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1l'hus, itrtltltLalitr'(9) is a stlict irret¡tr¿llit.t'n'hcrrr sotll(! of t,ho r-'orrrpr¡tronLs
<tf i¡ n,r'c ltosit,ive ¿ntl so:ue âr'e zc',rr¡. 'llho p'oof o1ì t;hcotclrr l- is nou. complol,e ,
because ljrelc is lto yccbor' tt[ - (;ïD.,., rìr,,) itt ]1" stich tlt¿ll,
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v. A1'. I(OSl'O\r.,\
(H oussc)

.f.
(J Iv : ï; for att j : 1, ..., r't,.

ltrtcoRr¡llt ,l . I nequalitry (9) ös a ¡tsr:tul,o-gTcomelric in,equ,ølí,t'¡\, l¡u,t
il, is n,ot wn, absl,rucl, ¡leomeh'ir: ,ht,equal,ít1¡.

|fhr> proo.f is gir.err nr l2l.

l. hllnrtluetiort ¡¡ltd rn¿tirt lcsults. illhis pa,per is:r, conl,inu¡,l,iorr o1
the lesearch repolterl in [9-1. -¿\ nei.r¡ cstirnate is obtniltcrl lot'the appr,oxi-
mation of the frurction /(ø) : no', ü e 10, 11, l'l I ø. ( I n'ith llu'nsl,eirr
pol.ynomials itr the lìausdorff rnetric. It is prrn'etl that, this estiritate is
exact to the ortlel' r¿-1.

Wo shall use the follolving not:l,tioll :

Gf,ï,,, - 1;he set of all roa,l bounclccl functious 0¡ suclr that
rnax ,l llli;)1, ,r, e 10, 1.li < M; C,,p,r, - thtl set of continuous 1'urcl,ions
ø e 61|t,r,;

/l(10, 1'l ¡ {u !z): IrlÍùx {l.tr(r;) - !r(n) l, ,l e 10, l li
- tho uniform distance betrvecn {u l¡ze Oil,,l i

r(f0, 1l; e,, e,):'râX {ï1I ;tìl p(a, B), 
1tî,- jrl}1, e(A, r}1,,

whe,re _p* 
(Å,. B)^ _: p('4(ur, '¡¡r), IÌ(n* U)) : rna,x {l;D1 - {r)2 , ly, - yrll

- the Flaustlorff distance betrveen lu gz e Oio,rt (.llor the history oi tlàús-
tlorff clistanôe, see l6l) ;

r),(s ; u): ,ìr ( ;-)", ",-), 'wìrele J,,,u(ø) : ( î)t,t - n),,-t

- the llernsl,cin Uofyoo-irf for g e Gù1,:l ; P" - the set of all algebr,aic
polynomials of degree < z.

The follorving estimateß are cstablished.
Popoviclu T. tll-aryl Kac II. l2l investigatecl the unifor'¡n a¡rploxi-

mation of .f e Lipo rvith Beinstein polynomials and provc.rl that

ltlttJIiItui\cirs

[1] l) tt c rr Ii., ,4 cottuc.t: tlunl for llrc {!cncral l.troblcttr of gcotnclric l)to{lrftrrlnlin{¡, L'Àrralysc
ttuntótic¡rrc cl- la Lhóolic rìc I'ap¡l'oxirnaliorr, l3 (1$8.1), no. l, 23-lìt.

[2[ l) tt c ¿r lì.. tltt itrtqualily utltÌt'lt is ¡to! att aI¡slracl ¡¡ctnnelrit: itr¿qun¡,,r, [,'Àrral¡'sc rtutttó-
t'iquc c[ ìrr Ihéot'jc rÌc ì':r¡rpr'oxirrraLion, IG (1 9[i7), no. l,ll5 :lS.

