sistettt i.f antl onLy i.f tlt'e systenls

'(2)

AIrIt + ßI{u, I D{/ 'u e ,g*

AIlt -i BIjn t DI{a :0
Iìc [(ø, ¿) -i- (å, tt) ! (tl, ¿').j < 0

-teT* \ {o}

- tr, e II*,
, r.ctt il

'(3)

LLlrt t I)(u, t /){'u e ñ*

AI,lt + ßIlu I DI"Ia :0
Iìc l(ø, ¿) + (¿,,, tt) | (d, ?,)l < 0

- t e'f'*

- tt e ,M*,

,&r e lt oth, it¿con'sistent.
I'rooJ. a) Suppose that systern (1) is consistent. ll'hen system (2)

,.canrLoL ltave solutions, for therr 0 < Re l(AG I Artn - fl, - t) )-
(I)rz,-l .I)¡u -b, -tt) | (DrzI Drw -d, -1,> + <A'i'tl III{u, 1-

Dlrru,ø) + <A'ít ¡ Btln I D|lr,,xl>l- Iìe l(ø, t> -l <h,u,) | (d, ?,)l S
5 0, bJ'(1), (2) and the tlefinitions of '1'*, -,ll*, S* antl int Í'. Neither

,can s)'storn (3) havc solu.tions, fol then OSRe l(Aß 1- Arw - u', -t) |(I3rz -l ßrtu b, ç- tr,) ! (Drz I D"to - d, - ?r) + <AI't + ßI'r u, !
D!,u,z) + <Ai't + IjtIu I D!,[,u,ru)l: Iìe [(ø, ¿) + (¿), tt) t (d,, t,)] (

{ 0, bv (1), (3) and thcr definitions oT T*, i{+ and ¡.9*.

0) Supposo noqr that s¡'stems (2) and (3) are inconsistent. Sincc
ittt T + Ø, jL follorvs that thcre cxists atr /¿ e int 'f'. ,i\ou', b-Y the inconsis-
tencv of (2), u'e tlccluce

A'r' Bl' D\'

A!.' IJI| D',!

i,i I . B* x [0] x(r¿++i,n) x ?*x/lr* irnplics Í : 0

L,l-u,"
-t

0

- [)Ir - tl'I

0

0

0

I

"Sincc t:0 itnplies Rc(
l¿

0

0

u ) å 0, it foliorvs 1,hat

AI! Ij'l D';'

AI; ß1,! DY

_(fI _bu _dtI

-I 00
0-l 0

t

u
1)

l. u- x [o] x( /c,* itt) x'l'* y t]['t'I i r,¡rrics ,.", 
lä ] ll t,

0
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trly theorern 0, this is ec¡uir.alenl, to : the systern

lr. 5 C:OMPLEX LINEA.R INEQU.ALTT.IES 721

Ar Az

I]l llz

"Dt 
D,

-ü
-I)
- t'l

-I 0

0-1
00

,h
xt)

0

!il
t,

:U

¡/J If f + 0, then frorn (6) i1, folto.rvs that

lil:lrriÏrr1i,] . r, x c,, is a sor*rion to s¡rsre.m (1), rre'ee sysrc,nr

(1) is consistent.
b) I1 rr : 0¡ then from (6) r,r.o cleduce that

(4)
ø

xo

r
,t

v

(7)

Arøt * Artol einb 1'

)ìrztllìrwreM
Drztll)¡nr:0
zl e ¡S.e(,S* x iO.l X (Ì* +iI¿) ¡ ?."r x ìI*¡'v,

On the other ìrand, by 1,hc inconsistency of systun (3) n'e have

is crrrsisteDt. Since (S* x {01 x (lJ* * ilì) x 1.1>k y l['a)>F:,S x C" x
X Jl+ X 'f' X M, frorn (,1), u'o clcduco that the slrstt',rn

a{ B1'

Aï Bï
-1 0

0-I

'í, 
l,le 

¡s.* x {or x'u x M* irn¡,rics Rc ( 
[i] 

, 
[], =,

AßlAru-ur-n:lt
I)rzll)rro br-y-l)
D&lDru-tlr:t)
Ze,S

ueCh
r e Il,*
teT
y e l'[,

Iìy theorc'rn 0, this is cquivalcnt to : the s¡rstrs1n

l A, rl, -I
f -a, IrL o

l,o, Dz o ;lI

ø

xo

a

ü

h

d

Lt)

