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0. Introduetion. There is much literature concerning the explicit
Runge-Kutta methods (see, e.g., [3]). These methods are, by their nature,
onc-btcp methods. An ]Iltelebtll];, idea is contained in [2], where a suitable
change is per formed by which at each step we take into account some results
of the previous step, this new method of integration being a two-step
method. The advantage lies in the fact that at each step we have to do
n — 1 evaluations of “the function for the » order method, » € {3, 4].
This cost reduction is important for non-trivial equations.

1t is the purpose of the present paper to extend the results from (2]
for the vector case.

‘We shall use the notation introduced in [3], pp- 119—120, and 132 for
A, B, ¢ D,E F G H I, J, K, L, M| N, P, Q, R.

We consider a system of differential v(,quatlons{of the first order :

d
- = [1(315 Yoy« Ys)
dx
dy
(1) 2 — flysy Yo eeer )
dz
a.
= fo(#15 Yay - -5 Ys)-
dx

Without loss of generality, throughout this paper, only autonomous
systems of differential equations will be considered. As is shown.in [1],
system (1) may by written in a vector form :

dy
Y #(y).
(2) _ it

We suppose that the values ¥ = y, are given at = a. The interval
[a, b], where the independent variable « runs, is partitioned : h; >0 and :

™m

a+zh¢:b
i=1
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As usually, we suppose the function I to be sufficiently smooth when the
variablé @ belongs to an interval which contains the given interval [a, Z)]
such that all that follows is correct. This implies, among others, that the
Cauchy problem (2) -- (¥ == ¥,) has a unique solution which, we assume,
is defined on the interval [e, b].
1. The 39-order method. The basic relations are :
(1.1) Yoer = Vo + DB+ alKL”f)?j
-where : _
I(i,n = i(f\l_.gi.n)a T 6{07 11‘7
Argon = ¥ + ha(2ooKouo1 + 2oKiu-1)s
Al'ill-,u T .‘th _[_ 7_1’_1_1( )\10K0,n—1 _“ _)\11K1,n_—'1 + PK(),M);
n =0, 1,_...,m; '
At the first step, we take : Ky _;, = K; ) ='¥,. Let us denote :
{1.2) Mo = _)‘00 kg 'y = Mo -+ My A
To get the third-order accuracy, we write (1.1) in the following
form : -
Sk L[ i1 Fenis| ka2
(1.3) Vi, =Y+ 5 Y ) Mihiey);
d b R W

and try to identify (1.3) with the “¢xpanssion of “the function y, similar
to (1.3). The following relations result :

(1.4) ay + o =1,
(1.5) 2( oo + oupy) = 1,
(1.6) (agus + opl) =1,
(1.7) Goypuo = 1,
(1.8) 2 g Motto 1= Poatta) + 1l Paotte + 7\11.":1__‘*“ p) = L.
‘This last rélation may .be written in an 'equiva;lént form if we use (1.5)
(1.9) (o — Di(@ghop -+ airyp -+ (ta — Doror - % Ay) = 0.
From (1.4), (1.5) and (1.6), it results that p, # p, and
2y, —1
i | T B — )
2pp — 1
(1.11) @ = 2 — 5 ’
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and the compatibility eondition

(1.12) Ouguy — 3(ug + 1) +2 = 0.

We have : |

(1.13) o = (g = po)(Zpy — 1)
Ho.

From (1.2) and (1.8) it results, like in [2], that

41— i
(1.14) 2gi = (—1)° (&(_ul;— Lot 20‘-1"1’) ’
Yo — Mg
o i f (ug — p)(L — vy,
(111)) )\11: e (_~-1)1 ( (‘ L P)( 1 ) -~ 2“01’) ,
o T

where ¢ €0, 1] and v it a real parameter.
The truncation error is

Ry = 885 8,122 + vRE 1 O(h%),

where

1T — Guon 03— du oy 1 —2u 1
5. — Fot 2 Bt W S0 G T
! 216 + 24 P Rl
—1
3, — —— TP By 1) (g 1)'6 (B dpg) H),
12y, .
h//lﬂf 73 "
Ry = — v]L(l* —+ —],.H)-
6 Yo
Several special cases are considered in [2] when ¢ = 2 and
_@1._ — 1.
duw

Remark. We.note that if v = 0, then the following relations hold :
(1.16) Nootto T Agittr = proy
(1.17) Motto + Pupy P =

These relations have close analogous with the case’of the 4"M-order method
((2.13), (2.14)).

2. The 4"-order method. The similars of (1.1) are

(2.1) Yigr = Yu - hn(aoKo.ﬂ -+ 0511<1_n ity ‘7-21(2.”)’
K, = f(Arg; ), i =0, 1, 2,
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2 2 2
Al'g(),n e ,vn "1“ hn ( E )\OiKi,n—l)l‘ (2]8) 2 (E [+ 2} E )\,';,\u.'f, + S) - 1,
i=0 i=1 k=0 i
4 2
Al‘gn,u == Va 4+l (2 Wil 1 + Pio Ko,n) ’ (2.19) 2 (Z @i hig Protto + Pig( faotto ~ Parit)) b)
i=0 =0

A 7 2 o ‘ n ” where 8 = oy pg + ool pap + Pa1)
'O — v 4 o . = i . »
Ten = Yo 4 b 2'}) daiKin1 4 pgoBon + gy Kin)s We shall express these parameters in terms of py, 11y, o
1= v . . Ay .
From (2.6)—(2.9) the following compatibility rvelation results

2=0,1,...,m.

