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1. Intreduetion and main vesults. This paper is a continuation of
the research reported in [9]. A new estimate is obtained for the approxi-
mation of the funetion f(x) = 2%, e [0, 1], 0 < « < 1 with Bernstein
polynomialg in the Hausdorff metric. It is proved that this estimate is
exact to the order n™3.

\Ve shall use the following notation :

.y — the set of all real bounded functions g, such that
max {|g(x)|, z€ |() 1] < M; G,y — the set of continuous funetions

g€ l‘ 1109
R([0, 115 g1, g2) = max {|g,(2) — gu(a)|, v € [0, 1]
— the uniform distance between g,, ¢, € Gl

([0, 115 ¢4, ¢») = max {max min pg(4, B), max min p(4, B)/,

. Aeg, Beg, A€ Heg
where p (4, B) = o(A(®, 41), Bz, y5)) = max {|@, — x,], Yy — yalf

— the Hausdmff distance between g,, ¢, € Co.n (For the history of Haus-
dorff distance, see [6]);

3g; @ ),. (— ) a(2), Where P, y(x) = (?l—)m”(l — )yt L <
i v
— the Bernstein polvnomlal for g € Gff,; P. — the set of all algebraic
polynomials of degree < #.
The followmg estimates are established.
Popoviciu T. [1] and Kac M. [2] investigated the nniform approxi-
mation of f € Lip, with Bernstein polynonnals and proved that

74

R([0, 115 Bu(f), f) = O(n %),

Strukov L. L. and Timan A. F. [8] investigated the uniform approxi-
mation of the function f(z) = 2% 0 < 2 < 1, 0 <« <1 with Berngtein
polynomials and proved that

R([0, 1]; Bu(f), 2% = O((1 — o) n™®).
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Sendov BL: ([5]; [6], pp. 148)-investigated the best Hausdorit appro-
ximation of the funetion f(z) = a%, €0, 17, ® € (0, 1) with algebraic
polynomials and proved that the order of the Hausdorff approximation
is independent of « and proved that

1

1
9T wt® .y < int (7([0, 1]; qu, @), qu€ P} < 2% a7

We shall show that the Bernstein polynomials preserve this property.

Thus, ‘
TagoREM . 1. Let f(m) = 2%, 0 < 2,< 1, 0 <o <1 Then
JE—— ) I ., : 1 _- ’ f f ,
T a7t ([0, 11; Bu(f), a9 = 0(1)
n—=Cco { o

holds, where

Buf; @) = %) (—) Psla)

P,,,v(m) — (E) 3’“(1 - .‘,L.)ll:.—ul e :
TuporeM 2. Let f(z) = 2%, 0 < 2 < 1,0 < o < 1. Then for suffi-
ciently large n it holds that it o ol bk ;

(@) : %[0, 1] , Bﬁ(;f)-; i.00"‘)‘ < 16 =) l,

o ¥i4
() [0, 11; Buf), o > donsg - 2= L.
i %) et APURT L

2. Prools of the theorems. First, we shall note that Theorem 1 is an
immediate consequence from Theoren 2. The heart of the proof of Theorem 2
is the following. : . .

LEMyA. Let fi(x) =a% 0< a2 <170 <a <1. Then forxe
€ (16(1 — a)n™Y, 1] 4t holds that gz dodds 1

{1) @ — Ba(f; @) < 16(1 — o)t e L
Proof. This statement is proven in three parts.
i) Let x € [16 (1 —a) k™t In k, ;4] » k>n.

‘Our purpose is to find a lower estimate for By(t*; @) — B (1*; @).
Using the definition of Bernstein polynomials, after soine elementary
caleulation, we obtain o L Sl E :

() By(t*; @) — By (t°; )

Far ) o)

where o(2) = [1 — (1 — x)*)/x - [8]
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.. Now, we, shall prove that for v =1, 2,...,k.— 1 it holds that

o) e

We use the inequality
1 -1 —2)* < ar -+ (1 — a)a?
and in view of the definition of ¢, we get
o) < o + (1 — oc).}f
or . '
(4) 1— () >(1 — a)1 — a).