{llJ l)rrltirr lì..1., Ir(rtelsr¡n Ti. f,. ¿rndZcncr C.,Gu¡ntctricprogrntnnrirtg-lltcory
turd nppLkaliorr, ,Joltn \\'iltr-v, Ncrv York, 1907.

lìoccivccl 1õ.I\-.1987 I t tli tilul ul ¡.;o I i I ch r t ic
Slr, Ii. lsut:, Nr. 15

, J4 0 0 (ll.u.i- tY o pot:u
IlonùnIa

.iB(f0, Ll i 8,,(Í), .f) : O(r¡-'r1

Stlukov T,. I. and 'Iiman A. Ir. [8] investigatetl the uniforrn approxi-
rnation of thefunction l@): øo,0 ( r ( 1,0 (a.(i. rvith ÌJer,nstei¡
polynomials antt '¡rroved that

I¿([0, ].1 ) B"(.f), no) : O((l -- a) n-").



BERNSTEIN POLYNOMIALS IN'HAUSDORFF MDTRIC 135

Nof$r, we: shall plove.1,ha1, fol v : l, 2, .. 'r l; - .L it, holtls tlt¿rl
v..4\'r. r{osroYA 2

Serr,tlov 1ll. ( l5l ; [6], pp. 148)'i t\restiga,tect thc best I{
xirnation of the iunct,iori l(ù - p1, øe 

.10, -Ll, ø e (0-' 1'.)^

lro[\,lrotnials lt tttl 1u'overl thaL lhc ol'rlct' of t lre [[attstlorl f
Ìì iir,lt'¡rerrrlctl 1, tti ø antl ltt'ol'ctl tltal

Z"-<Ï,\ .tt-z 1ìnf {c([0, 1] ) e,, ß'), e,,e P,,] <2)'t-o'
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1'hus,

q < (1 -- u-)
1 1

k
(3)

\lre shall sholr tha,t the Belnstein pol¡'npmials prescr t'a tltis plopcrrty

fllrlnonnu l. Let.f(,r) :ø".,0 (r (1,0{ u1L' l|hcn
1^,

t* "-tt([0, 
1l ) B,(l), *"¡ - r"' a O(1)

lt,okls, Lal¡ere

I),(;f ; x\ :

P ,,r(n) :

!\re use thc inecluality

1 - (l - n)" ( ø.,r -l- (1. - ø"),r,2

ancl in view of lhe tlefitrition of g, lr'e get

or 
g(,rr) ( o" * (1 - ø"),t'

(4) 1-e(,r) >(1 a.)(i-.i').
Fyorn thc rlcfinition of g, if i'ollou-s l,ltat, g is ittct'easittc; otr l0' 11,

Thclefore, thc-function l. - 9(l) is tleclc'asitrg on [0, 1l ancì. ] - p(¿) <
< 1 - a. I)sin¡¡ lìris, aftel sotne c'.leltt(¡nt,ar'¡'calcrtltrtititls, tltt gtil,

1- re(r) >(1 -'.p(ü))(1 - i;)

or

(5) p(a;) - e(¿) < e'(1 - ø").

It is evitlcnt that (5) ¡ris1¿* (3), if lte set s - 7l't, t - Ill,,.

((i) IJr(t"; n) - ß¡,-r(t"; r) :

(;;)" r',,{n)

l, 1It-t

q-I

It,

1.)

.Pr,,(r) l-!'- a 1

TI¿en, f or suf{i-1'rtool,ou 2. Let.f(n) : üo¡0 < ,t < 1,0 { ø. 11.
ai,etr,tly large n' it ltolds tlt'ctt : : j I :

(a) c([0, 11 t B;lilr' *')'( 16 '-1-- " ' t ,
qlL

7 l
t;

'"[ o( 1') - ' (+ )1", 
,,*,,

)"-'t' [-(] ) -' (;.)]]".",','

I(
'((b) r(iO, 1l ) ß,$), ø") Þ cotrst

2.:Proofs of 1he.[,hcorcms. First, rve shall note tlmt 'l'heorem 1 is an
imrnecliateconsequenceft'om Theorcm2. Theheart,of l,he'¡lroof of lheorern2
is thc Ïollolìng.