:ü

!l

e (S* x ÍoÌ x I'n x ill*)*
is consistent. Systcm (5) girres

AF I Aru - G,r : ¡Ð -l- h e ? -l- in1, E : int'I'
Brø*I)¡.0-¿¡y-yeM
D& * I)rto - dr :0
øeS
r e Il*,

is t',onsistcnt. lllllcrn there exists € út" x C/' so thrr,t

(8)

Arz'lrlrzo2-u,e'f'
Brø2 | l)rwz -beil[
Drz' -f Drwz : cl

z?eB.

hencc trrc're exist- 
lí']

eC" x Ct'x C so that lrot us noúe trorv ¡J : pL -l z,e C,, and r0 : xul -¡ ruz e Ct. Thcn
A.& l- 4zzu - ? (Aß1 -f Azwr)I(Ar?'¡ Arro2 - a) eint ? f 'f':ínt ?,Brø-ll)rw-b (I)rørj ligtl) +(ßfiz*-I)¡az -b) e M + M: XIt
Ðrz * Drtu - (D&, I Drwt) | (Drzz ¡ Drwz) : 0 + tl : tJ,p==ør1-zte^5'+,S:N,
by (7)_arttl (8). I-Ience, systenr (1) is consistent. .I.his cornplctcs the proof . I

Iìclatecl rcsults ar.c :

flrtr,]ol¿lrlr 2. Iret Are Cu,r,,, Aze C"'^k, I)re CÞx", I)re CÞrù,
D.re9't^':1_[)re C'txt',, let T be a potuh,edrul cone in, C",-witlt, nonenþty inte-
rior, l.et f,[ be a polyltedral c¡¡ne in Cp u,,nd let I be n T.tolyltedral, coúe"in C,,.

(6)

Arz' I Artur - arr eint'Ì
ßrør ¡ l)rtur -brreM
l).,lt1_Drþt-drr:f)
øreB
rr e )l*.
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Tlr,en', tlr,e sYstent' :

to eirú T
'¿ueM I

X0:0

is consistctt't, i.f and only i.f th'e syst'em'

f D{r'u e ,S*

¡ D|'!u - 0

[0i

is incon,sistcn't.

prescnt, Plooll. I
.l.rrrconnrv B. Let A, e fl,,rn, A, e ll"''k, I), e IlÞ >"0, I), e RÞ"t',

Dr.lli),', J)re lìu"k, u e I¿"i, b e 7lÙ, tl e llq. Tltnn' the st¡stcnr'

y-u)(l
u-l¡)-O
u:d

is consisterut, if u'ntl ctnly if th'e system's

A''r't -l- l)rrtt, ! DTr.t: Z (l

Al't+ß,!u, lÐT'u-0
(a, t) f (b, tt) -l (tl, o) ( 0

t30,
q 1(11

kt M be a ltolylr,etlral cone i,n, cp ancl tet s be a polyh,eclra,l cone im a". llt'eru

the system,
Aø - ¿¿. e inl, I'
IJz-beM
I)ø : r,l

-c,Qp ! p)

'is ct¡nsistcnt, if antl ott'I7 tf tlte systenr's

tLIIt ¡ l]"u * l)r1'u e ¡S*

Iùe[(ø, ¿) -ì- (lr, tt)l(t1,0)] < O

-teT*
- u e Jl[*,

tlte systent
Iìe (-42) ) o

larg(1lz) I 5 "
Dz : O,¡

(A,tL ) Iltttt I Dttu e iJ* (

Jtt"¡1o, t) | (h, tr') F (,1, t')l 3O cttttl ll-',=.Tì'" I

ore botlt' in'con s'istett't.

