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I'SÐUDO- GIIOIIEIfIìlC IN E QUAITIIilIII S

EI]CiIìNI,\ I)I](]I\
(Oluj-Napoca)

In thc¡ pt'cseni, pa,per' 1\'c intl'odroe l,hc so-câllcd-Dseildo-geornetdc
ìnec¡uality r\'ñich rcpi'esints zù genct'alization of 1,he abstl:act g_erlmel,r'ic

ineqiahtí introcluce?L b]' Duffin, Petelson a.'nc[ Ze'ner i]l [3-]- fllten 'lve

conitruci the psoudo-gõornetdc ineclualil,ies (2) â,n(l (9) (lhcorcms 1

2ìnil 3) 2ì,nd \Ye tlómonstial,e that, thcse incclualities are rlot abstl¿¡cl, geomc-
tric incclr:.alitics (Thcorcrns 2 antl 4) . lù'orn l,lteolotns 2 ¿r,nc[ 4, rvc s-ee

that, the-t1ualit.\'ilt.,u.'¡'1101.¡r16ped in [1] is nol, ¿ì pal'ticulâl câse of the
dr.ralit¡r tlLeon' tlc'r'c¡lopecl in |3].

l)nr¡rxn'loN 1. An, inerlu,ol,ity i,s srúd tct l¡e a, 'pseu¿lo-ge0lnett'ic ina-
,tlttttlitu if it scttisfies lhe .follozaíno post'Lt,L(,tes i

(i) Tlt,e inequatity is rt, scctlctr product inerlualit| tt.f tlt'e forn't:

(1) I r¡.r/¿ ( i,(u)C(eÙ tl(!ì,

toh,icl¿ is uctt,i,rl ¡ol' ceclL r:;i", n - (rt, . . .1 fti,,\-itL o'tl.-o'pcn,-co:rt)en set C '- R^
4(,n,Ll e(Lclt, recti¡ir lt - QJt, . . 't'u,,) iti o ctnru J{ '- ß!'¡ '¿zlLcr0 Ll, }': I( --+ R
.ctll(l G ; C --+ R ctre .flntcl'ions.

(ii) Tlt'e ftnt'ctiot¡ ), is n,ottn'egu,ti'De on, llte unc I('
(iíi) 'ItLe.['tt'tt'cliott, G is d'í',f.feretúialtte on th0 opetL collL)en se't' C'

In lB'l .Duffit-1, I,cterson &ncl Zener intlotlucecl the so-oalltlcl ¿lllstract
g eometri o ine tlualit--v.

f)n¡rNrlrroN 2. An, itt,etlu.tr,l,it,y is sû,d 'Io lte a,n u,hslract gaometric

'ínequu,Lily iJ it satis.fies tlte Jol,l,otui'n,g postttktles :

(i) ?tte inerltrulüy is ct scu,l,cu. ,prodxtct in,eq,uctli,t,y o.f the lotttl(7),_tulticlr'
is t:utict' ,fot' ectclù;)ectoi n : (ur,, . .., t:,\ in, urt gqen cotl"De't) sct' C) c Il'" o'ntl

eúclL ,"^ector ll : QJrt..., u,,) 
"itt a' conc I( ç ll''t wllerc l[, )': I( '+ R

,rlnd G : C --+ Il u,t'e function,s.
(ii) Ilor (tl,tu reclot. n in.c t.l¿ere,is (L rro,tx2Jeïo'Dectll' z in, I( such th,ut

ilequ,àtiia (I) beóontes (nt, eqrlu,litu ,for cctclt 'Dectot" ll o11, 
'tlle ÌaU en1,an,ütilx{l

{roîn, tltc" c¡r:igitt, throtlgh the ¡toint z, i.e.

t,

2*,!J,: i'(y)G(ø) -7'(y),.for till' lJ: a'?¡ aÞ o'
i:1

lìcccir,ctl 30.fV 1987 (J triucrsil¡¡ of Cluj-Ìi aPoctr

l:eclúllJ ol X'Ialllenrul¡ß
3 40 0 CIuj -ìltpoccL

Ilutttcittict
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(äi) Th.e.fwrctio,u, ìt is ttotr,nega,tiue ott, tlle con,e I{.
(ia) 'l'lte.futr,ctiott, d is di.f.fct'entiq,ltl,e on, the o?crù oùtl)a;x set C.
lìr'ont tlefiuitions 1 ¿rnd 2 u'e seo 1,hat i,ho abstlacl, georncrl,ric inequa-

litv is a pseudo-gclonrei;ric inc'.c1uality. 'I'he conr.elsc is noL truc, as orìLì cau.
sce florn thc, follol'ing theoretns. Tlre ¡lscutlo-geornctlj c irrecl uir,lit.1' I'ept'e-
seltf s, tìttts, a g^enrllalizal,ion ol' l llc alrsi racl gcorrrot lic irrt'tlrralil)'.