I-:nultÄ. t'et .fi(,t) - to, 0 ( ø ( 1;' 0 { ø ( 1. Tli'un i.for u e
e (16(1 - a)tt-7, I)'ii itotcls lhat : ': : ::

{1) n" - B,(.f ; #) <, 16(1 - a.)r"-I ' 11-7'

Prttot. This statcmeni, is ploven in three parts.

1) T,eL r,. fru (1. - o) À-l ltt ,t, 1 I , hltt,.
L'" '2J

,Our nuruose is io find a lou'er estimate for Brft" i a) - I)¡,-t(t" i a)'
U;irS tlio defiuition of Belnsl,ein polynomials, aftor sorns elemetrtary
caÀculation, wc obl,ain

'{2) Br0"; u) - B*-{t"; n)

n'helc ò( r ; /r;) :
In vierv of (

1

E Vø

A)
/,'(/l-i)" t.. ul

l'-tl

E
l'-;1"0" "'

t(f o")C(l :u)lc-L )tr lt'11t2.

ll) for 1,ìre firsl, sunr, \yo obta,in

I
2ò

{-r
2)/i(tu 1) I vl

I ,{l < 2ô(.r; l)

\ ç_-_4?::
ir;(/u - 1)

h
l.-:ì<2ôr..:,{)I Al-

, zq-l ryd-l

tr(h - r)
(1 - o") 1 _,r'

(l-¿¡ .-" ' /¡-1 ini,:
tü

u2 s -.7

\<

td:I
k(tr - 1)"

cvhere ç(ø) : t1 - (1 - ø)"1/na ' f8l

L- 1

k[-(+) - -( Pr,, (nl, 1- * ^,ø-l\-- . í,
k(tt - I)
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/*,v(r) (

13?

'-"'"]"'1"-' "
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Br(1"; n) - I)¡-r(t" ; a:) 4
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1-q"
<a __-

It(lt: - tl" x
l'-il"'u'"' o'

I-Ience, for re f16(1 - ø)/9-11n lt,, 1l2l, it holils that

t

l
li:'

d-1
Fultfucr u'e ntlocl the tollorvirrg proposition, u'hich 11'añ pro\rctl itt f4]
It 0 < ø ( 1 and0 ( ø <';ll'}[/cr(1 - *)'11/¿, thcn

(7) I 1'*,,(,r) (2er¡l( 3'),

l'-;1-"
u'lrele c : zllt-r a.-(1 - er) ]1/2.

Not', usiitg (3) and (?) for tlte secotttl 'surno t't'c hÍì,t'o

*3o 
l"_;rì,,,,,, 

""[*( l)--(l)]"',(e';) (

1-a-
ç-'- '' o.r-t

h(ft - 1)

In vier.v of (3) autl (?) Íclt' tlte sccontl rittln, \l'c gtrt

(10)
1

=ì.." ,,, ^, 

'" [*( 1

*-l -" t 'J',,,"(ø) (
/i;l/';-1,)o' ul -

Ir- ¿.l ròrJ ( Ì; å)

n 
2(t - o¿) expl- (r - o) '(hrl)1-Ï'1,
U/'' - 1)"

Nou. $'e slinll prove that fc¡r

ar e [16(1 - a)/.r-l(ln h:)r-'(',16(1 - ø-)/c-rln /u), 0 ( yø ( 1

tlre ineqnality

(11) cxp[- (1 - ø)(lu /r;)1-r''1 < 161-" ' l¡d-r ' ãr-r

,hokls, if /r; is sufficientl¡'Iarge. tr'or this purpos,e it is sufficrient to show l,hat
fhe strut,ernent is tlue. flor ø - 16(1 - o,)/l-1 ln /1, i'e. it, is necessar.v tct
plot'e that

exp[.- (1 - øXIn /c)1-r'1 < l(1 - ø)ln /c]-i

hokls. Iluú this inee¡ualit¡' is valÌd as

lu [(1 - ø)ln /o.J < (ln /c)l*r"

