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0. lntroduetion. fllhere is much litelat,ulo conccl'nilrg l,he eixplicil,
Iìunge-I{utta rnethotìs (see, e.s., f3]). it'hcse nlethods aù'e, l)y thtrirnatule,
onc-stcp methods. Ân intcresting itìca is containc<ì in l2 j, r\/hcrc a suitallle
olÌânge is pe.rforrned by u'hich at each sl,ep \l'e 1,akc into account some resrtlts
of the plevious step, this ne\\, rnethod of integtation bcing a tntt-step
rnethotl. llhe atlvanl,age lies in the fact that at each step ì\'e have 1,o tlo
n _- '.L ovâIua,tions of tho lunction for the ,¿rl'oÌtlcr rno1,hot1, Tr, e{3, 4}.
itlhis cost reduotion is important for non-t'dvial equations.

Lt is thc lmrpoße of thc ptesent, pa,Iler to crxtencì the results frour f2 |
for the vectol case.

We sÌrall use thc notation intloduced in f3'1, pp. 110 -120, tùnd 1:12 for
a, B, c, l), E, F, G, r{, r, J, K, L, },1, N, P, Q, rì.

We consitler ià system of tlifft¡rcntial equations[of the first ortler :

tlllt : lt(tlr,1t1r,, ...7 !1")
dn

(1) fl' :.r,<v,, ll zt , !1")

dlt"

; 
:,f ,(!ty !t2,. . .r.¿/u).

lMithout loss of generality, throughout tiris paperr only a,tttonolnous
syßtems of tlifferential cquations will loe considered. As is shor'vrr in [1],
system (1) rnay by wlitten in a vector form :

(2) '10 : t(r,).
cln

We suppose that the values V : Vo are given aI' n : r¡. 'I'he interval
la, b), r.vhere the independent variable r runs, is partitioned : h¡ ) 0 and :

4-c. 1622

û+u
d:1

hr:b.
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As ose the func't,iolL f to llo suffici Nlìelì tlìe
1rar, ã an iuterval rvhich contairts t l'nI fct', -hl
sno llorvs is colrect,. 'l'his irnplies, , that' the
Cairch¡' probleur (2) -l- (r': vo)_has a unicluc solutiolt rvhiclt, rì¡e iì'sstlrìet

is clcfiirt',cl on thc interval lø, bl'

l. Tlrc 3'd-orclcr, rnethod. 1¡hs ba"sic rclations artr :

(1.1) In+r: ¡'o f /i,,(øoli6,' f ø1K1,'),

-s'ltero :

I{,,u : f(Ar;1¡,,), i e{0, 1J,

Ar1¡0,' : )'* -f /tn( ÀooKo,,-1 f ),s1K1,,-1),

Argr,, : )-, * /t,,,( )'roK6,,-1 -l- ).11K1,r-r a pKe,,),

n,:O, lr...rIl:

-rlt the first step, rl'o tal(e : Ko,-r : Kr,-r -.' ¡lo' T'ct ns denote :

(1.2) Po - Àoo * Àor' Ér : rro + Ài1 + P'

1o gcrt l,he thir.cl-orclel accur'âcY, \\'c n'rite (1.1) in thc lollorving
form

(1.3)

ancl tr¡, to identify (1.3) rr'itlt tlre cipan"ssion óf 
.tlrc. ftrnctioì }I' sirnilar

to (1.3). thc follorving relations rcsult: .

(1.4) øs f a1 :1¡

,(1.5) 2(oo¿'o f ø1¡r1) :1,

(1.6) lì(øo¡rfr -f ø1¡rl) : 1,

.(1.?) 6ø' P¡r'o : 1,

(1.S) 2(øo()to6¡.ro * ).orpr) * ør(Àropo f )vr$r * p)) : f'

This last relation may Ì:e writtcn in an equivâlen1, form if 'lve use (1'5)

,(1.9) (tro - 1)(ø6À6s * ørlro * (t" - l)(øoì'ot f ø1Àt1) : 0'

From (1.4)' (1.5) and (1.6)' it lesults that ¡ro * ¡rt and

r'\ RUNGÌ.]-KU'TT1I TYPE METIIOD

:r.lcl thc coruprrt,iì.rilit,y c<trrdil,ion

$.72) 6irup, - 3(pu J- pr) ! 2 - A.