From thé definition 'of ¢, it follows that ¢ is increasing on [0, 1}
Therefore, the-funetion 1.— @(7) is deereasing on [0, 1].and T — (1) <
< 1 — «. Using this, after some clementary caleulations, we get

1 — o(x) >0 — o)l —x)
or . ,
(5) o(x) — (1) < a1 — o).
It is evident that (5) yields (3), if we set @ = 1/v, ¢ = 1/k.
Further, we express Gty

(6) Byt; @) — Bo (%5 @) —

T 1 o I | » v i e ,1,_ P PR
TR 2 [(P( ) ‘P(z»-)]“*“m'

Tk — 1) % '[‘0( v) ‘Q(k).]P"'V("L)’

\)l
N> 28 (¥ K
E) k\ S(x I)

where 3(z; k) = [(1 — o)a(l — 2)k™* In Y2
In view of (3) for the first sum, we obtain

. v, Wemag il g A d {2
’”'“”'1)(_12 (]b_;]_) {[@(V)—qo(ﬁh)]}l,f_v(w)\\

¥ <28(x; k)

(1 — 01)2:“1 ‘ ( v \* 1 . (1 il 03)20."1 7 . '
S TRE—1) =) Pada) < ST e — 28w B E
Ml — 1) s k’_) el S g e DA

7 <28(x; kY

1 — o) - Qa—1 '.u—l i : oy ) 2 a—1

cl=20) ey 2[(1 b T U b e <
Ik — 1)
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Further we need the tollowing proposition, which was proven in [4]
o <ao<iandd <2 < 3/2[kx(l — a) 1% then

(7) Y,

v
¥—p| e

Pro(x) € 2 exp(—2),

where o =z[k™ x(1 — ) e
Now, using (3) and (7) for the second sum, we have

1 1 1
o v* — | — Ly, 3
Kl — 1) v % [CP( v ) (P( Ik )] )

225 (8; k)

21 —a) 1
Bk —1)* K

1—«
; Wl — 1) | = Fugh

v—%l>26(.-v; kY

< 21 — o)
Il — 1)

Hence, for z e [16(1 — o)k tIn k, 1/2], it holds that

X oy % . g “ —OL) P at | _(}__:L).
By(t*; @) — By ("5 @) < Kk — 1) +Iv(im 1)

It is known that the sequence of Bernstein polynomials {Ba(f)fa2
for the function f(x) = & converges to f.

Therefore,
s .
(8) a* — By (*; @) = Y [By(t*; ) — By (15 @)}
keepe( 1
<3 {i;:;.m« %L:Jq
kaant1 ]C(k — 1) (’G — ])
e 1—a ot 2 — ) < 20 — o) 2L
n % )

2) Let 2 €(16(1 — o)™ 16(1 — o)k™tIn k), & >n.
Without any restrictions, we cam assume that thele exists
0 < y; << 1 such that
we [16(1 — a)k™Y(ln k)' ™", 16(1 — o)k In k).
We define
Sy (a5 k) = [(1 — &) a(l — a)k™I(In k) Ve]2

and express Byf; @) — By_4(f; @) as in (6).
For the flrst sum, we have

N T A (LORET)

a2y (x;
% <8Yx("k)

&h
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) - 221 v\ S
997?ﬂff*' 5 (;) Pys(a) <

(B — 1) J-A._}:_’<26Yr(x; I

b oa-1 1 — 1/gya—-1
-y [ [ S il
Rk — 1) 4
< _71__ o . '71—1
kk — 1)

In view of (3) and (7) for the sccond sum, we get

1 1 1
) — . ) v* =]~ ])Lv o, =
(10) (ke — 1)* x_\';;.‘\j' [CP( v ) ?( ki )] il

5 i 2‘8?:1: gl

< - L % . I)k.,v((f) €
k(k —1)* gt {88, (21 k)
TR Y
2(1 — «) - I 1—v,
< T oexpl— (1 —a) - (Ink)y #}
T pl—( Yy L ]