{or sufficiently lnrge b,

Theretore, (10) ond (11) Yielct

,{12) r'l-t - îì exp[- (1- o,)'(tn lo¡'-t"1 < 199-rL 'no-t'\--l 
hf.k - l)n 

" '" ' /d(/d - l)

lDhcn from (9! anct (12)' 'rvc gct

Br(ú"; n) - Br-t(to; x) * .Ls1tt--4 ' n"-L'
/r{k - 1)

I
1¡-l- 4lô- (r

(7 
- a.\ '2"-I

< \L */ - ' 'Ì't-1h(lr - I)
l-2

l ¡(l - ") " 
'"1 . ¡:-r(ln f)

)- -( I )]"* "(n) 
(

1-o)
Á,(tu - l)

. a,n-! a?l!-4,.
h(tu - 1)

Ii, is lcnovyn that thc sequerrce of lJcrnstcitr polyrrornials {Ar(/)l:Èr
lor tlre fturction t@) : r" convet"ges to f'
tltheleloreo

(8) rl - ßn (t"; n) : I ll]r(t'; n) - ßr-t(t'"; *'¡l

@

k-ù1 I

't:-r¿ I 1

tffi :'¡t-r-ffi=îi] -

n !-g. rn-î-l
IT

2(1 -a < 
2G -t)-. rr:c-r.

n,It,

2) Letar e(16(1 - u)lc-L, 16(1 - ø)/c-lln /*), /u

\Vithout any restrictions, \\'e can asñufile that there
0{y"<lsuchthat

)> tt,,
cxisl,s

We d.efine
me f.t6(1 ._ ø)/c-l(lu lc)l-Y", 16(1 * ø)/u-'rln /c)

à",(;r ; /r) - l(1 * ø) r(1 - r)ft;-r(ln lc)t-r'1r¡2

l

anrd expless B.(.f i t)) - ßr-t]; r) as in (6).
n'ot the first sum, lve lìa,ve

{e) * - ,,I.-il.ä",.,,,(l-)"-'{'[-(+) - -( l-)]]Po,o(r) (
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it holcls l,hat

(13)
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for
Fut'ther, using the mcthocl dcscribecl a,bol'er lYe ca,lt conclude 1,h¿Ù1i

ø e (16(l - a)lt-7, l6(1 - ø)h-1 'ln /i)

i BERNSI'EIN POLYNOMTAT,S rN HAUSDORI'T¡ r\{ETR',rC

Fortheprooloftlrescconclparl,(b)\\¡clls()thcirrcrqualit,y

llr(t*) r) - ßt-r(I*; r) )(ft - l)-" ,'(l - rr)t-r jt - -(+)]

which follou's clilectly frorn (3).. Thcrt

, * ,å,,,,,- 
1)-"(1 - ri'-r[r - -(;)]=

>- n(2n)-'f t - n ?+ \l 3 (1 -ìÀ-1atI) 
l-' t\,ra I )l,:/,r',"

>- (zn)-"lr - -(#t)]t,t - rr)" - (L -'r')"'l'

'We set r+ : 16(L a)tt,-r, à+ - the Hausdortt tlistanctr iu t'hc point ø*
:a,nd âccorcling to (15), rve obtain

16(1 - ø)

n* - Iì,,(l'o; r,-) < to";; 
' 

n'-7'

3) Let n e(712, 11.
ír vierv ollilio ihr,,.cttt of \À.oronovscn, ([3], pp' 216), rve gc1'

a(l -ø

r{17)

.:But

(14) ün - I'j,,(ú"; ø) (
,ìT

< 8,,(t"; n) { n",

Ineclualities (.9), (1ä) and (14) yicld (1). Thc Lemrla is proYcn'
Now s'e are leatlY to plovtl Thcoretn 2'
Iìirstr s'e shaìl prove that, for sufficicntl¡'lalgc' ri,

16ll - a)
(15) 'c(Lr; 8,,(t"), a;") ( =nu '

when ar : f16(1 - ø)rr,-lln rr, 1 1. 'llhis statenent is tluo as .f(ø) : ¿" i'¡5

* 
"oo.,"i 

function anó in licrv of (8) it follorvs t'hat'