llruon,rcrr 7. Stt,'¡t¡tost', [ha,t, t;: (ârr, ..., t,) is (cn arh,ítt.a,ru aector
ir¡ fl" ccn,tl let ll - (lJt, . . ., ll ,) ltc u,n orbiit'at'y l)ector itt, R, toitlt, nr,ttt:ne¡¡atir:o
cont4tonetr,ts. 'l'ltese lnoo aeclors seúis.fy the iu,equ,u,lity
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or
er¡-!l¡)i:'1r..,¡TL.

lì.'his ploves thtxrretn.l rvhen all eotnponents of y a,t'e positiyc.
l.f all coìI)polì.ents of 7 iùr'e zclo, rtsing y,lu ll ¡:0 rYhcll íi :0t

i - 1 ¡ ... ¡ tr¡ irrcql:r,lil,v (2) becorrtt:s

0 < i ø"'r,

trtre, sinco d''¡ is positi\'o llol'¿ìll i - I, ..., i¿,. 'I.heitroqunlity (2) is a strict,
inecluaìil;.v r\?lìelì all cottrponetrts of i7 ¿u'o zol'o and this pt'oves tìreoretu l,
bccausg there is lto yect,or ¡ : (:t.:r, . . . ) iail) ilr Il" such th¿l,t

c"'¡ : ll¡ frtr, i - L, .,. rlt.
1'ho lernairìinE oa,se occulrs rvherì sonte of the oolììpoìleltts of t7 are

positir.e altrì. sollo iì,t'(ì zer'o. \\rii,horr1, loss of ectrcralit¡', \\ro cÍùtì ?ìsstttÌtc thât

(5) 'l.t¿ )o fol i - 1, . . ., ,e,

(6) ll¡-A t'ori-'=s*1,...¡ìt¡
wheÌrì tr { s ( ¡¿. }'r'ollt rvhat }ras a,h'ear'l¡. }¡ee¡¡ pt'or.ecl u'c ]inorv 1,h41,

ssss

\) at17t ( E r'" + Ï ¡,ht 1¡i - \:tli,

or, usirìs (6) ant'l 
'i,'^'r, ,,,: ,r:iuu"t, ll'r:t: o, 

i:1

J,'

))¡!l¿4 I ,"t -l-
i: I

(2) E X Y' ltt'!lt - \'!ttti:1 i:r
zuitlt, the ttntlcrstandirtg th,at yi ltt yi is tulten, kt l¡e zero rulren ,¡1 

¿ is zero.
,l[oreouer, tlt,is inerlunlih¡ ltecont,es a,n cqtrctlity if urul onlu i.f

(3) e"'¡:,!l¡¡ i-7,...¡,n,.
Proof. fnct¡uality (2) can bc tlclir.crtl in sevcr¿ll 1\'at's. îìrc clet'ir.a1,ion

givcn hcu'o tlepentls on tJte olrvirlus fact that thc cxpotrontial Tuncticln
.f : Il," * 1d rlcfinrxl by

.f(n): f, a'r 1ìor o¿ìclì .ù : (¿u ..., tn) )tt 11,,,

is strictly corlvex on thc -&". 'Ilrus,

Zu",*ie',1t:, -ø¡) ( ),

or, equivalently,

(4)

I "ri.Yi { f,
i.:1 ì: I

¿', * E y¡l,l'r yi - I v

Since r"i is p()sitive fol i.: s J- 1r .

:tt 1,

Ð',!t, < )j ø" J-
i-l i:l

, r'¿, \\¡e infer that

T
t,

y¡ lrr yi - Ð ll,i:t
Thu-sr inetlunliÈ¡r (2) is a strict, inctlrrality rì'hen soulc erf the eotììpotìentsi
of ,t aru', posit,ive Ílutl sotrte 'àr'e zero. 'lìhe proof of theorern 1 js rror:t' ct)tra-
plete, bt',e,ause l,hel'e is tlo vector' tp : (ar, . . .¡ flu) in ll" srtclt tlt¿r'l,

e,i¡ .- Jl ¡ for i : 'J, . . ., tr,.