Proof. Appl¡r thcoreu 1 r'ith Att 7 A:.,Pt i: 'Ij) Ð,-t: D'
Az;- o":'C,,,f)'ltr;-0eCi'|, D?, '0e}, '0, &t-(t'¡ b::b,
cli.: tt, 1' ;:'T, it : - 14, rS : : ,S' E

llhis r,esult is ãn exten,siolt ol the, tt{otzt<irl thcolcm to nonhornogc-

neoìrs complcx lincar eclual,iorrs ancl incclualities'
( joltot-l,nt¿l' 2 (l3etr-Isli-Lt'l L3 l). f'at A e C'"',. ll ? C'!-", .D e Cqx"'

lct ,1, be (c ,polyTtetlt'(rilu,rt-¿,, C* wíitt, nortenrl¡tt¡t i'|t'jer2gr, l9!' ff be ct' 'poly-

i,e,llal àone'itr"C', otrd tet S be a Ttctlyhedral cott,e in' C''' Tlten, tlte systettt :

int 7
M
0

)

is cotrsislett't, i,f an'd o'nly il tlt'e s'ystem

lA"l,+ IlltuI I)//oe ,S*

{- " t'*\{ol
l- u e ti[*,

is it¿cottsislent.
Pror[. Äppl-v thoole,m 2 rvit'h At i . Ar Llr'-.- 9-€ C"''o-' !" --B¿

Iì : ¡F(lt,/h. l),: - D, l),:'-Oe-Cl 'or'1 , -'l', M:-i\[r,S: .-,S. I
"'' 1tìliJ i,.*nit'i's'an rlxLrrñsiorr of thc Jllotzkin thcolern Lo cotttplcx

spficc.

Conou,tn¡r 3 (i\{oncl antl }lanson l22l)' I'et AeC'""" BeCþ""'

l)¿eux,t anr.l ctell\wi,ttt, ø.3: e1 wh'ere c:(Ir...r1')rellt'' I'lt'en,2

(i

COMPLEX I-INEAR INEQUALI'IIES t23:
7

tlltlllTu,*DIr'r,Ztò
A7,'t+tt'ftt-] DT'u:(J

(tl, t) l- (0, 'rr,) -l- (tl, u) 3 0 a'nd

ú(0,
u30,

at"e botlt, i'tt cr¡nsistett't.

I?roo.f . flako ovcl¡'thing in t'hcorcm l to be rcal tvibh 'I : : Il"^l'

trI : : -Ili, and S : : Il;:. 2

3. S¡rcci:rl cilscs. flhcorcLrrs 1 antl 2 yic'ld, as spccial c'àses' a nurnbet

of l<nou'n rcsults'
Cor¡ol,lArlv I (Duca ll4)). Lct }L e C**u)-. I) ç !þ""' f) e C't'"' o' e

. 6n', It e CI', cl . c', ¿)i'ri,t à i")íin,Ã,l"l 'o*' 
in' C" toit¡' ,t'ctn'ettt'pLy interior'



COMPLE}( LINEÌTR INEQU.ALI1'IÍ:S 725

I124 DOREL I. DUCA

is consi,stetr,t, if nnd onl,y i,f tha sqstetn,

AIrt + BIIv + I)IIv :0
Imf:0
IìcÍ ) 0

,TElÍì,rq?tl<--.e-cr
2

'is incoy¿sistent.
.I'r'oof . Apply theolcm 2 with A, : == A, t|" : :0 e gtnxh, Il1: : ll,

I)r::0e0þ*t', D1 :: l), I)z;-Qç()rtxl, '1.' :: I¿";1,iR*, S :-- Cp,
ilf :: {u,e0t, : largtøl S "}. I

Conor,r,tr¿v 4 ( Duur, 113.1). Lel 13, e Ct,*", [ì, e CÞx*, I), e C'tx",
DreC'rxt', b eCì', deCq, Let M be a prilyh,eelrul cone in, Cp ttn¡l let S be ct,

polylt,edrnl cone 'í,n 0". 'l'l¡en, llLa susl,ern,

Bß* llrto-bell[
Drz!I)rto:d
2€lS,

is consistent, i.f and only if tlte syste,m,

I)(u,!l){¡,ue¡gr'
ß1{u,tDla-0
tìc [(ó, ,u) f (d, o>l < 0

-u, e M*,
is in,cott,sistent.

I'roctf. Aptrly thoorcrrr 1 x'ith At;:0eC"''", A,::0e C"'*,
.131 ::.13r, ßr::l)r, D.,::I)r, I)r::l)r, u, i:0eC"', l¡:-l¡,
rl :: tl, T :: C"'t lt ;: I,t) S ; - ^S. 