- I ---s ",o-r. -2-lL 
- a') < ß,(r,; a,) ( ¿,

",__; 
_; )l[('

ta

(ø*)" - ß,(t"; n*') 2 (2n)-" 1-9 n,!l n

or
)*l

rvhich, according to the tlefinition cf Ilaustlorff clistance, implies (15)'
íeí no.v ão eAr: (16(1 - 'x) 'n-7,-1611-- a)n'-rln%)- . . .

anct the Ilausclorfl distäncc in tnis point is ò0. then from the d.efirition of
the Ilausdorff tlistancer \\re obtain

B,(t"; nò:(*o- 8o)n - òo:fiõ,-Constr''ø' ò6'rã-t - òo'

IIencc, Ilausclorff distance in the point øo can l¡e estimated rvith uniform'
as fo[ôrvs

(16) Consl,r 'ø 'òo 'nã-l + ào: ri - Il;,(t", nò,11< Constt < 2/'

Then L,ernma imPlies 1,hat

oò6Øã-t -f 8o ( 16(1 - a) &l'-'
,1L

Therefore, for r e À, and sufficientl¡r ]¿1*" n, L]ne lIausüorff clîstance $

satisfics the condil,ion
* -16(1 -a) 1
o <-

e ,1I

'I'he first part (ø) of Theolem 2 is proved'

i,Efence, fol sufficicrntl¡' lalge tt', it is true that
. l,-a 1

24¡*ipx)c-1 + à* > (ro)o - ß"Q'"; n*) >- 
anrtr_ø 

'Ç

cOI'

1 l-ø- 1
ù# >;e16 ._ 

" 

. 
;.

fherefore there exists a point of the interval [0, 1], sLrcþ tltr,i'

1-u 1

"([0' 1]; B"(t)"i n") ]- const' 
" ;'

' hie:cor[pletes the proof of îheorem 2.

litn _.1
n, !ttr)@ )l

a)16(1 -
[' -'( [('-r6]L-jù)'-

1-
)'"'t t,
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0. lntroduetion. fllhere is much litelat,ulo conccl'nilrg l,he eixplicil,
Iìunge-I{utta rnethotìs (see, e.s., f3]). it'hcse nlethods aù'e, l)y thtrirnatule,
onc-stcp methods. Ân intcresting itìca is containc<ì in l2 j, r\/hcrc a suitallle
olÌânge is pe.rforrned by u'hich at each sl,ep \l'e 1,akc into account some resrtlts
of the plevious step, this ne\\, rnethod of integtation bcing a tntt-step
rnethotl. llhe atlvanl,age lies in the fact that at each step ì\'e have 1,o tlo
n _- '.L ovâIua,tions of tho lunction for the ,¿rl'oÌtlcr rno1,hot1, Tr, e{3, 4}.
itlhis cost reduotion is important for non-t'dvial equations.

Lt is thc lmrpoße of thc ptesent, pa,Iler to crxtencì the results frour f2 |
for the vectol case.

We sÌrall use thc notation intloduced in f3'1, pp. 110 -120, tùnd 1:12 for
a, B, c, l), E, F, G, r{, r, J, K, L, },1, N, P, Q, rì.

We consitler ià system of tlifft¡rcntial equations[of the first ortler :

tlllt : lt(tlr,1t1r,, ...7 !1")
dn

(1) fl' :.r,<v,, ll zt , !1")

dlt"

; 
:,f ,(!ty !t2,. . .r.¿/u).

lMithout loss of generality, throughout tiris paperr only a,tttonolnous
syßtems of tlifferential cquations will loe considered. As is shor'vrr in [1],
system (1) rnay by wlitten in a vector form :

(2) '10 : t(r,).
cln

We suppose that the values V : Vo are given aI' n : r¡. 'I'he interval
la, b), r.vhere the independent variable r runs, is partitioned : h¡ ) 0 and :

4-c. 1622

û+u
d:1

hr:b.