'lltrri,ot¿uu 2. Inerluul,ity (2) 'Js u; pseuclo-¡¡eometric i'n,equalil'y, l¡+t,t' it
,í,s ttot t.u¡ a,hstrøct, ç¡eoùr,etrie ineqwalù,ty.

]?t'oo.f.Inct¡ua,lity (2) is a sealar' ¡tt'otluct itrequalitr. ofi the follrt (1)ì,
if in rtefinition I we 1,ftke Û : Il,"t tho tnno ¡¡ : Il,'Jç,- the tlotr-trqg¡rtiv.c
prthanü of lù" alrtl the fuIrcl,ions Jt À : I{ --+ tl anil 0 : C - .11 tlefinetÌ [y

h'(¡i - i o, - Ë ,u, ut, ,,, '¡¡ e I(,

?(y) - X, ¡¡ eK,

G(u):ir''', nÊg'
i:r

c'

It

I ¿/(1 l;u, - ei) < ¡ e"i
j:l j: I

for arbitr'¿lrlr vectots ¡¡1 - (;:tì11 . . .7 ;ï¡) ¿rncl z -= (ztt, ..., ?n) in I1,,,- rvi'l,h
equality holtling jf ant] orrly if ¿.) : z.

\\'t', choosc a,n albil;t'aly "r'ectur, '!l : þ,!t . , ., !Jn) 
jn Jù,, r.l.ith uositiyo

cernpolo.ììts. Sín,e.o z: (zr, ...,,2n,) is ar;l_litraly a,rrtl .7¡ lor i: l.¡ .,..t,?t,
Ís positivr,., ìvo c?ùrì ehoose zj -:lrl.ll ,t i:1,....,,rr,. IL lhtn lesulú,s fr"orn
inequzr,litv (4) thtr,t

ì¡ u,(l -i- ir¿ - ln yi) ( 
Ðru",,,

h'no','K f, e'r'; r i Y't^ u' - iu'
i =1 i:l ¡l:1 t =t

'!FlÌ,iq: ¡¡l.trality trtroorÊes- an crlua,lil,¡' i1 ou.t only if
4:¿ : ht'!¡t ô : l, . . , r,tt,
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Evitlcrtl¡', irr this case, the postul¿r'tcs (i), (ü) nnd (üi\ t¡Î clctilrii,ion l- are
lluliillcrcl ilnrl consequentl¡'inequalitr' (2) is a lrscutlo-geotnetric inequalit¡..
\\ c ¡ih¿r1l shou' th¿t tho postulatc (ü) of tlefinitiou 2 is rrol. fulfillecl. \4¡e
shall shorv this bv qrntt'acliction. Âlrsrlme, consrì(lucrntl.-v, t,hat fo¡ e¿r,ch

\-ccÜol x: : (r't, . . ., r,) in C, tltelo cxists a lìonzcrl'o l'c¡ctol' z in I{ so that
,L

is strictly convex ott ll", lL'ltus, ctors ar :.^(Jrt "'r-l:\
ancl ø : (2t, ..., ?n) jn Ë"s'itli ancl onlyif ø: ø' \\re
ãhoo.., atì írbitrâry vector 17 : rvit'h positiYe cornpo-

nenl,s. Sjncc ø :(br,...,",i is i:1, "'tlL llositiYet
we ca,n choostr

t 5

ît tt

T, r,!1,: I c''i * f, .ri,ln ¡7r -i:1 ì:l r:1 ,\_rlt,', 
fol all !/ : s'à¡ o' Þ o

Tt atl conponerts of B nle ¡tositir,'e, thcn for thc t'eotors r anrl
'!J7: crrø r'es'¡lcctivel¡' ø ancl !J": o.zet, tvhcrrc ø, )0 atrtl ø, )>0 t'ith
a1 * u2, inoqualitv (2) ìtccolnes an cqualit¡'. ¡jt thtol'cttt I, thc oquality
in (2) holds iÎ ancl onl"t'il]