Sincc '.1'* : [0.] , it follo\.s that
s)'sl,em (2) is in<nnsistent (il"* \ [0] : Ø).Îhor-L systern (1) is consistent
if and only if systetn (3) is inconsistent. lhis cornplctes thc¡ proof . E

laking I), : : 0 e0þ*", l)2 :. - 0 eCþ,k,'D2 : :0 G C'l*À', ó : : 0 e
e CP and ll[ : : C7'in corollar\¡ 4 \\'(. gct theolcrn 0, the exten,çiion to cour-
plcx spacc of Farkas thcolcrn gir.cn bt. l-lcn-f-uracl l2 l.

laking- ¡S:: {ze7zlatgzl S a} nherc aell"*, o{-n (, (-
2

: (1, . ..rl\"'e 11" in theolern 0 gives the extcnsion to cornplex spacoof
Farhas thcorcrn givr:n by Ircr'irson It9'].

Lct lL e C''", P¡ e (i'x'' , u, e C!, .l' e Il" antl lcl, ,Ir âr'ì(-[ Sbc pol¡'hcrlral
concs in C' antl C" r'cspeclivel.y. I1

1)r: - 11 I a Crr+I)xD, I)r: -0 e Ctr+sr **, I)r: =:0 e C'1*''¡ I)z:: {) €C'l"t',' LBJ

tl : : O e]q, M : - f' Sq Il", ñ : : 8, cot'clllary 4 rcduccs to tho cxten-
sion to cornplcrx sp¿ùco of .F¿r,r'kas tltcorcrrn givon by Stancu-1\{in¿sian and
Duca [25].

If Il, : - 0 e Cþ*h, Dt::0 e C"tt", Dz: :0 aU'"jt tl : -_0 eÛ'! ¡

cot,ollar.¡. 4 r'ctluct's to tho e-xtension to complex space of lralkas thcrolern
gir.en by }Ionct [21].

'llhc ol,hcr the¡rems of 1,he altclnative sirnilar'ly follov'lì.om thc abot'e
bhcolerus.

Cot¡ol,l,'\nr 5 (i\lotzlcin l24l). I'et fl , e Il,u'x", iLze ll''><i', I)te llÞxu,
73, e .IÈÞ"r,, Ð, e IÈ,tx", D, e .Il,t"k. '.l',h,e¡t, llte s7¡sl,ent,

t

ì

A$l Aru )(t
Ii.n 4- 11..u ) 0

D.r ! Dr1¡ == g

r 2(\,

'is con,sistent, i.f u,tttl onl'y iJ t'h,e s1¡stent'

ATt -1 I)'{u, -l- I)'l'u 4 0

AI't 1- llit'r+ )- .Dl'u : {'t

is ittconsistcl¡t.

I,'roc{. ll¿rho er.ct'J.t,hing in tbc'olern 2 to be rcaL rvith lt :: IlT,
Ã[ :: Ill], anl S : -,/llj.

lal<ing A, : : A e ll,'u'!', lì, : - O e lÌþ*"¡ .ß, : : O e l¡t"'r', I)'t t :
: 0 e 1¿'rxt', I), : : 0 e IlÍxt'in rult'ollar¡'5 o^ivcs the, bratrsposition thcolcm
of Gorclan [6l.

ã. Ilcrnarlis
(i) Thcorcrrlr -1. c:r,nlrot Jre cxl,errclotl to gcncral (nonpolyhot'lral)

clost',tl conYex corres (sec l3 l).
(ii) Thmretns 0, I ,2 nra cctruivitlc.nt. In :i,pplicatious sornctitncs one,

sornctirncs thc othel is preftlrod.
(ir.i) 1ì'ol zr,plrlicatiotrs of thc theolcrus o1ì tlrc albernative in cornplcx

spàcc, sec, lor exârìlplo, |]t l, 12l, 1.0 1, l:7 l, [.fì 1, [9], f l0l, [11 ], [12];
l r7l, f 191, f2 L'l, 1221, 123 1, l2itl.

t >0
tt 2O,

lt Il t,' Ii lì lì N (1 I'l rS

11l .\br'1ìrìrs, tl. r\. ¡rrcl 1-3crr-IsÌaol, A.,Nonl ittcot pt'oç¡ranuttiuJ¡ itt<xtnt¡tters¡tace:
tìet¿ss.rrq utrrliliotrs, SIAI\I ,L Oorttlol, I (1971), no. 4, 6()6-620.