\\'o hilr.e

(1.13)
l¿o

, Iihc in |2 l, that

-l - $t-i , .ì_ Ito . .. zat-(
y 0 i-Àr

(1.1õ) 7,1i - (-t ¡' ( 
(r'' - p)(1 - v-'-')

\ i/o - lar

ru'ltet'c i e .[0, 1l' nrrrl i is a t,e2ì,1 p¿ìrarnL'teÌ.
'l'lrc i l'r¡trclrliolr cn'ol' is

I .1:l
D

(t t-yu)(2y, l)

Iùour (1.2) anrt (1.8) it lcsults

(1.11) À0, : ( -r). (

_ r., .,
"w'Ot

rl,here

/?, : òrrr,l -¡ ìzh?,lt?,_r -l- r/¿;i ! o(1r,5),

àr ' '.1ï'u, Iì -l -" ...tl1r' p F t ?l,',' ,t -, '-ru,2t(; 21 21 :t.l

Y¿+,: r, * åi(¿ (i)n:;:,r't,' -,,ì Òr: -1 * tr, ((3v-o 1)(po - 1) G + (l - 4¡ro) fI),
12¿o

1¿;ï lì + ÈI
Po

r(1.10)

(1,11) dl -

Sevcrral special cases are considerecl in [2 ] l'hen s : 2 nntl

dlt t I

d,ø

Iletna,rl.,. \\re note th¿lt ili ^( - 0, then the follorl'ìng relations hold:

(1.16) Àoopo * Àorl-{r : Iaor

(1.17) Àropo -l- lr$r * p : V"r.

'l'hese rclations have close analcgous rvillt the case'of thc 4tl'-orclel rnethod
((2.1.3), (2.14Ð.

2. llhe 4,(r'-olrlel rnethocl. Tlhe sirnilars of (1.1) are

(2.1) Y,,.¡1 --= Y" I h"(aoKo., * utl{t,n { a.r\{2,)1

Ïdu,n: f(Argi,"), 'i, -.0, 7, 2,
2(p.o - pJ '
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\\¡o u'tite (2.1) as

(2.2) Y,.r-r : y, -1-

MARI¿'N MUEE$AN l) .A RIJ,NGTE-KUTî'A TYPû METIJOD l4r,r

Ar1¡r,, :- I,, + O" (å l,rrKi,,,-r * pronar,,),

Argz,u : J¡,, -J- r, (,å ),2¡K¡,,-r -.1- pnoKn,n a prrl{r.,),

, (É ",^i r.,,u; * n) r,

'(,å 
øi()*r*p,o¡ro * À'r(Pzopo -| PsrllL)) * u) - t,

Argo,o : \t,, -.1- 1,, f, ),0;Ki,,-r
2

(2.1E)

(?. r e)

(2.2,t)

(2.2ú)

(2.26)

.(2.21)

r¿ - 0r 1, . . ., ttt,.

-llor the first sl,c1r, n'e t,al<e

Ki,-, .: Yo, i - 0, l, 2

å ri (É ü )u-rr,r",-,,)
anrrlusoarranalogoLrsof (tl) frorn f.t jtogcûaccttrateupto thetermsìná'4.
fllherr thei tolloling relations cotrcertring the patarnet,ets of thc rnel,hod
have to holtl :

(2.3) Àoo + ?.01 f loz - li-o;

(2.+l À,0 * À,r -l- )ire *| pro - l.rrr

(2.5) À¿, f Àzr -]- ?.ez I pzo * pzr : p¿r

(2.6) øo f o¿r * øz - 1,

(2.7) Z(øo¡ts f ørp, { a2p"\ - l,
(2.8) 3("upå t orpl f øs¡r|) - l,
{2.9) 4(oopå f o,trî * ø¿pN) : [,

{2.10) 0(ørproÉo 1 cxep¡ops f ø.p21¡rr) - [,

(2.11) 8(ørpropof¿r *' es¡tr(p¿opo -t- pzrtrr)) : lt
(2.L21 lZ(ørpro¡rfr * øg(pzopfi * p21p1)) - 1,

{2.13) 24 øs¿,p¡¡tì - 1r

(2.141 loopo l- Àorpr -t- tro¿p¿ : For

(2.15) Àropo * Àrrg.r * ÀreF¡ * pro : Flr

(2.16) À¿opo 1- ).r1¡.r., J- Àzsp¿ * pao -l- p¿r : lrar

lz.Ll\ , (É o, io r,,r,, -.t- u) - t,

n'lrolcS : ar gn * az(p¿o * pgt).