(7) e''i : !l! - dtl¡s fol' i - 1, . . ., r't,

lespcctivcl¡,

z¡ :ln.!-for all j - I, .'. ¡'tù.,Zv'
i:1

Il, thon resttlts frotn itrequalit¡i (4) tllat

(t * r, - l. 1r7i + r'' É ,')] * är",
I TT

\yo

(8) c'" :y? : dz?¡t llor' '¿l : 7, . . ., n'

It, thcn lcsults frorn (?) antl (8) thä,t ø, ,- øzr contla,rlÌci;ilg l,ltch"\'prtthcsis
tlrat ø", # a., a:nd. lJte thoorurr is lrLor.etl nhcu ztll ccrrtrportcttt,ti oÏ z ar'e
positivô. îhõ rernairrìrrg casc oo(.uls rvhclt some of thc cotrtponcnts of z

at'e ltositir.e and sornc ¿ìl'o zclo. I1, 1,hcn rcsults from thcr ploof of i,hecl'eln 1

tlrzr,t for 1'her yectols e, antl U - o.ø Tor' ¿ll o- Þ 0, itttrtltta,lit¡' (2) is a stt'ict
incrqualit'¡', coni,r'atlictine thc¡ ìr¡'potìrcsis thal, inet¡nalitl' (2) becotnes an
etln:llitr' 1'or rr ancl U - o" fcll' ¿r,1I ø- Þ ('). 'Lìhc proof of l,hcolctrr 2 is tto'w
cotnplerLc.

'Ihc llollori.iug thcolcrl sives a psoutb-geotretric inctltLalit¡' tvlticìt
g trr t:.r'aliztrs psrrutì o-gt'otnotric inecluality ( 2 ).

'I'lrllolìlllt 3. I't:t t' : (rt, . . .¡ fi,,) an, tr't'bitrat't¡ uectttr in Il," utt,cl let
'l/ : Q/tt . . .r¡1,) etù a,t'bitrut'y rector 'ín, Jt'q wùtlt, no¡t'-tte¡¡atiae contprtn'en'ts.
Then

E, 
i, ¡/¡ ( (å o,Xå ,,)* å ,, 

rn yi -
(f)) 

i:r \ ¡:r ''r \ ¡-r / ¡:r

- (É,,)"r (É,,') å,,,, :

tuíllt tlte tt niln'sltt.t¿tLitrg lltrr,t t¡ ¡ln y¡ :0 x,f lt i - tl. :

,l[oreoaer th.is intqunlih¡ becont'es un, erltt'al,itry i.f ttn,,l Òn'ly i.f

h,,,r,. (å,"')(å ,,)*É ,, t,' t,, - är, u' (É ,,)

or', ecluivaletrtl¡',

- \!ro,
t,

(10)

analogous to the ploof o-li l,ircorctn 1. 'I'ìre functitltt
ìlv

lrecause 
,Ðrr, 

,0. this iriecluality becomes atr equalil,y if and only if

n¡ - h't ;!]'-_for all i :1, . . .¡ r't
8,,,

or

""t( ,,.¿l,l : i7, for all j : L, . . ., rt,.

\¡5r )

I)his plor,es l,heolern 3 rrhetr all cotrponcnts of 17 arc positive.
lT zr,ll conrponents of i¡ tr,t'c zelo, inequalit¡' (9) is sal,isfietl, beoau-sd

.both 
sicles of it- aro zelo. 'llhe rctnaining c¿ìse occtlrs l'hen soruc of the

oomponents oT 37 in,e positive alrcl sorne iùr'e zero. !\'ithout loss of gentrralil,y

\\re ?tssulrìe that (5) :r,nrl (6) are ]rolil. lìr'oIn rvhnt has âh'eatl¡' been llroved,
lve lctrol' tha1,

(n) å ",r, - (å r,Xå .""')*,i ,,t" ,, È ,' "' (å r,) -,à ,,,

or, usirrg (6) anct yi)tt'll t:0 rvhen ll ¡ - 0 fol i - 1, ...,1t,,

(r2) 
oü*,r,. (å r')(å,"')* I ,,t,, y, - Ë ir, r', (¿ /,) - É ,,-

e"j Iv y¡ .[oì' utt j - .L, . . ., tt,

'I'hc
.l': Il"' -+ {l

proo.f is
clcTinctl

1l

.f(n) == f, a''i fol eilch r : (nt, ..., !I).ti.) in Il",
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rSirrce ¿:'¿ is ltosit,ivr: arrrl 
å U, t 0, u'e irrtrrr th¿rl,

(18) (å',)(å ,'', 
) 
. (å',)(å r,)

[,'r'our (t2) :r,nc'l (113) lvc obtir,iu

i ,,,,n, . (É t,)(É ,"' 
)-t É ,, 

',, 
r, - É ,,, "' (å .,/,) - É, u,.