Now we shall prove that for

x e[16(1 — «)k™Y(In k) 16(0 — a)kTtin k), 0 <y <1
the inequality
(11) exp[— (1 — «){In 7(:)1—7-”’] € A6V a2t t

holds, if & is sufficiently large. For this purpose it is sufficient to show that
the %t&\ztement is true for & — 16(1 — o)k ' 1ln k, i.e. it is necessary to
prove that

expl— (1 — a)(In k) 7%} < [(1 — o)ln k]
holds. Bul this inequality is valid as
In [(1 —o)lnk] < (Ink)' s

for sufficiently Iarge k.
Therefore, (10) and (11) yield

2 o) e ) (nf) ey g SO ) e
{12) Wl — 1) exp[-— (1— a) - (In &)™} < K1) x
Then from (9} and (12), we get
16(1 — &) N
. M —_ Bk— ] a; g ———— 3 1'
B(t*; o) "5 @) < e 1) @
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Fuarther, using the method described above, we can conclude that:.

for
x e(16(1 — k7Y 16(1 — o)k™1 - 1n k)
it holds that
: 16(1 —
(13) ¢ — By(t*; @) < 16(1 — o) |, IANER
N
3) Let » e(1/2, 1.
Tn view of the theorem of Woronovsea ([37], pp. 246), we get

(14) o — By (1% ) < oc(_l—_oc} gl
V1

Tnequalities (8), (13) and (14) yield (1). The Lemma is proven.
Now we are ready to prove Theorem 2.
First, we shall prove that, for sutficiently large =,
1601 —
(15) (A B, %) < 16 — &),
_ «n
when A, = [16(1 — «)n "0 », 1. This statement is true as f(x) = a“ is
a convex function and in view of (8) it follows that
- 901 —
Lim® g S “) < Bu(t*; @) < &”
n n

; 1 o o
(a; " __L&)_._l) < Ba(t*; @) < 2%
o n

x* —

or

which, according to the definition' of Hausdorft distance, implies (15).
2 Tet now @y €Ay = (16(1 — «) =074 16(1 —«)n N »]
and the Hausdorff distance in this point is 3,.. Then from the definition of
the Hausdorff distance, we obtain i

Bu(t*; @) = (35 — 30)* — 8¢ = #§ — Consty = o -3 - g™t — 9.

Hence, Hausdorff distance in the point x, can be estimated with unifornx
as follows ’ ' ' ‘

(16) Const, - « - 8 » a1 - 3y = af — Bu(t*5 mp), [1 < Consty < 2.
Then Lemmsa implies that

agomao~1 4 8, < %“)_ C g
: A Vi ;

Therefore, for @ €A, and sufficiently large n, the Hausdorff distance &

satisfies the condition

The first part (@) of Theorem 2 is pl'oved.l
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4

Tor the proof of the sccond part (b) we.use the inequality

BAﬂ;w>—~Bhﬁﬂ;w>>wk—~n“dxu—wﬁﬂ[i'_@(%ﬂ]’

which follows directly from (3).. Then

{17) B B @) = Y (Bt @) — Bt @)]>
h=n+1 4
\ I ¥ I f
>0 % k-n7 - o fi—e( )]3
k=n-|1 ¢ M .
>w@Mﬂ[1+w(;i*j] Tl — )t
N : n + gl .’:=1i-—llz—1 ;

1 e AR o p\en
n+£ﬂur—w (1w,

We set o = 16(L — o)n~, &* —= the Hausdorlt distance in the point z*
and according to (15), we obtain

(w%)* — Bu(t*; a%) > (2")—a[1 e (; jr I)][(l :

16(1 — a) \¥"
—_(1 ———— .
( N ) J
lim [1 — 30(— _1‘_ . )] . [(1 _l(il__—__))n_
=00 ”7/ /)"/

_(1_ N 1_6_(1_—&)] s l—a
n 2elbti—al

{Hence, for sufficiently large , it is true that

\ >:(2n)__"‘:[1 - cp(

16(1 — o) \*
W )

Butb

1 —« 1

4616(1—01) no:

2ad*(w)*71 4 3% > (a%) — Bu(l; @¥) >

[50)
1 1 —a 1

3* =
418 o n

Therefore there exists a point of the interval [0, 17, such thai

([0, 115 Ba(t)*; 2%) > const. 1-e« 1

PR

o Vi

'This .completes the proof of Theorem 2.
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