For the first step, we take {2.20)  L2popype — O(popy -+ vope + i) 4 Mo + py 12 —3 = 0.
Ki_1=¥,4=01,2 From (2.10)—(2.13) another compadibility velation results
We write (2.1) as | (2.21) 12pgugpe — Gpopy — Gpgpy — Bugy -+ 6pg -+ 4, 4 4pg — 3 = 0.
(2.9) Yort = ¥ 1 25: 1 ( Z’ ( ) B hie, ) I The last two cqualities provide :
. w1 = [ N ), n—1eni 3
ta1 /l" j=1 j

and use an analogous of (11) from [1] to get accurate up to the termsin A%,

Then the following relations concerning the parameters of the method

(2.22) tolps — 1) = 0.
But, if p, = 0, then (2.13) fails, so with necessity :

have to hold : ' (2.23) e = 1.
(2.3) hoo 1 hor - Roy = Loy Now, (2.6)—(2.8) provide :
(2.4) ho A Ay + R o+ P = ' (2.24) B Bu; — 1 .
(2.5) Rop = Ry = 2gs - pap + P2l = oy 6(1 — po)(py — 2o
(2.6) G 4+ oy 4 @y = 1, (2.25) 0= 3“1(_’ —1 ,
(2.7) 2agleg + oy 4 oppe) =1, (g = Dl = o)

) , 1 — 6ugpe
2.8 3 gl P apud) =1 2.26 ay = e
(2.8) (agpo -+ opf 4+ @aity) ’ ( ) 2 12(1 — (L — o) !
2.9) 4 ; 3 o) = 1
29) (o - enpd - agted) ' and equations (2.10)-—(2.12) give
(2.10) 6( ety pyotte -+ d2paotto + @gpaity) = 1, R

(2.27 SIS . TN .. .
(2.11) Bl puoptopy + daltal pootto + parttr)) = 1, ( ) i dpo(l — ) .
(2.12) 1200 proits 4 #al paoth + parpd)) = 1, (2.28) . (L — po)ldpy — DBy — ) |
) ‘80 — ¢ B -
{2.13) 24 s poPatta = 1, 2po(py — po)(1 — Gpopy)
(2.14) Aootko + Porpr -+ Mozfa == Mo (2.29) s = (1 — 3pg)(1 — 4popy) |
— )l — 6
(2.15) Motto + Auvr + Aekta + P10 = T e lts £
In the sequel, we show that § = 1/2. It results frem (2.10) and

(2.16) Agotro - Rarter + Agee - P20 - Pm = o -from the identi(tly: ’

2 2 2() _ 1
(217) 2 (EJ [» £ S )\ili-k —l— S) = ]., “2921(90 — ) = 80 o=

¢=0 k=20 12“.1
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Substituting 8 = 1/2 in (2.7), (2.17) and (2.18), we get a Vander-
monde systeny

e

]

Z (7.,')\1(,7 — O,

h=0 i=0

2 2

}_' :J.[l- Z (Xf}x”; - 0,
k=0 =0

2 2 el

— 2 _

}TJ U Z ai7\ik - 07
h=0 , =0

from where it results that
2

(230) ' : Z CZ[)\,‘[; = 0, k= 0, 1, 2.

i=0
TRemark. We note that (2.19) follows from (2.3‘0') and § =1/2,
From (2.3) —(2.5) and (2.14) —(2.16) it follows that
(2.31) Aglito — 1A Ay —1).=.0,4 =0, 1, 2.
Now, taking into account (2.30), (2.31) and (2.3) —(2.5), we get a lincar:
system with 9 unknows a2, k € {0, 1, 2]. The rank of this system is equall
to 7. We take 2, = B, Ay = v then toy :

u; — 1 uy — L 1
M= — By hge = — ‘14*1 ¥y hgp = — (o + 4e),
Ho — : Ro — - %o
0, — L o - aay wp — B
P R MR 2 T AR gy — 0 (o B )
po — 1 %o i ag(pg — 1)
g SO i
Mg == W1 — Plo + “L_"0. pa
po — 1

hog = Mg — (P20 + 091) yfl”;'% 5 Y.-

Mo

We have found the following truncation error :

R == 5,18 4 3,1302_, - O(hS),

where
! —_— r —_— .
3, = A0poy — 1 (I — 4M)+ by —3 (J — 2N) +

2880 240

Big — 2 ¢ 1 :

ko =2 K Pyt (@ 4L)

+ o0 ( ) B ( )
(6prgits — D(12 — By, — 43pg) 4 10(1 — po)d — 5p)(3 — )

480(1 — 4p0)(6pgpy — 1)
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and 3, is a sum of the form:

8, = ¢, K -+ ¢, + ¢l + ¢,Q,

¢ 1 = 1, 4 being the coefficients depending on the parameters p, and .

Some considerations on the stability of the method and several
comparative examples will be published in a forthcoming paper.
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