\\'c shall cxpresri there pararneters in trrtnrs of ¡r., ¡rs, ¡+6.

l'rurn (2.6) -(2.9) the follo$¡ing compatibilit¡' r.elation reßult,s

(2.201 .lZ¡rouruu -6(t¿oir, f tr.oÍrz * trp¿) *a(po *p, f Éz) -3:0.
It'r'otn ( 2.10) -(2.f 3 ) anotherr conpatibiiit¡. r"1rr*,o.r r.elulbs

(2.2I) l?¡.Lo¡.tr¡tn - 6p-ot-1 - 0prír, - Spop-, l- 6ir-o * 4lttf 4[rr - 3 : 0.

ilho l¿rist, tu'o ct¡ualities plovitle :

(2.22) po(ps - 1) : 0.

Iìut, if lro : 0r l,hen (2.13) fails, so rvith necessity :

(2.23) pe : 1.

Now, (2.6)-(2.8) provide :

3p' -1dO:

4ï-

6(1 -po)(pr-po)
3po-1

6(p.-l)(pr-po)
1 - 6frn¡¿,

üU: t
7.2(7 * pr)(l - po)

anrl equations (2.10)-(2.12) gir.e

.(z.zs) nun: 1l;90ì(apr -J)({4u -pr} ,
ZVoQt., - Fo)(t - 6p6¡r¡)

,(z.zÐ) p,, - (=ftXl_:-1Éce¿.
(trr-po)(l -6tropt)

In the sequol, we show that ¡S : Llz. It racults front (2.10) and
from tli.e idontity :

ø¿p¿r(lro - [¿r) : 
?-Y:P-J 

'
L2p1
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snlrstitnliu¡^ rs': )12 itr (2.7), (2.1?) a,nt1 (2.1S), \\ro ge1, a, vantlcr'--
antl ò, is a sulrl oT thc form :

8z : crl( + czL + úsl'* c¿Q,

.c¡ i: f, I bci'g t¡c coefficient,s clepcu4i"g ul tlte pa'aurcte's ¡.r.u' 
Soine consitlc'r'atiolls on the stabilit)' of 1'hc rnetltotl ¿lnd

,compaÌatir.e cxarnplcs rvill be publishecl in a forthcomitrg p¿Ìper.

rnonclc systent

I f, ø¡7'¡¡. :0,
autl ¡.r.r.

seweral
2

l*,
À:=0

V.r,

2

E
2

E

ø, ).,7, : 0,

), ir.
2
t; ø"¡)r¡7¡ - 0; tìr.rFEl{ENCì FIS
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1'r'om rvhct'c it lesults that

(2.30) å 
u"¡)r¡¡, - 0, tu - a) 1) 2'

lìent,nrk. \\Io note that (2.19) follo$'s florn (2.30) ¿r,nd s - I12

Iù:orÙ (2.3) (2.5) antl (2.14)-(2'16) it follows l'hat

(2.31) À,0(tro - l) t )',r(i" - 1) - 0) í' : A, 1, 2'

lìcccivr:tl 26. II I. 1987 I n sl il Ltl Ltl P o I ilc ltt t ic
Oal etlra tle ntaLentnLÌcit

SLr. lit¡til lscrc, rtr. 5

3'100 Clu.i-Nttpoca
l'.o¡nàttitt

Jiow, taltìng inl,o ¿ìccount (?..10), .(2':)L). ¿ìnd (2'3)- (?'õ)r \Yo get tì' Iiûcar

ll'*tJnii.'ltlï9 unknoiyä ),¡¡'i' l, ã1ò, r,'21-. 'rle r¿ùnl( of tìris systcrn is equirli

tö Z. t,t¡e taho ),r, -- þ, )r2y: 7; then

Àro - - ï;_,t 
g, ì,,u: - Ï: i

1

yr 7.or , Q.tþ I ,.r^í),
U.¡

Àoo 
u: _ I 

tÉ:,-o, 7,¡2 - *u JÉ (o,,þ t a-2^r),

7'rz .- pr - pro Ì 9tr [q ' P''

Iro I '

)'zz : vz - (P'o t P") -¡ It ll ' t"
IJ.o - r

\4re havc found tho foilorving tluncation ellot' :

¡, : òrh,l, ! õ"ttl,lfi,-, -l O(/¿u)'

wherc

sot:
10¡-Ln¡-11 - 1 (r - 4M)* It'r- 9 11 2N) +

2880

*\lY--2(K-p) , ¡ (el4L) + :

' 240 120

(6 - 1)(12 - 5p, - 43¡ro) + 10(1 Po) (1 -5¡r)(3-4p') It,'
4s0(1 - 4po)(6P.ot t 1)