1l'hus, itrtltltLalitr'(9) is a stlict irret¡tr¿llit.t'n'hcrrr sotll(! of t,ho r-'orrrpr¡tronLs
<tf i¡ n,r'c ltosit,ive ¿ntl so:ue âr'e zc',rr¡. 'llho p'oof o1ì t;hcotclrr l- is nou. complol,e ,
because ljrelc is lto yccbor' tt[ - (;ïD.,., rìr,,) itt ]1" stich tlt¿ll,

MAl'l'Ilil\IATICA - ììli\;t)lì I),..\N.\r.\'sli NtrlrIirI I 0r:lÌ
Il't' J)E'rì-tÉo}ì ìrì r )lì ì.'.,\r) I' Lì()\ r \t.\ 1' I oN

L'AN^L VSD NUMÉRI0UD ET t,À'!tlt ÉOtÈtIì I)Ìì L'rlI)t¡Iì 0 \tit{,ùTt O\;
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(J Iv : ï; for att j : 1, ..., r't,.

ltrtcoRr¡llt ,l . I nequalitry (9) ös a ¡tsr:tul,o-gTcomelric in,equ,ølí,t'¡\, l¡u,t
il, is n,ot wn, absl,rucl, ¡leomeh'ir: ,ht,equal,ít1¡.

|fhr> proo.f is gir.err nr l2l.

l. hllnrtluetiort ¡¡ltd rn¿tirt lcsults. illhis pa,per is:r, conl,inu¡,l,iorr o1
the lesearch repolterl in [9-1. -¿\ nei.r¡ cstirnate is obtniltcrl lot'the appr,oxi-
mation of the frurction /(ø) : no', ü e 10, 11, l'l I ø. ( I n'ith llu'nsl,eirr
pol.ynomials itr the lìausdorff rnetric. It is prrn'etl that, this estiritate is
exact to the ortlel' r¿-1.

Wo shall use the follolving not:l,tioll :

Gf,ï,,, - 1;he set of all roa,l bounclccl functious 0¡ suclr that
rnax ,l llli;)1, ,r, e 10, 1.li < M; C,,p,r, - thtl set of continuous 1'urcl,ions
ø e 61|t,r,;

/l(10, 1'l ¡ {u !z): IrlÍùx {l.tr(r;) - !r(n) l, ,l e 10, l li
- tho uniform distance betrvecn {u l¡ze Oil,,l i

r(f0, 1l; e,, e,):'râX {ï1I ;tìl p(a, B), 
1tî,- jrl}1, e(A, r}1,,

whe,re _p* 
(Å,. B)^ _: p('4(ur, '¡¡r), IÌ(n* U)) : rna,x {l;D1 - {r)2 , ly, - yrll

- the Flaustlorff distance betrveen lu gz e Oio,rt (.llor the history oi tlàús-
tlorff clistanôe, see l6l) ;

r),(s ; u): ,ìr ( ;-)", ",-), 'wìrele J,,,u(ø) : ( î)t,t - n),,-t

- the llernsl,cin Uofyoo-irf for g e Gù1,:l ; P" - the set of all algebr,aic
polynomials of degree < z.

The follorving estimateß are cstablished.
Popoviclu T. tll-aryl Kac II. l2l investigatecl the unifor'¡n a¡rploxi-

mation of .f e Lipo rvith Beinstein polynomials and provc.rl that

ltlttJIiItui\cirs

[1] l) tt c rr Ii., ,4 cottuc.t: tlunl for llrc {!cncral l.troblcttr of gcotnclric l)to{lrftrrlnlin{¡, L'Àrralysc
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, J4 0 0 (ll.u.i- tY o pot:u
IlonùnIa

.iB(f0, Ll i 8,,(Í), .f) : O(r¡-'r1

Stlukov T,. I. and 'Iiman A. Ir. [8] investigatetl the uniforrn approxi-
rnation of thefunction l@): øo,0 ( r ( 1,0 (a.(i. rvith ÌJer,nstei¡
polynomials antt '¡rroved that

I¿([0, ].1 ) B"(.f), no) : O((l -- a) n-").