[2 | ]l c rr- [ s l' ¿r r: l, 4., Litrcttr crlLttrliotrs arúl ineqttaLilies ott I'irtíle-tlímenskttral, reol or cottT-

¡>Ier, uct:lor speccs: a, urtil'ied lhcory, .1 . Ì\Iatìr. ¿\nal. Appl., 27 (19tì9), tto. 2, :107-í]89.
[:l] ll e rr-[ s.r'a o l, r\., 'l'heorctns ol' llrc ullutraliue I'or atnplcr Littear inequrtLilics, Islael

'J. llaLlì., 7 (1969), no. 2, 129-1iì6.
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I'SÐUDO- GIIOIIEIfIìlC IN E QUAITIIilIII S

EI]CiIìNI,\ I)I](]I\
(Oluj-Napoca)

In thc¡ pt'cseni, pa,per' 1\'c intl'odroe l,hc so-câllcd-Dseildo-geornetdc
ìnec¡uality r\'ñich rcpi'esints zù genct'alization of 1,he abstl:act g_erlmel,r'ic

ineqiahtí introcluce?L b]' Duffin, Petelson a.'nc[ Ze'ner i]l [3-]- fllten 'lve

conitruci the psoudo-gõornetdc ineclualil,ies (2) â,n(l (9) (lhcorcms 1

2ìnil 3) 2ì,nd \Ye tlómonstial,e that, thcse incclualities are rlot abstl¿¡cl, geomc-
tric incclr:.alitics (Thcorcrns 2 antl 4) . lù'orn l,lteolotns 2 ¿r,nc[ 4, rvc s-ee

that, the-t1ualit.\'ilt.,u.'¡'1101.¡r16ped in [1] is nol, ¿ì pal'ticulâl câse of the
dr.ralit¡r tlLeon' tlc'r'c¡lopecl in |3].

l)nr¡rxn'loN 1. An, inerlu,ol,ity i,s srúd tct l¡e a, 'pseu¿lo-ge0lnett'ic ina-
,tlttttlitu if it scttisfies lhe .follozaíno post'Lt,L(,tes i

(i) Tlt,e inequatity is rt, scctlctr product inerlualit| tt.f tlt'e forn't:

(1) I r¡.r/¿ ( i,(u)C(eÙ tl(!ì,

toh,icl¿ is uctt,i,rl ¡ol' ceclL r:;i", n - (rt, . . .1 fti,,\-itL o'tl.-o'pcn,-co:rt)en set C '- R^
4(,n,Ll e(Lclt, recti¡ir lt - QJt, . . 't'u,,) iti o ctnru J{ '- ß!'¡ '¿zlLcr0 Ll, }': I( --+ R
.ctll(l G ; C --+ R ctre .flntcl'ions.

(ii) Tlt'e ftnt'ctiot¡ ), is n,ottn'egu,ti'De on, llte unc I('
(iíi) 'ItLe.['tt'tt'cliott, G is d'í',f.feretúialtte on th0 opetL collL)en se't' C'

In lB'l .Duffit-1, I,cterson &ncl Zener intlotlucecl the so-oalltlcl ¿lllstract
g eometri o ine tlualit--v.

f)n¡rNrlrroN 2. An, itt,etlu.tr,l,it,y is sû,d 'Io lte a,n u,hslract gaometric

'ínequu,Lily iJ it satis.fies tlte Jol,l,otui'n,g postttktles :

(i) ?tte inerltrulüy is ct scu,l,cu. ,prodxtct in,eq,uctli,t,y o.f the lotttl(7),_tulticlr'
is t:utict' ,fot' ectclù;)ectoi n : (ur,, . .., t:,\ in, urt gqen cotl"De't) sct' C) c Il'" o'ntl

eúclL ,"^ector ll : QJrt..., u,,) 
"itt a' conc I( ç ll''t wllerc l[, )': I( '+ R

,rlnd G : C --+ Il u,t'e function,s.
(ii) Ilor (tl,tu reclot. n in.c t.l¿ere,is (L rro,tx2Jeïo'Dectll' z in, I( such th,ut

ilequ,àtiia (I) beóontes (nt, eqrlu,litu ,for cctclt 'Dectot" ll o11, 
'tlle ÌaU en1,an,ütilx{l

{roîn, tltc" c¡r:igitt, throtlgh the ¡toint z, i.e.

t,

2*,!J,: i'(y)G(ø) -7'(y),.for till' lJ: a'?¡ aÞ o'
i:1
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